
Supplement to “Inference on Individual Treatment Effects in

Nonseparable Triangular Models”

Jun Ma∗ Vadim Marmer† Zhengfei Yu‡

Contents

S1 Literature review S1

S2 Proofs of Lemmas 2, 3, 4 and 5 S2

S3 Proofs of Lemmas 6, 7, 8, 9 and Theorem B.1 S15

S4 Bias correction S44

S5 Nonparametric bootstrap S53

S6 Additional Monte Carlo simulation results S63

S1 Literature review

There is a vast literature studying the causal effect of ceteris paribus change of a treatment variable D on some
continuous outcome variable Y using triangular models. In a triangular model, the outcome variable is generated
by an outcome equation Y = g (D,X, ϵ), where X and ϵ are the vectors of observed explanatory variables and
unobserved factors respectively. The treatment variable D is assumed to be endogenous and correlated with ϵ even
after conditioning on X. The treatment status is determined by a selection equation D = m (X,Z, η), where η is a
vector consisting of unobserved errors correlated with ϵ. Here, Z denotes the vector of instrumental variables, i.e.,
the vector of exogenous variables that have no direct effect on Y and, therefore, are excluded from the outcome
equation.

Below, we provide an brief review of the econometric literature on treatment effects in triangular models with
nonseparable outcome equations. Chesher (2003) provides conditions for nonparametric identification of the deriva-
tives of the outcome equation. Imbens and Newey (2009) assume that η is scalar-valued and D is a monotone
function of η, and show nonparametric identification of the mean and quantiles of the conditional distribution of
g (d, x, ϵ) given (D,X) = (d, x). D’Haultfœuille and Février (2015) and Torgovitsky (2015) establish nonparamet-
ric identification of the outcome equation assuming that ϵ and η are scalar-valued, and Y and D are monotone
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functions of ϵ and η respectively. The aforementioned papers assume that D is continuous. Chesher (2005) and
Jun et al. (2011) allow for discrete D, multi-dimensional ϵ and η, and assume weak monotonicity of Y and D in
the errors. They provide bounds for the identified sets for the outcome equation. VX assume that ϵ and η are
scalar-valued, D and Z are binary, and Y is a strictly monotone function of ϵ. The outcome equation in VX satisfies
the rank invariance assumption: for a given X, the ranks of the two potential outcomes are the same. See, e.g.,
Chernozhukov et al. (2020) for a discussion of the rank invariance assumption. VX also assume that the selection
equation is a latent index model (Vytlacil, 2002), additively separable, and monotone in η. They show that under
these assumptions, the distribution of the ITEs is nonparametrically identified. There is also a large literature
employing different separability assumptions. Newey et al. (1999) assume that D is continuous, ϵ and η are both
scalar-valued and the two equations are additively separable. Newey et al. (1999) show nonparametric identification
of the structural equation and provide a method for nonparametric estimation. For a binary D, Vytlacil and Yildiz
(2007) assume that the outcome equation is weakly separable, ϵ and η are scalar-valued and D is weakly monotone
in η. They show that in this model, average treatment effects are nonparametrically identified. Abrevaya and
Xu (2021) propose a semi-nonseparable model that incorporates a mean-and-variance-effect structure and yields
simpler estimation of heterogeneous treatment effects.

The triangular model considered in VX and FVX is closely related to the local average treatment effect (LATE)
literature that followed the pioneering work of Imbens and Angrist (1994). The classical LATE model is built on the
potential outcome framework (Rubin, 1974) and assumes a binary endogenous variable and a binary instrument.
The main result of Vytlacil (2002) implies that the LATE model is equivalent to a triangular model with latent
index selection equation as the one assumed in VX and an unrestricted outcome equation. Abadie (2003) shows that
the distributions of the potential outcomes of the complier group as well as quantile treatment effects (QTEs, i.e.,
the difference between the conditional or unconditional quantiles of the potential outcomes.) are nonparametrically
identified (see also Abadie et al., 2002; Frölich and Melly, 2013). The instrumental variable quantile regression
(IVQR) framework of Chernozhukov and Hansen (2005) with discrete or continuous treatment uses different as-
sumptions. IVQR’s restriction on the outcome equation is the rank similarity assumption, which is weaker than the
rank invariance assumption used in VX, and its selection equation is unrestricted. However, the IVQR approach
identifies and estimates the QTE and not the distribution of the ITE.

S2 Proofs of Lemmas 2, 3, 4 and 5

Proof of Lemma 2. Let Πdzx (y) := Pr [Y ≤ y,D = d, Z = z,X = x] and Π̂dzx (y) := n−1
∑n

i=1 Ddzx (Wi, y),
where Ddzx (Wi, y) := 1 (Yi ≤ y,Di = d, Zi = z,Xi = x). Let Idx := Sg(d,x,ϵ)|X=x =

[
y
dx
, ydx

]
. It follows from

Kosorok (2007, Lemmas 9.7(iv) and 9.8) that the class D := {Ddzx (·, y) : y ∈ Idx} is VC-subgraph with VC index be-
ing at most 2. Then it follows from Giné and Nickl (2016, Theorem 3.6.9) that D is VC-type with respect to the con-
stant envelope FD = 1. It follows from Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3, with F = D,
σ = b = FD = 1 and t = log (n)) that

∥∥GW
n

∥∥
D

= O⋆
p

(√
log (n)

)
. Note that

∥∥∥Π̂dzx −Πdzx

∥∥∥
Idx

= n−1/2
∥∥GW

n

∥∥
D

and therefore,
∥∥∥Π̂dzx −Πdzx

∥∥∥
Idx

= O⋆
p

(√
log (n) /n

)
. It is shown in the proof of Theorem 1 of FVX that

Π̂d0x

(
ϕ̂dx (y)

)
p̂0x

−
Π̂d1x

(
ϕ̂dx (y)

)
p̂1x

+

(
Π̂d′0x (y)

p̂0x
− Π̂d′1x (y)

p̂1x

)
= ξn, (S1)
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with an error term that satisfies ξn = O⋆
p

(
n−1

)
. Note that ϕdx (y) satisfies(

Πd0x (ϕdx (y))

p0x
− Πd1x (ϕdx (y))

p1x

)
+

(
Πd′0x (y)

p0x
− Πd′1x (y)

p1x

)
= 0. (S2)

Lemma 2.1 and Theorem 3.1 of Abadie (2003) imply that

Fdx|Cx
(y) =

Pr [Y ≤ y,D = d|Z = 1, X = x]− Pr [Y ≤ y,D = d|Z = 0, X = x]

Pr [D = d|Z = 1, X = x]− Pr [D = d|Z = 0, X = x]
.

Then it is clear that ζdx (y) = Π ′
d1x (y) /p1x −Π ′

d0x (y) /p0x. By Assumption 1(c,h), ζ
dx

:= infy∈Idx |ζdx (y)| > 0. It

follows from Hoeffding’s inequality that p̂zx − pzx = O⋆
p

(√
log (n) /n

)
and it is easy to check that this also implies

p̂−1
zx − p−1

zx = O⋆
p

(√
log (n) /n

)
. Note that by construction, ϕ̂dx (y) ∈ Idx. By (S1) and (S2),

Πd0x

(
ϕ̂dx (y)

)
p0x

−
Πd1x

(
ϕ̂dx (y)

)
p1x

−
(
Πd0x (ϕdx (y))

p0x
− Πd1x (ϕdx (y))

p1x

)

= ξn −

{(
Π̂d′0x (y)

p̂0x
− Π̂d′1x (y)

p̂1x

)
−
(
Πd′0x (y)

p0x
− Πd′1x (y)

p1x

)}

−


Πd0x

(
ϕ̂dx (y)

)
p̂0x

−
Πd1x

(
ϕ̂dx (y)

)
p̂1x

−

Πd0x

(
ϕ̂dx (y)

)
p0x

−
Πd1x

(
ϕ̂dx (y)

)
p1x


−


Π̂d0x

(
ϕ̂dx (y)

)
p̂0x

−
Π̂d1x

(
ϕ̂dx (y)

)
p̂1x

−

Πd0x

(
ϕ̂dx (y)

)
p̂0x

−
Πd1x

(
ϕ̂dx (y)

)
p̂1x

 .

Then it follows from this result,
∥∥∥Π̂dzx −Πdzx

∥∥∥
Idx

= O⋆
p

(√
log (n) /n

)
, p̂−1

zx − p−1
zx = O⋆

p

(√
log (n) /n

)
and also

ζ
dx
> 0 that

∥∥∥ϕ̂dx − ϕdx

∥∥∥
Id′x

= O⋆
p

(√
log (n) /n

)
, i.e., for some constant C1, C2,

Pr

[∥∥∥ϕ̂dx − ϕdx

∥∥∥
Id′x

≤ C1

√
log (n)

n

]
> 1− C2n

−1. (S3)

Decompose

Π̂dzx

(
ϕ̂dx (y)

)
−Πdzx (ϕdx (y)) =

{
Π̂dzx

(
ϕ̂dx (y)

)
−Πdzx

(
ϕ̂dx (y)

)}
+
{
Πdzx

(
ϕ̂dx (y)

)
−Πdzx (ϕdx (y))

}
.

And by this result, (S3) and
∥∥∥Π̂dzx −Πdzx

∥∥∥
Idx

= O⋆
p

(√
log (n) /n

)
, we also have

∥∥∥Π̂dzx ◦ ϕ̂dx −Πdzx ◦ ϕdx
∥∥∥
Id′x

=

O⋆
p

(√
log (n) /n

)
. By using this result, (S1), (S2),

∥∥∥Π̂dzx −Πdzx

∥∥∥
Idx

= O⋆
p

(√
log (n) /n

)
and the equality

a

b
=
a

c
− a (b− c)

c2
+
a (b− c)

2

bc2
, (S4)

we have

O⋆
p

(
log (n)

n

)
=

Π̂d0x

(
ϕ̂dx (y)

)
p0x

− Πd0x (ϕdx (y))

p0x

−

Π̂d1x

(
ϕ̂dx (y)

)
p1x

− Πd1x (ϕdx (y))

p1x
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+

(
Π̂d′0x (y)

p0x
− Πd′0x (y)

p0x

)
−

(
Π̂d′1x (y)

p1x
− Πd′1x (y)

p1x

)
− Πd0x (ϕdx (y))

p20x
(p̂0x − p0x) +

Πd1x (ϕdx (y))

p21x
(p̂1x − p1x)

− Πd′0x (y)

p20x
(p̂0x − p0x) +

Πd′1x (y)

p21x
(p̂1x − p1x) . (S5)

We will later show that

Π̂dzx

(
ϕ̂dx (y)

)
−Πdzx

(
ϕ̂dx (y)

)
= Π̂dzx (ϕdx (y))−Πdzx (ϕdx (y)) +O⋆

p

((
log (n)

n

)3/4
)
, (S6)

uniformly in y ∈ Id′x. By a second-order Taylor expansion,

Πd1x

(
ϕ̂dx (y)

)
p1x

−
Πd0x

(
ϕ̂dx (y)

)
p0x

−
(
Πd1x (ϕdx (y))

p1x
− Πd0x (ϕdx (y))

p0x

)
=

ζdx (ϕdx (y))
(
ϕ̂dx (y)− ϕdx (y)

)
+O⋆

p

(
log (n)

n

)
, (S7)

uniformly in y ∈ Id′x. Note that if X = x,

1 (Y ≤ ϕdx (y) , D = d) + 1 (Y ≤ y,D = d′) = 1 (g (d, x, ϵ) ≤ ϕdx (y) , D = d) + 1 (g (d′, x, ϵ) ≤ y,D = d′)

= 1 (g (d′, x, ϵ) ≤ y) . (S8)

Since Z is conditionally independent of ϵ given X, ∀z ∈ {0, 1},

Rd′x (y) = E [1 (Y ≤ ϕdx (y) , D = d) + 1 (Y ≤ y,D = d′) | X = x, Z = z]

=
Πdzx (ϕdx (y))

pzx
+
Πd′zx (y)

pzx
= Fg(d′,x,ϵ)|X (y | x) , (S9)

where Fg(d′,x,ϵ)|X (y | x) := Pr [g (d′, x, ϵ) ≤ y | X = x]. Combining (S5), (S6) and (S7) and then using (S9), we have

ζdx (ϕdx (y))
(
ϕ̂dx (y)− ϕdx (y)

)
=

Π̂d0x (ϕdx (y))

p0x
− Π̂d1x (ϕdx (y))

p1x
+
Π̂d′0x (y)

p0x
− Π̂d′1x (y)

p1x
−Rd′x (y)

p̂0x
p0x

+Rd′x (y)
p̂1x
p1x

+O⋆
p

((
log (n)

n

)3/4
)

=

1

n

n∑
i=1

(1 (Yi ≤ ϕdx (y) , Di = d) + 1 (Yi ≤ y,Di = d′)−Rd′x (y))πx (Zi, Xi) +O⋆
p

((
log (n)

n

)3/4
)
.

The assertion follows from this result. It remains to show (S6).

Denote Λ̂dzx (y, y
′) := Π̂dzx (y) − Π̂dzx (y

′) and Λdzx (y, y
′) := Πdzx (y) − Πdzx (y

′). In view of (S3), denote
ξ := C1

√
log (n) /n. For ξ > 0, denote P+

dzx (Wi, y, ξ) := 1 (ϕdx (y) < Yi ≤ ϕdx (y) + ξ,Di = d, Zi = z,Xi = x) and
P−
dzx (Wi, y, ξ) := 1 (ϕdx (y)− ξ < Yi ≤ ϕdx (y) , Di = d, Zi = z,Xi = x). By Kosorok (2007, Lemmas 9.7(iv) and

9.8), the function class P+ :=
{
P+
dzx (·, y, ξ) : y ∈ Id′x, ξ ∈

(
0, ξ
]}

is VC-subgraph with VC index being at most 3,
∀n, and by Giné and Nickl (2016, Theorem 3.6.9), P+ is uniformly VC-type with respect to the constant envelope
FP+ = 1. P− is defined similarly. Then,

sup
y∈Id′x

∣∣∣{Π̂dzx

(
ϕ̂dx (y)

)
− Π̂dzx (ϕdx (y))

}
−
{
Πdzx

(
ϕ̂dx (y)

)
−Πdzx (ϕdx (y))

}∣∣∣ ≤
S4



sup
(y,ξ)∈Id′x×[−ξ,ξ]

∣∣∣Λ̂dzx (ϕdx (y) + ξ, ϕdx (y))− Λdzx (ϕdx (y) + ξ, ϕdx (y))
∣∣∣ ≤

∥∥PW
n − PW

∥∥
P+ +

∥∥PW
n − PW

∥∥
P− , (S10)

where the first inequality holds with probability at least 1 − C2n
−1, in view of (S3). fY |DZX is bounded under

Assumption 1. By calculation, we have

E
[
P+
dzx (W, y, ξ)

2
]

= E
[(
1 (Y ≤ ϕdx (y) + ξ)− 1 (Y ≤ ϕdx (y))

2
1 (D = d, Z = z,X = x)

)]
=

(∫ ϕdx(y)+ξ

ϕdx(y)

fY |DZX (y′ | d, z, x) dy′
)
Pr [D = d, Z = z,X = x]

and

σ2
P+ := sup

f∈P+

PW f2 = sup
(y,ξ)∈Id′x×(0,ξ]

E
[
P+
d0x (W, y, ξ)

2
]
= O

(√
log (n)

n

)
.

Then we apply Talagrand’s inequality (the version given by Chernozhukov et al., 2016, Lemma 6.3) with F = P+,
b = FP+ = 1, σ = σP+ ∨ b

√
VP+ log (n) /n and t = log (n). It is straightforward to check that σ2

P+ ≤ σ2 ≤
b2, nσ2/b2 ≥ log (n) and nσ2/b2 ≥ VP+ log

(
AP+b/σ

)
, when n is large enough so that VP+ log (n) /n ≤ 1 and

n/log (n) ≥ A2
P+ . Therefore, the conditions of Chernozhukov et al. (2016, Lemma 6.3) are satisfied when n is

sufficiently large and by Talagrand’s inequality, we have
∥∥GW

n

∥∥
P+ = O⋆

p

(
log (n)

3/4
/n1/4

)
and

∥∥PW
n − PW

∥∥
P+ =

n−1/2
∥∥GW

n

∥∥
P+ = O⋆

p

(
(log (n) /n)

3/4
)
. A similar result holds for

∥∥GW
n

∥∥
P− and

∥∥PW
n − PW

∥∥
P− . (S6) follows from

these results and (S10). ■

Proof of Lemma 3. By mean value expansion,

f̂∆X (v, x; b)− f̃∆X (v, x; b) =
1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)(
∆̂i −∆i

)
1 (Xi = x)

+
1

2

1

n

n∑
i=1

1

b3
K ′′

(
∆̇i − v

b

)(
∆̂i −∆i

)2
1 (Xi = x) , (S11)

where ∆̇i denotes the mean value that lies between ∆̂i and ∆i so that
∣∣∣∆̇i −∆i

∣∣∣ ≤ ∣∣∣∆̂i −∆i

∣∣∣. It is easy to see from

the proof of Lemma 2 that (S3) also holds for ϕ̂(−i)
dx (y) uniformly in i = 1, ..., n. Therefore,∣∣∣∆̂i −∆i

∣∣∣ = 1 (Di = 1)
∣∣∣ϕ̂(−i)

0Xi
(Yi)− ϕ0Xi

(Yi)
∣∣∣+ 1 (Di = 0)

∣∣∣ϕ̂(−i)
1Xi

(Yi)− ϕ1Xi
(Yi)

∣∣∣
and by (S3),

∆ := max
i=1,...,n

∣∣∣∆̂i −∆i

∣∣∣1 (Xi = x) = O⋆
p

(√
log (n)

n

)
. (S12)

In view of Pr
[
∆ > C1

√
log (n) /n

]
≤ C2n

−1, we have

1− C2n
−1 ≤ Pr

[
∆ ≤ C1

√
log (n)

n

]
≤ Pr

[
∆ ≤ h

]
,

when n is sufficiently large, since
√
log (n) /n = o (h) under the assumption that log (n) /

(
nh3n

)
↓ 0. By the triangle

inequality, |∆i − v| ≤
∣∣∣∆i − ∆̇i

∣∣∣ + ∣∣∣∆̇i − v
∣∣∣ ≤ ∆ +

∣∣∣∆̇i − v
∣∣∣, if Xi = x. Therefore, since

∣∣∣K ′′
((
∆̇i − v

)
/b
)∣∣∣ ≤
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∥K ′′∥∞ 1

(∣∣∣∆̇i − v
∣∣∣ ≤ b

)
, for some constant C3 > 0,

1− C3n
−1 ≤ Pr

[
∆ ≤ h

]
≤

Pr

[∣∣∣∣∣K ′′

(
∆̇i − v

b

)∣∣∣∣∣1 (Xi = x) ≤ ∥K ′′∥∞ 1i (v; b)1 (Xi = x) , ∀ (i, v, b) ∈ {1, ..., n} × Ix ×
[
h, h

]]
, (S13)

where we denote 1i (v; b) := 1 (|∆i − v| ≤ 2b). Denote 1∆X (v, x; b) := (nb)
−1∑n

i=1 1i (v; b)1 (Xi = x). By this
result and the triangle inequality,

1− C3n
−1 ≤

Pr

 sup
(v,b)∈Ix×[h,h]

∣∣∣∣∣ 1n
n∑

i=1

1

b3
K ′′

(
∆̇i − v

b

)(
∆̂i −∆i

)2
1 (Xi = x)

∣∣∣∣∣ >
 sup

(v,b)∈Ix×[h,h]
b−2

1∆X (v, x; b)

∆
2

 . (S14)

Let Ix (Ui, v; b) := b−1
1 (|∆x (ϵi)− v| ≤ 2b)1 (Xi = x). It follows from Kosorok (2007, Lemmas 9.7(iv), 9.8 and

9.9(vii,viii)) that I :=
{
Ix (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
is VC-subgraph with VC index being at most 3, ∀h, and

has a constant envelope FI = h−1. By Giné and Nickl (2016, Theorem 3.6.9), I is uniformly VC-type with respect
to the constant envelope FI. It is easy to check that

∥∥PU
∥∥
I
= O (1) and σ2

I := supf∈IPUf2 = O
(
h−1

)
follow

from change of variables. By Talagrand’s inequality (F = I, b = FI, σ = σI ∨ b
√
VIlog (n) /n, t = log (n)),

√
n
∥∥PU

n − PU
∥∥
I
=
∥∥GU

n

∥∥
I
= O⋆

p

(√
log (n) /h

)
and therefore,

∥1∆X (·, x; ·)∥Ix×[h,h] =
∥∥PU

n

∥∥
I
≤
∥∥PU

n − PU
∥∥
I
+
∥∥PU

∥∥
I
= O⋆

p (1) . (S15)

By this result, (S12) and (S14), we have

1

n

n∑
i=1

1

b3
K ′′

(
∆̇i − v

b

)(
∆̂i −∆i

)2
1 (Xi = x) = O⋆

p

(
log (n)

nh2

)
, (S16)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. By the definition of ∆̂i and ∆i,

1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)(
∆̂i −∆i

)
1 (Xi = x) = − 1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)
Di

{
ϕ̂
(−i)
0Xi

(Yi)− ϕ0Xi
(Yi)

}
1 (Xi = x)

+
1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)
(1−Di)

{
ϕ̂
(−i)
1Xi

(Yi)− ϕ1Xi
(Yi)

}
1 (Xi = x) . (S17)

Write

1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)
1 (Di = d′, Xi = x)

{
ϕ̂
(−i)
dx (Yi)− ϕdx (Yi)

}
=

1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)
1 (Di = d′, Xi = x)

×

 1

n− 1

∑
j ̸=i

Ldx (Wj , Yi) + ϕ̂
(−i)
dx (Yi)− ϕdx (Yi)−

1

n− 1

∑
j ̸=i

Ldx (Wj , Yi)

 .

It is easy to see from the proof of Lemma 2 that (A.4) also holds for ϕ̂(−i)
dx (y) and the remainder term is uniform
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in i = 1, ..., n. By Lemma 2, |K ′ ((∆i − v) /b)| ≤ ∥K ′∥∞ 1i (v; b) and (S15),

1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)
1 (Di = d′, Xi = x)

ϕ̂(−i)
dx (Yi)− ϕdx (Yi)−

1

n− 1

∑
j ̸=i

Ldx (Wj , Yi)

 = O⋆
p

(
log (n)

3/4

n3/4h

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
, and therefore

1

n

n∑
i=1

1

b2
K ′
(
∆i − v

b

)(
∆̂i −∆i

)
1 (Xi = x) =

1

n(2)

∑
(i,j)

1

b2
K ′
(
∆i − v

b

)
{(1−Di)L1x (Wj , Yi)−DiL0x (Wj , Yi)}1 (Xi = x) +O⋆

p

(
log (n)

1/2

n3/4h

)
=

1

n(2)

∑
(i,j)

Gx (Wi,Wj , v; b) +O⋆
p

(
log (n)

3/4

n3/4h

)
, (S18)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. The conclusion follows from this result, (S11), (S16) and (S17). ■

Proof of Lemma 4. By definition, we have

H[1]
x (Ui, v; b) =

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (ϵi ≤ e)− Fϵ|X (e | x)

}
de

}
πx (Zi, Xi) ,

where
ρx (e) :=

fϵDX (e, 0, x)

ζ1x (g (1, x, e))
− fϵDX (e, 1, x)

ζ0x (g (0, x, e))
.

Since ϵ is independent of Z given X,

E
[
H[1]

x (U, v; b)
2
]
= E

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (ϵ ≤ e)− Fϵ|X (e | x)

}
de

}2

| X = x


× E

[{
1 (Z = 1)

p1x
− 1 (Z = 0)

p0x

}2

| X = x

]
px. (S19)

Note that

E

[{
1 (Z = 1)

p1x
− 1 (Z = 0)

p0x

}2

| X = x

]
px = p−1

1x + p−1
0x . (S20)

Then,

E

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (ϵ ≤ e)− Fϵ|X (e | x)

}
de

}2

| X = x

 =

E

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e)1 (ϵ ≤ e) de

}2

| X = x

−{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e)Fϵ|X (e | x) de

}2

,

(S21)

and
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E

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e)1 (ϵ ≤ e) de

}2

| X = x

 =

b−4

∫ ϵx

ϵx

∫ ϵx

ϵx

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ =

b−4
m∑

k=1

m∑
j=1

∫ ϵx,k

ϵx,k−1

∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′. (S22)

If j > k, since ϵx,k ≤ ϵx,j−1,

∫ ϵx,k

ϵx,k−1

∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ ={∫ ϵx,k

ϵx,k−1

K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e′ | x) ρx (e′) de′

}{∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
ρx (e) de

}
. (S23)

Note that ∆x is strictly monotonic on [ϵx,j−1, ϵx,j ]. We assume without loss of generality that the restriction ∆x,j is
strictly increasing. Since Ix is an inner closed sub-interval of ∆x,j ((ϵx,j−1, ϵx,j)) = (∆x (ϵx,j−1) , ∆x (ϵx,j)), v ∈ Ix

is an interior point of (∆x (ϵx,j−1) , ∆x (ϵx,j)). Let ψx,j (t) := ρx
(
∆−1

x,j (t)
) (
∆−1

x,j

)′
(t). By change of variables and

mean value expansion,

∫ ϵx,j

ϵx,j−1

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e) de = b−1

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

K ′ (u) ρx
(
∆−1

x,j (bu+ v)
) (
∆−1

x,j

)′
(bu+ v) du

= b−1

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

K ′ (u)
{
ψx,j (v) + ψ′

x,j (v̇) bu
}
du, (S24)

where the mean value v̇ depends on u and satisfies |v̇ − v| ≤ b |u|. Note that
∫
K ′ (u) du = 0, K ′ is supported on

[−1, 1] and therefore,
∫ (∆x(ϵx,j)−v)/b

(∆x(ϵx,j−1)−v)/b
K ′ (u) du = 0, ∀ (v, b) ∈ Ix ×

[
h, h

]
, when h is sufficiently small. Therefore,

∣∣∣∣∣
∫ ϵx,j

ϵx,j−1

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e) de

∣∣∣∣∣ > sup
t∈[∆x(ϵx,j−1),∆x(ϵx,j)]

∣∣ψ′
x,j (t)

∣∣ , (S25)

uniformly in (v, b) ∈ Ix×
[
h, h

]
, when h is sufficiently small. Denote χx,j (t) := Fϵ|X

(
∆−1

x,j (t) | x
)
ψx,j (t). Similarly,∣∣∣∣∣

∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e′ | x) ρx (e′) de′

∣∣∣∣∣ > sup
t∈[∆x(ϵx,k−1),∆x(ϵx,k)]

∣∣χ′
x,k (t)

∣∣ , (S26)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
, when h is sufficiently small. Then, it follows that

E

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)
ρx (e)1 (ϵ ≤ e) de

}2

| X = x

 =

b−4
m∑
j=1

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ +O (1) , (S27)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. By change of variables,
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b−4

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ =

b−2

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

K ′ (u)K ′ (w)Fϵ|X
(
∆−1

x,j (bu+ v) ∧∆−1
x,j (bw + v) | x

)
ψx,j (bu+ v)ψx,j (bw + v) dudw

= 2b−2

∫
K ′ (w)ψx,j (bw + v)

{∫ w

−∞
K ′ (u)χx,j (bu+ v) du

}
dw, (S28)

where the second equality follows from symmetry and holds when h is sufficiently small. By integration by parts,∫ w

−∞
K ′ (u)χx,j (bu+ v) du = K (w)χx,j (bw + v)− b

∫ w

−∞
K (u)χ′

x,j (bu+ v) du. (S29)

Then,

b−1

∫
K ′ (w)K (w) {ψx,j (bw + v)χx,j (bw + v)− ψx,j (v)χx,j (v)

−
(
ψ′
x,j (v)χx,j (v) + ψx,j (v)χ

′
x,j (v)

)
(bw)

}
dw =

∫
K ′ (w)K (w)w

{(
ψ′
x,j (v̇)χx,j (v̇) + ψx,j (v̇)χ

′
x,j (v̇)

)
−
(
ψ′
x,j (v)χx,j (v) + ψx,j (v)χ

′
x,j (v)

)}
dw = o (1) , (S30)

where the mean value v̇ depends on w and satisfies |v̇ − v| ≤ b |w| and the second equality holds uniformly in
(v, b) ∈ Ix ×

[
h, h

]
. Similarly,

∫
K ′ (w)ψx,j (bw + v)

(∫ w

−∞
K (u)χ′

x,j (bu+ v) du

)
dw − ψx,j (v)χ

′
x,j (v)

∫
K ′ (w)

(∫ w

−∞
K (u) du

)
dw

=

∫ ∫ w

−∞
K ′ (w)K (u)

{
ψx,j (bw + v)χ′

x,j (bu+ v)− ψx,j (v)χ
′
x,j (v)

}
dudw = o (1) , (S31)

the second equality holds uniformly in (v, b) ∈ Ix ×
[
h, h

]
. By integration by parts,

∫
K ′ (w)

(∫ w

−∞K (u) du
)
dw =

−
∫
K (u)

2
du and

∫
K ′ (w)K (w)wdw =

(
−
∫
K (u)

2
du
)
/2. Now it follows from these equalities, (S28), (S29),

(S30), (S31) and
∫
K ′ (w)K (w) dw = 0 that

b−3

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ =

2
(
ψ′
x,j (v)χx,j (v) + ψx,j (v)χ

′
x,j (v)

) ∫
K ′ (w)K (w)wdw

−2ψx,j (v)χ
′
x,j (v)

∫
K ′ (w)

(∫ w

−∞
K (u) du

)
dw+o (1) =

(
ψx,j (v)χ

′
x,j (v)− ψ′

x,j (v)χx,j (v)
) ∫

K (u)
2
du+o (1) ,

(S32)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Note that

ψx,j (v)χ
′
x,j (v)− ψ′

x,j (v)χx,j (v)

=

{
fϵDX

(
∆−1

x,j (v) , 0, x
)

ζ1x
(
g
(
1, x,∆−1

x,j (v)
)) − fϵDX

(
∆−1

x,j (v) , 1, x
)

ζ0x
(
g
(
0, x,∆−1

x,j (v)
))}2

fϵ|X
(
∆−1

x,j (v) | x
) ((

∆−1
x,j

)′
(v)
)3
.
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Now it follows from this equality, (S19), (S20), (S21), (S22), (S23), (S27) and (S32) that

E
[
H[1]

x (U, v; b)
2
]
= b−1V ‡

∆X (v, x) + o
(
h−1

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Denote

H :=
{
Hx (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
H[1] :=

{
H[1]

x (·, v; b) : (v, b) ∈ Ix ×
[
h, h

]}
.

Therefore, we have σ2
H[1] := supf∈H[1]PUf2 = O

(
h−1

)
. By LIE,

E
[
Hx (U1, U2, v; b)

2
]
=

E

[
1

b4
K ′
(
∆x (ϵ)− v

b

)2
{
1 (D = 0, X = x)

ζ1x (g (1, x, ϵ))
2 +

1 (D = 1, X = x)

ζ1x (g (0, x, ϵ))
2

}
Fϵ|X (ϵ | x)

(
1− Fϵ|X (ϵ | x)

)] (
p−1
1x + p−1

0x

)
= O

(
h−3

)
, (S33)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore, σ2

H := supf∈HE
[
f (U1, U2)

2
]
= O

(
h−3

)
.

Since ∥K ′′∥∞ < ∞, K ′ is of bounded variation. There exists a decomposition K ′ = K1 − K2, where K1

and K2 are non-decreasing and bounded. It follows from Kosorok (2007, Lemma 9.6) that the function class{
(∆x (·)− v) /b : (v, b) ∈ Ix ×

[
h, h

]}
is VC-subgraph with VC index being at most 4. Then, by Kosorok (2007,

Lemma 9.9(viii)), Ck :=
{
Kk ((∆x (·)− v) /b) : (v, b) ∈ Ix ×

[
h, h

]}
is VC-subgraph with VC index being at most

4. By Giné and Nickl (2016, Theorem 3.6.9) and Chernozhukov et al. (2014a, Lemma B.2), the function class
C :=

{
K ′ ((∆x (·)− v) /b) : (v, b) ∈ Ix ×

[
h, h

]}
is uniformly VC-type with respect to a constant envelope ∥K1∥∞ +

∥K2∥∞, since C can be written as (a sub-class of) the pointwise difference of C1 and C2. By Kosorok (2007, Lemma
9.6),

{
b−2Cx : b ∈

[
h, h

]}
is VC-subgraph with VC index being at most 3 and by Giné and Nickl (2016, Theorem

3.6.9), it is uniformly VC-type with respect to a constant envelope that is a multiple of h−2. By Chernozhukov
et al. (2014a, Lemma B.2), H is uniformly VC-type with respect to a constant envelope FH = O

(
h−2

)
.

For a centered VC-type class F of functions defined on SU with respect to an envelope FF (PUf = 0, ∀f ∈ F),
by standard calculations (see, e.g., the proof of Chernozhukov et al., 2014b, Corollary 5.1) and Chernozhukov et al.
(2014b, Lemma 2.1), there exists a zero-mean Gaussian process

{
GU (f) : f ∈ F

}
that is a tight random element in

ℓ∞ (F) and has the same covariance structure as the empirical process
{
GU

n f : f ∈ F
}

(i.e., E
[
GU (f1)G

U (f2)
]
=

Cov [f1 (U) , f2 (U)], ∀f1, f2 ∈ F). The tightness of
{
GU (f) : f ∈ F

}
is equivalent to the condition that F (endowed

with the intrinsic pseudo metric F×F ∋ (f1, f2) 7→
√

E
[
(GU (f1)−GU (f2))

2
]
= ∥f1 − f2∥PU ,2) is totally bounded

and almost surely the sample paths f 7→ GU (f) are uniformly continuous with respect to the intrinsic pseudo metric
(therefore, Pr

[∥∥GU
∥∥
F
<∞

]
= 1). And

{
GU (f) : f ∈ F

}
is also separable as a stochastic process. See Kosorok

(2007, Lemmas 7.2 and 7.4). Since FF is also an envelope of F± := F ∪ (−F) and the covering number of F± is at
most twice that of F, F± is VC-type with respect to FF and therefore, there exists a zero-mean Gaussian process{
GU (f) : f ∈ F±

}
that is a tight random element in ℓ∞ (F±) and has the same covariance structure as that of{

GU
n f : f ∈ F±

}
. Moreover, by Giné and Nickl (2016, Theorem 3.7.28), almost surely the sample paths F± ∋ f 7→

GU (f) are prelinear and therefore, almost surely, ∀f ∈ F, GU (f) + GU (−f) = 0, and supf∈F±
GU (f) =

∥∥GU
∥∥
F
.

In our first application, F = H[1], which is also uniformly VC-type (see Lemma A.3 of CK) with respect to the
constant envelope FH[1] = FH.

By the coupling theorem (CK Proposition 2.1 with H = H±, σg = σH[1] , σh = σH, bg = bh = FH, χn = 0,
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γ =
√
log (n) / (nh3) and q = ∞), one can construct a coupling

(∥∥∥U(2)
n

∥∥∥
H
, ZH±

)
that satisfies the following

conditions: ZH± =d sup
f∈H

[1]
±
GU (f) =

∥∥GU
∥∥
H[1] , where

{
GU (f) : f ∈ H

[1]
±

}
has zero mean and the same covariance

structure as that of the (Hájek) empirical process
{
Gnf : f ∈ H

[1]
±

}
, and

(∥∥∥U(2)
n

∥∥∥
H
, ZH±

)
satisfies

∥∥∥U(2)
n

∥∥∥
H
−ZH± =

O⋆
p

(√
log (n) /h,

√
log (n) / (nh3)

)
. By Dudley’s entropy integral bound (Giné and Nickl, 2016, Theorem 2.3.7),

Lemma A.2 of CK, (A.2) and standard calculations (see, e.g., calculations in the proof of Chernozhukov et al.,
2014b, Corollary 5.1),

E
[∥∥GU

∥∥
H[1]

]
>

∫ σ
H[1]∨n−1/2∥FH[1]∥PU,2

0

√
1 + log

(
N
(
ε,H[1], ∥·∥PU ,2

))
dε

≤ 4 ∥FH[1]∥PU ,2

∫ σ
H[1]∨n−1/2∥F

H[1]∥PU,2

4∥F
H[1]∥PU,2

0

√√√√√1 + log

 sup
Q∈Qfd

SU

N
(
ε ∥FH[1]∥Q,2 ,H

[1], ∥·∥Q,2

)dε

>
(
σH[1] ∨ n−1/2 ∥FH[1]∥PU ,2

)√
VH[1] log

(
4AH[1]n1/2

)
, (S34)

when n is sufficiently large. By the Borell-Sudakov-Tsirelson inequality (Giné and Nickl, 2016, Theorem 2.5.8),
Pr
[∥∥GU

∥∥
H[1] ≥ E

[∥∥GU
∥∥
H[1]

]
+ σH[1]

√
2 · log (n)

]
≤ n−1. Therefore, since ZH± =d

∥∥GU
∥∥
H[1] , we have ZH± =

O⋆
p

(√
log (n) /h

)
and

∥∥∥U(2)
n

∥∥∥
H
= O⋆

p

(√
log (n) /h,

√
log (n) / (nh3)

)
. The assertion follows from these results. ■

Proof of Lemma 5. Denote H△[1]
x (u, v; b, h) := E [H△

x (U, u, v; b, h)], H△ :=
{
H△

x (·, v; b, h) : (v, b) ∈ Ix ×
[
h, h

]}
and H△[1] :=

{
H△[1]

x (·, v; b, h) : (v, b) ∈ Ix ×
[
h, h

]}
. Then,

∥∥∥U(2)
n

∥∥∥
H△

= sup
(v,b)∈Ix×[h,h]

∣∣∣∣∣∣√n
 1

n(2)

∑
(i,j)

H△
x (Ui, Uj , v; b, h)

∣∣∣∣∣∣ .
By the same arguments for showing that H is uniformly VC-type,

{√
b · Hx (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
uniformly

VC-type with respect to a constant envelope that is O
(
h−3/2

)
. By Chernozhukov et al. (2014a, Lemma B.2), H△ is

uniformly VC-type with respect to a constant envelope that is O
(
h−3/2

)
. We now use different arguments to show

that H△ is uniformly VC-type with respect to a tighter envelope. Let L (u; b, h) := (h/b)
1/2

K ((h/b)u)−K (u) and
denote L′ (u; b, h) := ∂L (u; b, h) /∂u. Then clearly, H△

x (Ui, Uj , v; b, h) = h−3/2L′ ((∆x (ϵi)− v) /h; b, h) Cx (Ui, Uj).
Write L′ (u; b, h) = L† (u; b, h) + L‡ (u; b, h), where L† (u; b, h) :=

(
(h/b)

3/2 − 1
)
K ′ ((h/b)u) and L‡ (u; b, h) :=

K ′ ((h/b)u)−K ′ (u). Then,

H△
x (Ui, Uj , v; b, h) = h−3/2L†

(
∆x (ϵi)− v

h
; b, h

)
Cx (Ui, Uj) + h−3/2L‡

(
∆x (ϵi)− v

h
; b, h

)
Cx (Ui, Uj)

=: H†
x (Ui, Uj , v; b, h) +H‡

x (Ui, Uj , v; b, h) .

It follows from the fact that
{√

b · Hx (·, v; b) : (v, b) ∈ Ix ×
[
h, h

]}
uniformly VC-type with respect to a constant

envelope that is O
(
h−3/2

)
, Chernozhukov et al. (2014a, Lemma B.2) and supb∈[h,h] (b/h)

3/2
∣∣∣(h/b)3/2 − 1

∣∣∣ =

O (εn) that
{
H†

x (·, v; b, h) : (v, b) ∈ Ix ×
[
h, h

]}
is uniformly VC-type with respect to a constant envelope that

is O
(
εn/h

3/2
)
. Denote

V :=

{
y 7→ L‡

(
y − v

h
; b, h

)
: b ∈

[
h, h

]
, v ∈ Ix

}

S11



V (b) :=

{
y 7→ L‡

(
y − v

h
; b, h

)
: v ∈ Ix

}
so that V =

⋃
b∈[h,h]V (b). We have ∥L‡ (·; b1, h)− L‡ (·; b2, h)∥∞ ≤ C1,n |b1 − b2|, where C1,n := ∥K ′′∥∞

(
h/h2

)
.

Clearly, C1,nι
([
h, h

])
= O (εn). Let U :=

{
u 7→ L‡ (u; b, h) : b ∈

[
h, h

]}
. Then,

N (C1,nε,U, ∥·∥∞) ≤ N
(
ε,
[
h, h

]
, |·|
)
≤ 1 +

ι
([
h, h

])
ε

and therefore, N
(
C1,nι

([
h, h

])
ε,U, ∥·∥∞

)
≤ 1 + ε−1. By simple calculation, we have

∥∥∥L′
‡ (·; ·, h)

∥∥∥
R×[h,h]

≤ C2,nεn,

where C2,n := ∥K ′′∥∞ / (1− εn) +CLip (1 + εn) / (1− εn) and CLip is the Lipschitz constant for K ′′. Therefore, the
total variation (see Giné and Nickl, 2016, Page 220 for the definition) of L‡ (·; b, h) is bounded by 2 (1 + εn)C2,nεn,
uniformly in b ∈

[
h, h

]
. By Giné and Nickl (2016, Proposition 3.6.12), for each b ∈

[
h, h

]
,

sup
Q∈Qfd

R

N
(
2 (1 + εn)C2,nεnε,V (b) , ∥·∥Q,2

)
≤
(
AV

ε

)VV

,

where (AV, VV) are independent of b, h and n. Now fix some finitely discrete probability measure Q on R. Construct
a minimal C1,nι

([
h, h

])
ε-net (with respect to ∥·∥∞)

{
u 7→ L‡ (u; b, h) : b ∈

[
h, h

]◦}
for U, where

[
h, h

]◦ ⊆
[
h, h

]
and #

[
h, h

]◦ ≤ 1 + ε−1. For each b ∈
[
h, h

]◦
, construct a minimal 2 (1 + εn)C2,nεnε-net (with respect to ∥·∥Q,2)

{y 7→ L‡ ((y − v) /h; b, h) : v ∈ I◦x (b)} for V (b), where I◦x (b) ⊆ Ix and #I◦x (b) ≤ (AV/ε)
VV . For any (v1, b1) and

(v2, b2), by the triangle inequality,

√∫ (
L‡

(
y − v1
h

; b1, h

)
− L‡

(
y − v2
h

; b2, h

))2

Q (dy) ≤ ∥L‡ (·; b1, h)− L‡ (·; b2, h)∥∞

+

√∫ (
L‡

(
y − v1
h

; b2, h

)
− L‡

(
y − v2
h

; b2, h

))2

Q (dy).

Then,
⋃

b∈[h,h]
◦ {y 7→ L‡ ((y − v) /h; b, h) : v ∈ I◦x (b)} is a

(
C1,nι

([
h, h

])
+ 2 (1 + εn)C2,nεn

)
ε-net (with respect to

∥·∥Q,2) for V and has a cardinality bounded by (AV/ε)
VV
(
1 + ε−1

)
. Note that

FV := C1,nι
([
h, h

])
+ 2 (1 + εn)C2,nεn = O (εn)

is also a constant envelope for V. Therefore, V is uniformly VC-type with respect to the constant envelope
FV = O (εn). Then it is easy to see that

{
H‡

x (·, v; b, h) : (v, b) ∈ Ix ×
[
h, h

]}
is uniformly VC-type with respect to

a constant envelope that is O
(
εn/h

3/2
)
. By Chernozhukov et al. (2014a, Lemma B.2), H△ is uniformly VC-type

with respect to a constant envelope FH△ = O
(
εn/h

3/2
)
.

By LIE, we have

E
[
H△[1]

x (U, v; b, h)
2
]

= E

 1

h3

{∫ ϵx

ϵx

L′
(
∆x (e)− v

h
; b, h

)
ρx (e)

{
1 (ϵ ≤ e)− Fϵ|X (e | x)

}
de

}2

| X = x

(p−1
1x + p−1

0x

)
.

Then,
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E

 1

h3

{∫ ϵx

ϵx

L′
(
∆x (e)− v

h
; b, h

)
ρx (e)

{
1 (ϵ ≤ e)− Fϵ|X (e | x)

}
de

}2

| X = x

 =

E

 1

h3

{∫ ϵx

ϵx

L′
(
∆x (e)− v

h
; b, h

)
ρx (e)1 (ϵ ≤ e) de

}2

| X = x


− 1

h3

{∫ ϵx

ϵx

L′
(
∆x (e)− v

h
; b, h

)
ρx (e)Fϵ|X (e | x) de

}2

.

By change of variables and mean value expansion,

∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
ρx (e) de = h

∫ ∆x(ϵx,j)−v

h

∆x(ϵx,j−1)−v

h

L′ (u; b, h)
{
ψx,j (v) + ψ′

x,j (v̇) (hu)
}
du,

where v̇ denotes the mean value that lies between v and v + hu. It is easy to check by simple calculation that
∀b ∈

[
h, h

]
,

|L′ (u; b, h)| ≤

(
∥K ′′∥∞

(
1 + εn

(1− εn)
5/2

)
+

3 ∥K ′∥∞
(1− εn)

3

)
εn1 (|u| ≤ 1 + εn) . (S35)

Then by these results and the fact
∫
L′ (u; b, h) du = 0, we have∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
ρx (e) de = O

(
εnh

2
)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Similarly,∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
Fϵ|X (e′ | x) ρx (e′) de′ = O

(
εnh

2
)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Then by these results, we have

h−3

∫ ϵx,k

ϵx,k−1

∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
L′
(
∆x (e

′)− v

h
; b, h

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′

= h−3

(∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
Fϵ|X (e | x) ρx (e) de

)(∫ ϵx,k

ϵx,k−1

L′
(
∆x (e

′)− v

h
; b, h

)
ρx (e

′) de′

)
= O

(
ε2nh

)
,

(S36)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
, if j < k. The same result holds if j > k. By change of variables,

h−3

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
L′
(
∆x (e

′)− v

h
; b, h

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ =

2h−1

∫
L′ (w; b, h)ψx,j (hw + v)

{∫ w

−∞
L′ (u; b, h)χx,j (hu+ v) du

}
dw.

By integration by parts,∫ w

−∞
L′ (u; b, h)χx,j (hu+ v) du = L (w; b, h)χx,j (hw + v)− b

∫ w

−∞
L (u; b, h)χ′

x,j (hu+ v) du.
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By these results, we have

h−3

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
L′
(
∆x (e

′)− v

h
; b, h

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ =

2h−1

∫
L′ (w; b, h)ψx,j (hw + v)L (w; b, h)χx,j (hw + v) dw

− 2

∫
L′ (w; b, h)ψx,j (hw + v)

∫ w

−∞
L (u; b, h)χ′

x,j (hu+ v) dudw. (S37)

It is easy to check by simple calculation that ∀b ∈
[
h, h

]
,

|L (u; b, h)| ≤
(
∥K ′∥∞

(
1 + εn
1− εn

)
+

∥K∥∞
1− εn

)
εn1 (|u| ≤ 1 + εn) . (S38)

By (S35), (S38) and mean value expansion,

h−1

∫
L′ (w; b, h)L (w; b, h) {ψx,j (hw + v)χx,j (hw + v)− ψx,j (v)χx,j (v)

−
(
ψ′
x,j (v)χx,j (v) + ψx,j (v)χ

′
x,j (v)

)
(hw)

}
dw =

∫
L′ (w; b, h)L (w; b, h)w

{(
ψ′
x,j (v̇)χx,j (v̇) + ψx,j (v̇)χ

′
x,j (v̇)

)
−
(
ψ′
x,j (v)χx,j (v) + ψx,j (v)χ

′
x,j (v)

)}
dw = o

(
ε2n
)
,

where v̇ denotes the mean value that lies between v and v + hw and the second equality holds uniformly in
(v, b) ∈ Ix ×

[
h, h

]
. Similarly,

∫
L′ (w; b, h)ψx,j (hw + v)

(∫ w

−∞
L (u; b, h)χ′

x,j (hu+ v) du

)
dw

− ψx,j (v)χ
′
x,j (v)

∫
L′ (w; b, h)

(∫ w

−∞
L (u; b, h) du

)
dw

=

∫ ∫ w

−∞
L′ (w; b, h)L (u; b, h)

{
ψx,j (hw + v)χ′

x,j (hu+ v)− ψx,j (v)χ
′
x,j (v)

}
dudw = O

(
ε2nh

)
,

where the second equality holds uniformly in (v, b) ∈ Ix ×
[
h, h

]
. By integration by parts,∫

L′ (w; b, h)

(∫ w

−∞
L (u; b, h) du

)
dw = −

∫
L (u; b, h)

2
du∫

L′ (w; b, h)L (w; b, h)wdw = −1

2

∫
L (u; b, h)

2
du∫

L′ (w; b, h)L (w; b, h) dw = 0. (S39)

By using these calculations, (S37) and (S38), we have

h−3

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

L′
(
∆x (e)− v

h
; b, h

)
L′
(
∆x (e

′)− v

h
; b, h

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′ = O

(
ε2n
)
.

Then it follows from this result and (S36) that

σ2
H△[1] := sup

f∈H△[1]

PUf2 = sup
(v,b)∈Ix×[h,h]

E
[
H△[1]

x (U, v; b, h)
2
]
= O

(
ε2n
)
.
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By LIE,

E
[
H△

x (U1, U2, v; b)
2
]
=

E

[
1

h4
L′
(
∆x (ϵ)− v

h
; b, h

)2
{
1 (D = 0, X = x)

ζ1x (g (1, x, ϵ))
2 +

1 (D = 1, X = x)

ζ1x (g (0, x, ϵ))
2

}
Fϵ|X (ϵ | x)

(
1− Fϵ|X (ϵ | x)

)] (
p−1
1x + p−1

0x

)
.

By change of variables and (S35), we have

σ2
H△ := sup

f∈H△
E
[
f (U1, U2)

2
]
= sup

(v,b)∈Ix×[h,h]
E
[
H△

x (U1, U2, v; b, h)
2
]
= O

(
ε2n/h

3
)
.

By the coupling theorem (CK Proposition 2.1 with H = H△
±, σg = σH△[1] , σh = σH△ , bg = bh = FH△ , χn = 0,

γ =
√
log (n) / (nh3) and q = ∞), there exists a random variable ZH△

±
=d

∥∥GU
∥∥
H△[1] such that

∥∥∥U(2)
n

∥∥∥
H△

− ZH△
±
=

O⋆
p

(
εn
√
log (n),

√
log (n) / (nh3)

)
. By (S34) with H[1] replaced by H△[1], E

[∥∥GU
∥∥
H△[1]

]
= O

(
εn
√
log (n)

)
. By

the Borell-Sudakov-Tsirelson inequality, Pr
[∥∥GU

∥∥
H△[1] ≥ E

[∥∥GU
∥∥
H△[1]

]
+ σH△[1]

√
2 · log (n)

]
≤ n−1. Therefore,∥∥∥U(2)

n

∥∥∥
H△

= O⋆
p

(
εn
√
log (n),

√
log (n) / (nh3)

)
. The first assertion follows from this result.

Let E△
x (Ui, v; b, h) :=

√
b · Ex (Ui, v; b) −

√
h · Ex (Ui, v;h) and E△ :=

{
E△
x (·, v; b, h) : (v, b) ∈ Ix ×

[
h, h

]}
. Then

we have

sup
(v,b)∈Ix×[h,h]

∣∣∣√nb(f̃∆X (v, x; b)−m∆X (v, x; b)
)
−
√
nh
(
f̃∆X (v, x;h)−m∆X (v, x;h)

)∣∣∣ = ∥∥GU
n

∥∥
E△

and we write E△
x (Ui, v; b, h) = h−1/2L ((∆x (ϵi)− v) /h; b, h)1 (Xi = x). It follows from similar arguments that

E△ is uniformly VC-type with respect to a constant envelope FE△ = O
(
εn/h

1/2
)
. By LIE and (S38), σ2

E△ :=

supf∈E△PUf2 = O
(
ε2n
)
. By Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with F = E△, b = FE△ ,

σ = σE△ ∨ b
√
VE△ log (n) /n, t = log (n)),

∥∥GU
n

∥∥
E△ = O⋆

p

(
εn
√
log (n)

)
. The second assertion follows from this

result. ■

S3 Proofs of Lemmas 6, 7, 8, 9 and Theorem B.1

Proof of Lemma 6. Denote Πdx (y) := Πd1x (y) +Πd0x (y) and Π̂dx (y) := Π̂d1x (y) + Π̂d0x (y). Then, R̂d′x (y) =(
Π̂dx

(
ϕ̂dx (y)

)
+ Π̂d′x (y)

)
/p̂x and Rd′x (y) = (Πdx (ϕdx (y)) +Πd′x (y)) /px. Part (a) follows from the follow-

ing facts:
∥∥∥Π̂dx ◦ ϕ̂dx −Πdx ◦ ϕdx

∥∥∥
Id′x

= O⋆
p

(√
log (n) /n

)
,
∥∥∥Π̂d′x −Πd′x

∥∥∥
Id′x

= O⋆
p

(√
log (n) /n

)
and p̂x −

px = O⋆
p

(√
log (n) /n

)
. Denote pz|x := Pr [Z = z | X = x]. Part (b) follows from similar arguments used to

show
∥∥∥f̃∆X (·, x; ·)−m∆X (·, x; ·)

∥∥∥
Ix×[h,h]

= O⋆
p

(√
log (n) / (nh)

)
in the proof of Theorem A.1, p̂z|x − pz|x =

O⋆
p

(√
log (n) /n

)
, Abadie (2003, Theorem 3.1) and standard arguments for the bias of kernel density estima-

tors. ■

Proof of Lemma 7. Denote

r̂∆X (v, x; b) :=
1

n

n∑
i=1

1

b
K

(
∆̂i − v

b

)2

1 (Xi = x)
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r̃∆X (v, x; b) :=
1

n

n∑
i=1

1

b
K

(
∆i − v

b

)2

1 (Xi = x)

and r∆X (v, x; b) := E [r̃∆X (v, x; b)]. Then, V̂1 (v, x; b) = r̂∆X (v, x; b) − b · f̂∆X (v, x; b)
2 and V1 (v, x; b) =

r∆X (v, x; b) − b · m∆X (v, x; b)
2. It follows from arguments used in previous proofs (see the proofs of Lemmas

3 and 4 and Theorem A.1) that

∥r̂∆X (·, x; ·)− r̃∆X (·, x; ·)∥Ix×[h,h] = O⋆
p

(√
log (n)

nh
,

√
log (n)

nh3

)

and r̃∆X (v, x; b) − r∆X (v, x; b) = O⋆
p

(√
log (n) / (nh)

)
, uniformly in (v, b) ∈ Ix ×

[
h, h

]
. And also, by using the

fact ∥∥∥f̂∆X (·, x; ·)−m∆X (·, x; ·)
∥∥∥
Ix×[h,h]

= O⋆
p

(√
log (n)

nh
,

√
log (n)

nh3

)
shown in the proofs of Lemmas 3 and 4 and Theorem A.1 that

f̂∆X (v, x; b)
2 −m∆X (v, x; b)

2
=
(
f̂∆X (v, x; b)−m∆X (v, x; b)

)(
f̂∆X (v, x; b) +m∆X (v, x; b)

)
= O⋆

p

(√
log (n)

nh
,

√
log (n)

nh3

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore,

∥∥∥V̂1 (·, x; ·)− V1 (·, x; ·)
∥∥∥
Ix×[h,h]

= O⋆
p

(√
log (n)

nh
,

√
log (n)

nh3

)
. (S40)

Denote

Ṽ2 (v, x; b, bζ) :=
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
q̂x (Wj ,Wi; bζ)K

′

(
∆̂k − v

b

)
q̂x (Wk,Wi; bζ)1 (Xi = x)

V̇2 (v, x; b) :=
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
qx (Wj ,Wi)K

′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x)

V̈2 (v, x; b) :=
1

n(3)

∑
(i,j,k)

1

b3
K ′
(
∆j − v

b

)
qx (Wj ,Wi)K

′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x) .

Therefore, V̂2 (v, x; b, bζ) = Ṽ2 (v, x; b, bζ) p̂
−1
x

(
p̂−1
1x + p̂−1

0x

)
. Then,

V̇2 (v, x; b)− V̈2 (v, x; b) =

2

n(3)

∑
(i,j,k)

1

b3

{
K ′

(
∆̂j − v

b

)
−K ′

(
∆j − v

b

)}
qx (Wj ,Wi)K

′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x)

+
1

n(3)

∑
(i,j,k)

1

b3

{
K ′

(
∆̂j − v

b

)
−K ′

(
∆j − v

b

)}
qx (Wj ,Wi)

×

{
K ′

(
∆̂k − v

b

)
−K ′

(
∆k − v

b

)}
qx (Wk,Wi)1 (Xi = x) =
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2

n(3)

∑
(i,j,k)

1

b3

{
K ′

(
∆̂j − v

b

)
−K ′

(
∆j − v

b

)}
qx (Wj ,Wi)K

′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x)+O⋆

p

(
log (n)

nh3

)
,

(S41)

uniformly in (v, b) ∈ Ix×
[
h, h

]
, where the second equality follows from the triangle inequality, mean value expansion,

(S12), (S13) and (S15). By mean value expansion, the first term can be written as

2

n(3)

∑
(i,j,k)

1

b4
K ′′

(
∆j − v

b

)(
∆̂j −∆j

)
qx (Wj ,Wi)K

′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x)

+
1

n(3)

∑
(i,j,k)

1

b4

(
K ′′

(
∆̇j − v

b

)
−K ′′

(
∆j − v

b

))(
∆̂j −∆j

)
qx (Wj ,Wi)K

′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x)

=: 2 · T1 (v; b) + T2 (v; b) , (S42)

where ∆̇j is the mean value that lies between ∆̂j and ∆j . By using

Pr

[∣∣∣∣∣K ′′

(
∆̇i − v

b

)∣∣∣∣∣1 (Xi = x) (1− 1i (v; b)) = 0, ∀ (i, v, b) ∈ {1, ..., n} × Ix ×
[
h, h

]]
= 1−O

(
n−1

)
, (S43)

which follows from (S13), we have

T2 (v; b) =
1

n(3)

∑
(i,j,k)

1

b4

(
K ′′

(
∆̇j − v

b

)
−K ′′

(
∆j − v

b

))

× 1j (v; b)
(
∆̂j −∆j

)
qx (Wj ,Wi)K

′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x) ,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
, with probability at least 1−O

(
n−1

)
. Then, by the triangle inequality, (S15) and

(S12),

∥T2∥Ix×[h,h] ≤ h−3
(
n3/n(3)

) (
ζ−1

1x
+ ζ−1

0x

)2
CLip ∥1∆X (·, x; ·)∥2Ix×[h,h]∆

2
= O⋆

p

(
log (n)

nh3

)
. (S44)

By Lemma 2 and (S15),

T1 (v; b) =
1

n(4)

∑
(i,j,k,m)

1

b4
K ′′

(
∆j − v

b

)
qx (Wj ,Wm)πx (Zm, Xm) qx (Wj ,Wi)

×K ′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x) +O⋆

p

((
log (n)

n

)3/4

h−2

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
and therefore, by (A.5),

T1 (v; b) =
1

n(4)

∑
(i,j,k,m)

1

b4
K ′′

(
∆x (ϵj)− v

b

)
ϖx (Uj)

{
1 (ϵm ≤ ϵj)− Fϵ|X (ϵj | x)

}
πx (Zm, Xm)

×ϖx (Uj)
{
1 (ϵi ≤ ϵj)− Fϵ|X (ϵj | x)

}
K ′
(
∆x (ϵk)− v

b

)
ϖx (Uk)

×
{
1 (ϵi ≤ ϵk)− Fϵ|X (ϵk | x)

}
1 (Xi = x) +O⋆

p

((
log (n)

n

)3/4

h−2

)
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=:
1

n(4)

∑
(i,j,k,m)

Kx (Ui, Uj , Uk, Um, v; b) +O⋆
p

((
log (n)

n

)3/4

h−2

)
, (S45)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
, where the leading term is written as a U-statistic. Let

K̊x (Ui, Uj , Uk, Um, v; b) :=
1

4!

∑
(i′,j′,k′,K′)∈perm{i,j,k,m}

Kx (Ui′ , Uj′ , Uk′ , UK′ , v; b) (S46)

denote the symmetrization of the kernel and then,

T1 (v; b) =
1

n(4)

∑
(i,j,k,m)

K̊x (Ui, Uj , Uk, Um, v; b) +O⋆
p

((
log (n)

n

)3/4

h−2

)
, (S47)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Denote

K̊⟨1⟩
x (u, v; b) := E

[
K̊x (u, U1, U2, U3, v; b)

]
K̊⟨2⟩

x (u1, u2, v; b) := E
[
K̊x (u1, u2, U1, U2, v; b)

]
.

It is easy to see that E
[
K̊x (U1, U2, U3, U4, v; b)

]
= 0. Denote K :=

{
K̊x (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
, K⟨1⟩ :={

K̊⟨1⟩
x (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
and K⟨2⟩ :=

{
K̊⟨2⟩

x (·, v; b) : (v, b) ∈ Ix ×
[
h, h

]}
. By similar arguments used in

the proof of Lemma 4, K is uniformly VC-type with respect to a constant envelope FK = O
(
h−4

)
. By Lemma A.3

of CK, K⟨1⟩ and K⟨2⟩ are also uniformly VC-type with respect to constant envelopes FK⟨1⟩ = FK⟨2⟩ = FK. Since ϵ is
independent of Z conditionally on X, E

[
K̊⟨1⟩

x (U, v; b)
2
]
= E

[
(E [Kx (U1, U2, U3, U4, v; b) | U4])

2
]
. Therefore,

E
[
K̊⟨1⟩

x (U, v; b)
2
]
= E

[
1

b4

{∫ ϵx

ϵx

∫ ϵx

ϵx

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)

{
1 (ϵ ≤ e)− Fϵ|X (e | x)

}
×
{
Fϵ|X (e ∧ e′ | x)− Fϵ|X (e | x)Fϵ|X (e′ | x)

}
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′de

}2

| X = x

] (
p−1
1x + p−1

0x

)
, (S48)

where
ρ̃x (e) :=

fϵDX (e, 0, x)

ζ1x (g (1, x, e))
2 +

fϵDX (e, 1, x)

ζ0x (g (0, x, e))
2 .

By the cr inequality,

E

[{∫ ϵx

ϵx

∫ ϵx

ϵx

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)

{
1 (ϵ ≤ e)− Fϵ|X (e | x)

}
×
{
Fϵ|X (e ∧ e′ | x)− Fϵ|X (e | x)Fϵ|X (e′ | x)

} 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′de

}2

| X = x

]
=

E

{ m∑
k=1

∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)

{
1 (ϵ ≤ e)− Fϵ|X (e | x)

}
ϑx (e, v; b) de

}2

| X = x

 >

m∑
k=1

m∑
j=1

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)ϑx,j (e, v; b) de

}2

| X = x

 , (S49)
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where ϑx (e, v; b) :=
∑m

j=1 ϑx,j (e, v; b) and

ϑx,j (e, v; b) :=

∫ ϵx,j

ϵx,j−1

1

b2
K ′
(
∆x (e

′)− v

b

){
Fϵ|X (e ∧ e′ | x)− Fϵ|X (e | x)Fϵ|X (e′ | x)

}
ρx (e

′) de′.

If k < j,

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)ϑx,j (e, v; b) de

}2

| X = x

 =

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)Fϵ|X (e | x) de

}2

| X = x


×

{∫ ϵx,j

ϵx,j−1

{
1− Fϵ|X (e′ | x)

} 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′

}2

. (S50)

By change of variables and integration by parts,

∫ ϵx,j

ϵx,j−1

{
1− Fϵ|X (e′ | x)

} 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′ =

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

b−1 {ψx,j (bu+ v)− χx,j (bu+ v)}K ′ (u) du = −
∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

K (u)
{
ψ′
x,j (bu+ v)− χ′

x,j (bu+ v)
}
du

= −
(
ψ′
x,j (v)− χ′

x,j (v)
)
+ o (1) , (S51)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Let ψ̃x,j (t) := ρ̃x

(
∆−1

x,j (t)
) (
∆−1

x,j

)′
(t) and χ̃x,j (t) := ψ̃x,j (t)Fϵ|X

(
∆−1

x,j (t) | x
)
.

By similar arguments used to show (S32),

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)Fϵ|X (e | x) de

}2

| X = x

 =

b−4

∫ ϵx,k

ϵx,k−1

∫ ϵx,k

ϵx,k−1

K ′′
(
∆x (e)− v

b

)
K ′′

(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x)Fϵ|X (e | x) ρ̃x (e)Fϵ|X (e′ | x) ρ̃x (e′) dede′

= 2b−2

∫ ∆x(ϵx,k)−v

b

∆x(ϵx,k−1)−v

b

∫ ∆x(ϵx,k)−v

b

∆x(ϵx,k−1)−v

b

1 (u ≤ w)K ′′ (u)K ′′ (w)Fϵ|X

(
∆−1

x,k (bu+ v) | x
)
χ̃x,k (bu+ v) χ̃x,k (bw + v) dudw

= 2b−1

{
b−1

(∫ ∫
1 (u ≤ w)K ′′ (u)K ′′ (w) dudw

)
Fϵ|X

(
∆−1

x,k (v) | x
)
χ̃x,k (v)

2
+O (1)

}
= O

(
h−1

)
, (S52)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
, where the last equality follows from∫ ∫
1 (u ≤ w)K ′′ (u)K ′′ (w) dudw =

∫
K ′′ (w)K ′ (w) dw = 0. (S53)

It follows from (S52), (S50) and (S51) that if k < j,

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)ϑx,j (e, v; b) de

}2

| X = x

 = O
(
h−1

)
, (S54)
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uniformly in (v, b) ∈ Ix ×
[
h, h

]
. If k > j, by similar arguments, we have

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)ϑx,j (e, v; b) de

}2

| X = x

 =

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)

(
1− Fϵ|X (e | x)

)
de

}2

| X = x


×

{∫ ϵx,j

ϵx,j−1

Fϵ|X (e′ | x) 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′

}2

,

∫ ϵx,j

ϵx,j−1

Fϵ|X (e′ | x) 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′ = O (1)

and

E

{∫ ϵx,k

ϵx,k−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)

(
1− Fϵ|X (e | x)

)
de

}2

| X = x

 = O
(
h−1

)
.

Therefore, (S54) also holds if k < j. If k = j, by change of variables, integration by parts and using the equality

Fϵ|X (e | x)
{
− 1

h
K

(
∆x (e)− v

h

)
(ψx,j (∆x,j (e))− χx,j (∆x,j (e)))

}
+
(
1− Fϵ|X (e | x)

) 1
h
K

(
∆x (e)− v

h

)
χx,j (∆x,j (e)) = 0,

for e ∈ (ϵx,j−1, ϵx,j),

ϑx,j (e, v; b) = Fϵ|X (e | x)
{∫ ϵx,j

e

(
1− Fϵ|X (e′ | x)

) 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′
}

+
(
1− Fϵ|X (e | x)

){∫ e

ϵx,j−1

Fϵ|X (e′ | x) 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′

}

= −Fϵ|X (e | x)
∫ ∆x(ϵx,j)−v

b

∆x(e)−v
b

K (u)
{
ψ′
x,j (bu+ v)− χ′

x,j (bu+ v)
}
du

−
(
1− Fϵ|X (e | x)

) ∫ ∆x(e)−v
b

∆x(ϵx,j−1)−v

b

K (u)χ′
x,j (bu+ v) du. (S55)

Let K̃ (u) :=
∫ u

−∞K (w) dw and K̄ (u) := K ′′ (u) K̃ (u). Then, ϑx,j (e, v; b) = ϑ̄x,j (e, v; b) + O (h), uniformly in
(e, v, b) ∈ (ϵx,j−1, ϵx,j)× Ix ×

[
h, h

]
, where

ϑ̄x,j (e, v; b) := −Fϵ|X (e | x)
(
1− K̃

(
∆x (e)− v

b

))(
ψ′
x,j (v)− χ′

x,j (v)
)

−
(
1− Fϵ|X (e | x)

)
K̃

(
∆x (e)− v

b

)
χ′
x,j (v)

= −Fϵ|X (e | x)
(
ψ′
x,j (v)− χ′

x,j (v)
)
+
(
Fϵ|X (e | x)ψ′

x,j (v)− χ′
x,j (v)

)
K̃

(
∆x (e)− v

b

)
. (S56)

Then,
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E

{∫ ϵx,j

ϵx,j−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)ϑx,j (e, v; b) de

}2

| X = x

 =

E

{∫ ϵx,j

ϵx,j−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e) ϑ̄x,j (e, v; b) de

}2

| X = x

+O
(
h−1

)
. (S57)

Then we have

E

{∫ ϵx,j

ϵx,j−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e) ϑ̄x,j (e, v; b) de

}2

| X = x

 =

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

1

b4
K ′′

(
∆x (e)− v

b

)
ρ̃x (e) ϑ̄x,j (e, v; b)Fϵ|X (e ∧ e′ | x)K ′′

(
∆x (e

′)− v

b

)
ρ̃x (e

′) ϑ̄x,j (e
′, v; b) dede′

=

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

1

b4
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)Fϵ|X (e | x)Fϵ|X (e ∧ e′ | x)K ′′

(
∆x (e

′)− v

b

)
ρ̃x (e

′)Fϵ|X (e′ | x) dede′

×
(
ψ′
x,j (v)− χ′

x,j (v)
)2 − 2

(
ψ′
x,j (v)− χ′

x,j (v)
) ∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

1

b4
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)Fϵ|X (e | x)

× Fϵ|X (e ∧ e′ | x) K̄
(
∆x (e

′)− v

b

)
ρ̃x (e

′)
(
Fϵ|X (e′ | x)ψ′

x,j (v)− χ′
x,j (v)

)
dede′

+

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

1

b4
K̄

(
∆x (e)− v

b

)
ρ̃x (e)

(
Fϵ|X (e | x)ψ′

x,j (v)− χ′
x,j (v)

)
Fϵ|X (e ∧ e′ | x)

× K̄

(
∆x (e

′)− v

b

)
ρ̃x (e

′)
(
Fϵ|X (e′ | x)ψ′

x,j (v)− χ′
x,j (v)

)
dede′ =: I1 (v, b) + I2 (v, b) + I3 (v, b) . (S58)

It is shown by (S52) that I1 (v, b) = O
(
h−1

)
, uniformly in (v, b) ∈ Ix ×

[
h, h

]
. Then,

I2 (v, b) = −2b−2
(
ψ′
x,j (v)− χ′

x,j (v)
) ∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

K ′′ (u) χ̃x,j (bu+ v)

× Fϵ|X
(
∆−1

x,j (bu+ v) ∧∆−1
x,j (bw + v) | x

)
K̄ (w)

(
χ̃x,j (bw + v)ψ′

x,j (v)− ψ̃x,j (bw + v)χ′
x,j (v)

)
dudw

= −2b−2
(
ψ′
x,j (v)− χ′

x,j (v)
)
∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

1 (u ≤ w)K ′′ (u) χ̃x,j (bu+ v)Fϵ|X
(
∆−1

x,j (bu+ v) | x
)
K̄ (w)

×
(
χ̃x,j (bw + v)ψ′

x,j (v)− ψ̃x,j (bw + v)χ′
x,j (v)

)
dudw +

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

1 (u > w)K ′′ (u) χ̃x,j (bu+ v)

×Fϵ|X
(
∆−1

x,j (bw + v) | x
)
K̄ (w)

(
χ̃x,j (bw + v)ψ′

x,j (v)− ψ̃x,j (bw + v)χ′
x,j (v)

)
dudw

}
= −2b−2

(
ψ′
x,j (v)− χ′

x,j (v)
)

×
{(∫ ∫

K ′′ (u) K̄ (w) dudw

)(
χ̃x,j (v)Fϵ|X

(
∆−1

x,j (v) | x
) (
χ̃x,j (v)ψ

′
x,j (v)− ψ̃x,j (v)χ

′
x,j (v)

))
+O (h)

}
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Then, it follows from this result and

∫ ∫
K ′′ (u) K̄ (w) dudw = 0 that I2 (v, b) =

O
(
h−1

)
. Similarly,

I3 (v, b) =

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

∫ ∆x(ϵx,j)−v

b

∆x(ϵx,j−1)−v

b

b−2K̄ (u)
(
χ̃x,j (bu+ v)ψ′

x,j (v)− ψ̃x,j (bu+ v)χ′
x,j (v)

)
× Fϵ|X

(
∆−1

x,j (bu+ v) ∧∆−1
x,j (bw + v) | x

)
K̄ (w)

(
χ̃x,j (bw + v)ψ′

x,j (v)− ψ̃x,j (bw + v)χ′
x,j (v)

)
dudw

= b−2

{(∫ ∫
K̄ (u) K̄ (w) dudw

)(
χ̃x,j (v)ψ

′
x,j (v)− ψ̃x,j (v)χ

′
x,j (v)

)2
Fϵ|X

(
∆−1

x,j (v) | x
)
+O (h)

}
= O

(
h−1

)
,
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uniformly in (v, b) ∈ Ix ×
[
h, h

]
, where the last equality follows from∫

K̄ (u) du =

∫
K ′′ (u) K̃ (u) du = −

∫
K ′ (u)K (u) du = 0. (S59)

Then it follows from these results, (S57) and (S58) that

E

{∫ ϵx,j

ϵx,j−1

1

b2
K ′′

(
∆x (e)− v

b

)
ρ̃x (e)1 (ϵ ≤ e)ϑx,j (e, v; b) de

}2

| X = x

 = O
(
h−1

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. It follows from this result, (S54), (S48) and (S49) that σ2

K⟨1⟩ := supf∈K⟨1⟩PUf2 =

O
(
h−1

)
. It follows from the cr inequality, change of variables and tedious but straightforward calculations,

E
[
K̊⟨2⟩

x (U1, U2, v; b)
2
]

> E
[
(E [Kx (U1, U2, U3, U4, v; b) | U1, U4])

2
]
+ E

[
(E [Kx (U1, U2, U3, U4, v; b) | U2, U4])

2
]

+E
[
(E [Kx (U1, U2, U3, U4, v; b) | U3, U4])

2
]

= O
(
h−5

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore, σ2

K⟨2⟩ := supf∈K⟨2⟩E
[
f (U1, U2)

2
]
= O

(
h−5

)
. By the coupling theorem

(Proposition 2.1 of CK with H = K±, σg = σK⟨1⟩ , σh = σK⟨2⟩ , bg = bh = FK and q = ∞), when n is sufficiently large
so that VK± · log

(
AK± ∨ n

)
≤ n1/3, ∀γ1 ∈ (0, 1), there exists a random variable ZK±,γ1

=d

∥∥GU
∥∥
K⟨1⟩ such that

Pr

[∣∣∣∥∥∥U(4)
n

∥∥∥
K
− ZK±,γ1

∣∣∣ > C1

(
log (n)

2/3

n1/6h5/3γ
1/3
1

+
log (n)

n1/2h4γ1

)]
≤ C2

(
γ1 + n−1

)
.

By the Borell-Sudakov-Tsirelson inequality, Pr
[∥∥GU

∥∥
K⟨1⟩ > E

[∥∥GU
∥∥
K⟨1⟩

]
+ σK⟨1⟩

√
2 · log (n)

]
≤ n−1. By Dudley’s

entropy integral bound, E
[∥∥GU

∥∥
K⟨1⟩

]
>
(
σK⟨1⟩ ∨ n−1/2 ∥FK⟨1⟩∥PU ,2

)√
log (n). Therefore,

Pr

[∥∥∥U(4)
n

∥∥∥
K
> C1

(
log (n)

2/3

n1/6h5/3γ
1/3
1

+
log (n)

n1/2h4γ1
+

√
log (n)

h

)]
≤ C2

(
γ1 + n−1

)
. (S60)

It follows from this result, (S41), (S42), (S45) and (S44) that when n is sufficiently large, ∀γ1 ∈ (0, 1),

Pr

[∥∥∥V̇2 (·, x; ·)− V̈2 (·, x; ·)
∥∥∥
Ix×[h,h]

> C1

(
log (n)

2/3

(nh)
2/3

hγ
1/3
1

+
log (n)

nh4γ1

)]
≤ C2

(
γ1 + n−1

)
. (S61)

Next,

Ṽ2 (v, x; b, bζ)− V̇2 (v, x; b) =

2

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
Ωx (Wj ,Wi; bζ)K

′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x)

+
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
Ωx (Wj ,Wi; bζ)K

′

(
∆̂k − v

b

)
Ωx (Wk,Wi; bζ)1 (Xi = x) , (S62)

where Ωx (Wj ,Wi; bζ) := q̂x (Wj ,Wi; bζ) − qx (Wj ,Wi). Let Ωdx (Wj ,Wi; bζ) := q̂dx (Wj ,Wi; bζ) − qdx (Wj ,Wi).
Denote

φdx (Wj ,Wi) := 1 (Yi ≤ ϕdx (Yj) , Di = d) + 1 (Yi ≤ Yj , Di = d′)−Rd′x (Yj)

S22



and let φ̂dx (Wj ,Wi) be defined by the same formula with (ϕdx, Rd′x) replaced by
(
ϕ̂dx, R̂d′x

)
. Then, by (S4),

Ωdx (Wj ,Wi; bζ) = 1 (Dj = d′, Xj = x)

{
φ̂dx (Wj ,Wi)

ζdx (ϕdx (Yj))
− φdx (Wj ,Wi)

ζdx (ϕdx (Yj))

−
φ̂dx (Wj ,Wi)

(
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
− ζdx (ϕdx (Yj))

)
ζdx (ϕdx (Yj))

2 +
φ̂dx (Wj ,Wi)

(
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
− ζdx (ϕdx (Yj))

)2
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
ζdx (ϕdx (Yj))

2

 .

(S63)

Then, by this result,

1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
Ωdx (Wj ,Wi; bζ)K

′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x) =

T3 (v; b) + T4 (v; b) + T5 (v; b, bζ) + T6 (v; b, bζ) ,

where

T3 (v; b) :=
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
1 (Dj = d′, Xj = x)1 (Di = d)

×

{
1

(
Yi ≤ ϕ̂dx (Yj)

)
− 1 (Yi ≤ ϕdx (Yj))

}
ζdx (ϕdx (Yj))

K ′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x)

T4 (v; b) :=
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
1 (Dj = d′, Xj = x)

× R̂d′x (Yj)−Rd′x (Yj)

ζdx (ϕdx (Yj))
K ′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x)

T5 (v; b, bζ) :=
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
1 (Dj = d′, Xj = x)

×
φ̂dx (Wj ,Wi)

{
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
− ζdx (ϕdx (Yj))

}
ζdx (ϕdx (Yj))

2 K ′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x)

T6 (v; b, bζ) :=
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

h

)
1 (Dj = d′, Xj = x)

×
φ̂dx (Wj ,Wi)

{
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
− ζdx (ϕdx (Yj))

}2

ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
ζdx (ϕdx (Yj))

2
K ′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x) .

In view of (S12), by using similar arguments for proving (S13),

1−O
(
n−1

)
≤ Pr

[∣∣∣∣∣K ′

(
∆̂i − v

b

)∣∣∣∣∣1 (Xi = x) ≤ ∥K ′∥∞ 1i (v; b)1 (Xi = x) , ∀ (i, v, b) ∈ {1, ..., n} × Ix ×
[
h, h

]]
(S64)

and therefore,
|T3 (v; b)| > b−1

(
n3/n(3)

)
ζ−1

dx

(
ζ−1

1x
+ ζ−1

0x

)
1∆X (v, x; b)

2
ϕ,
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where

ϕ := max
j=1,...,n

1 (Dj = d′, Xj = x)
1

n

n∑
i=1

∣∣∣1(Yi ≤ ϕ̂dx (Yj)
)
− 1 (Yi ≤ ϕdx (Yj))

∣∣∣1 (Di = d,Xi = x) .

By using

∣∣∣1(Yi ≤ ϕ̂dx (y)
)
− 1 (Yi ≤ ϕdx (y))

∣∣∣ = 1

(
Yi ≤ ϕ̂dx (y)

)
1 (Yi > ϕdx (y)) + 1

(
Yi > ϕ̂dx (y)

)
1 (Yi ≤ ϕ (y))

≤ 1

(
ϕdx (y) < Yi ≤ ϕdx (y) +

∥∥∥ϕ̂dx − ϕdx

∥∥∥
Id′x

)
+ 1

(
ϕdx (y) ≥ Yi > ϕdx (y)−

∥∥∥ϕ̂dx − ϕdx

∥∥∥
Id′x

)
,

and letting

P̃+
dx (Wi, y, ξ) := 1 (ϕdx (y) < Yi ≤ ϕdx (y) + ξ)1 (Di = d,Xi = x)

P̃+ :=
{
P̃+
dx (·, y, ξ) : (y, ξ) ∈ Id′x ×

(
0, ξ
]}

P̃−
dx (Wi, y, ξ) := 1 (ϕdx (y)− ξ < Yi ≤ ϕdx (y))1 (Di = d,Xi = x)

P̃− :=
{
P̃−
dx (·, y, ξ) : (y, ξ) ∈ Id′x ×

(
0, ξ
]}
,

where ξ := C1

√
log (n) /n in view of (S3), we have

sup
y∈Id′x

∣∣∣∣∣ 1n
n∑

i=1

∣∣∣1(Yi ≤ ϕ̂dx (y)
)
− 1 (Yi ≤ ϕdx (y))

∣∣∣1 (Di = d,Xi = x)

∣∣∣∣∣ ≤
sup

y∈Id′x

∣∣∣∣∣ 1n
n∑

i=1

1

(
ϕdx (y) < Yi ≤ ϕdx (y) +

∥∥∥ϕ̂dx − ϕdx

∥∥∥
Id′x

)
1 (Di = d,Xi = x)

∣∣∣∣∣
+ sup

y∈Id′x

∣∣∣∣∣ 1n
n∑

i=1

1

(
ϕdx (y) ≥ Yi > ϕdx (y)−

∥∥∥ϕ̂dx − ϕdx

∥∥∥
Id′x

)
1 (Di = d,Xi = x)

∣∣∣∣∣ ≤ ∥∥PW
n

∥∥
P̃+ +

∥∥PW
n

∥∥
P̃− ,

where the second inequality holds with probability at least 1 − C2n
−1. By similar arguments used in the proof of

Lemma 2, we have
∥∥GW

n

∥∥
P̃+ = O⋆

p

(
log (n)

3/4
/n1/4

)
and

∥∥GW
n

∥∥
P̃+ = O⋆

p

(
log (n)

3/4
/n1/4

)
,

∥∥PW
∥∥
P̃+ = sup

(y,ξ)∈Id′x×(0,ξ]
E [1 (ϕdx (y) < Y ≤ ϕdx (y) + ξ)1 (D = d,X = x)] = O

(√
log (n)

n

)

and
∥∥PW

∥∥
P̃− = O

(√
log (n) /n

)
. By these results,

∥∥PW
n

∥∥
P̃+ ≤ n−1/2

∥∥GW
n

∥∥
P̃+ +

∥∥PW
∥∥
P̃+ = O⋆

p

(√
log (n) /n

)
and

∥∥PW
n

∥∥
P̃− = O⋆

p

(√
log (n) /n

)
. Now it follows that

ϕ ≤ sup
y∈Id′x

∣∣∣∣∣ 1n
n∑

i=1

∣∣∣1(Yi ≤ ϕ̂dx (y)
)
− 1 (Yi ≤ ϕdx (y))

∣∣∣1 (Di = d,Xi = x)

∣∣∣∣∣ = O⋆
p

(√
log (n)

n

)
(S65)

and (S15), ∥T3∥Ix×[h,h] = O⋆
p

(√
log (n) / (nh2)

)
. Similarly, when n is sufficiently large, with probability at least

1− C2n
−1,

|T4 (v; b)| > b−1
(
n3/n(3)

)
ζ−1

dx

(
ζ−1

1x
+ ζ−1

0x

)
1∆X (v, x; b)

2
R = O⋆

p

(√
log (n)

nh2

)
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uniformly in (v, b) ∈ Ix ×
[
h, h

]
, where

R := max
j=1,...,n

1 (Dj = d′, Xj = x)
∣∣∣R̂d′x (Yj)−Rd′x (Yj)

∣∣∣ = O⋆
p

(√
log (n)

n

)

and the equality follows from (S15) and Lemma 6.

For T5 (v; b, bζ), write

T5 (v; b, bζ) =
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
1 (Dj = d′, Xj = x)

φdx (Wj ,Wi)

ζdx (ϕdx (Yj))
2

{
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
− ζdx (ϕdx (Yj))

}

×K ′
(
∆k − v

b

)
qx (Wk,Wi)1 (Xi = x) +

1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
1 (Dj = d′, Xj = x)

φdx (Wj ,Wi)

ζdx (ϕdx (Yj))
2

×
{
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
− ζdx (ϕdx (Yj))

}{
K ′

(
∆̂k − v

b

)
−K ′

(
∆k − v

b

)}
qx (Wk,Wi)1 (Xi = x)

+
1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
1 (Dj = d′, Xj = x)

φ̂dx (Wj ,Wi)− φdx (Wj ,Wi)

ζdx (ϕdx (Yj))
2

{
ζ̂dx

(
ϕ̂dx (Yj) ; bζ

)
− ζdx (ϕdx (Yj))

}

×K ′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x) =: T5.1 (v; b, bζ) + T5.2 (v; b, bζ) + T5.3 (v; b, bζ) .

By (S3),

Pr

[∣∣∣∣∣ sup
y∈İd′x

ϕ̂dx (y)− sup
y∈İd′x

ϕdx (y)

∣∣∣∣∣ ≤ C1

√
log (n)

n

]
> 1− C2n

−1

and

Pr

[∣∣∣∣∣ inf
y∈İd′x

ϕ̂dx (y)− inf
y∈İd′x

ϕdx (y)

∣∣∣∣∣ ≤ C1

√
log (n)

n

]
> 1− C2n

−1,

where İd′x is any closed sub-interval of Id′x. By these results and Lemma 6, ζ̂dx
(
ϕ̂dx (y) ; bζ

)
− ζdx

(
ϕ̂dx (y)

)
=

O⋆
p

(√
log (n) / (nhζ) + h2ζ

)
, uniformly in (y, bζ) ∈ İd′x×

[
hζ , hζ

]
. By this result and ζdx

(
ϕ̂dx (y)

)
− ζdx (ϕdx (y)) =

O⋆
p

(√
log (n) /n

)
, which follows from (S3) and mean value expansion,

ζ̂dx

(
ϕ̂dx (y) ; bζ

)
− ζdx (ϕdx (y)) = O⋆

p

(√
log (n)

nhζ
+ h2ζ

)
, (S66)

uniformly in (y, bζ) ∈ İd′x ×
[
hζ , hζ

]
. (S66) implies that

Pr

[
inf

(y,bζ)∈İd′x×[hζ ,hζ]

∣∣∣ζ̂dx (ϕ̂dx (y) ; bζ)∣∣∣ > 1

2
ζ
dx

]
> 1− C2n

−1. (S67)

Denote
ζ := max

j=1,...,n
1 (Dj = d′, Xj = x)1j

(
v;h
) ∣∣∣ζ̂dx (ϕ̂dx (Yj) ; bζ)− ζdx (ϕdx (Yj))

∣∣∣ . (S68)
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Then, ζ = O⋆
p

(√
log (n) / (nhζ) + h2ζ

)
, uniformly in (v, bζ) ∈ Ix ×

[
hζ , hζ

]
. Then,

|T5.3 (v; b, bζ)| > b−1
(
n3/n(3)

)
ζ−1

dx

(
ζ−1

1x
+ ζ−1

0x

)
1∆X (v, x; b)

2 (
ϕ+R

)
ζ = O⋆

p

(√
log (n)

nh2

(√
log (n)

nhζ
+ h2ζ

))
,

(S69)
uniformly in (v, b, bζ) ∈ Ix ×

[
h, h

]
×
[
hζ , hζ

]
. Then,

|T5.2 (v; b, bζ)| >
1

n

n∑
j=1

ζ−2

dx
b−3

1j (v; b)1 (Dj = d′, Xj = x)
∣∣∣ζ̂dx (ϕ̂dx (Yj) ; bζ)− ζdx (ϕdx (Yj))

∣∣∣∣∣∣∣∣∣ 1

(n− 1) (n− 2)

∑
i ̸=j

∑
k ̸=j,k ̸=j

φdx (Wj ,Wi)

{
K ′

(
∆̂k − v

b

)
−K ′

(
∆k − v

b

)}
qx (Wk,Wi)1 (Xi = x)

∣∣∣∣∣∣ >
b−2ζ−2

dx

(
ζ−1

1x
+ ζ−1

0x

)
1∆X (v, x; b)

2
ζ ·∆ = O⋆

p

(√
log (n)

nh4

(√
log (n)

nhζ
+ h2ζ

))
, (S70)

uniformly in (v, b, bζ) ∈ Ix ×
[
h, h

]
×
[
hζ , hζ

]
. Denote

Zx (Ui, Uk, v, e; b) :=
1

b2
K ′
(
∆x (ϵk)− v

b

)
ϖx (Uk)

(
1 (ϵi ≤ ϵk)− Fϵ|X (ϵk | x)

) (
1 (ϵi ≤ e)− Fϵ|X (e | x)

)
1 (Xi = x) .

Then,

|T5.1 (v; b, bζ)| >
1

n(3)

n∑
j=1

ζ−2

dx
b−3

1j (v; b)1 (Dj = d′, Xj = x)
∣∣∣ζ̂dx (ϕ̂dx (Yj) ; bζ)− ζdx (ϕdx (Yj))

∣∣∣
×

∣∣∣∣∣∣
∑
i ̸=j

∑
k ̸=j,k ̸=j

(
1 (ϵi ≤ ϵj)− Fϵ|X (ϵj | x)

)
K ′
(
∆x (ϵk)− v

b

)
ϖx (Uk)

(
1 (ϵi ≤ ϵk)− Fϵ|X (ϵk | x)

)
1 (Xi = x)

∣∣∣∣∣∣
> ζ−2

dx
1∆X (v, x; b) ζ sup

e∈[ϵx,ϵx]

∣∣∣∣∣∣ 1

n(2)

∑
(i,k)

Zx (Ui, Uk, v, e; b)

∣∣∣∣∣∣ .
Let Z̊x (Ui, Uk, v, e; b) := (Zx (Ui, Uk, v, e; b) + Zx (Uk, Ui, v, e; b)) /2 denote the symmetrization of Zx (Ui, Uk, v, e; b)

so that n−1
(2)

∑
(i,k) Zx (Ui, Uk, v, e; b) = n−1

(2)

∑
(i,k) Z̊x (Ui, Uk, v, e; b). By Chernozhukov et al. (2014a, Lemma B.2),

Z :=
{
Z̊x (·, v, e; b) : (v, e, b) ∈ Ix × [ϵx, ϵx]×

[
h, h

]}
is uniformly VC-type with respect to the constant envelope

FZ = O
(
h−2

)
. Let

Z̊⟨1⟩
x (u, v, e; b) := E

[
Z̊x (u, U, v, e; b)

]
Z⟨1⟩ :=

{
Z̊⟨1⟩

x (·, v, e; b) : (v, e, b) ∈ Ix × [ϵx, ϵx]×
[
h, h

]}
.

Note that

sup
(v,e,b)∈Ix×[ϵx,ϵx]×[h,h]

∣∣∣∣∣∣ 1

n(2)

∑
(i,k)

Zx (Ui, Uk, v, e; b)− ϑx (e, v; b) px

∣∣∣∣∣∣ = n−1/2
∥∥∥U(2)

n

∥∥∥
Z
,

since by calculation, E [Zx (U1, U2, v, e; b)] = ϑx (e, v; b) px. It is shown by (S55) that ϑx (e, v; b) = O (1), uniformly
in (v, e, b) ∈ Ix × [ϵx, ϵx]×

[
h, h

]
. By the cr inequality,

E
[
(E [Zx (U1, U2, v, e; b) | U1])

2
]
=
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∫ ϵx

ϵx

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)
(
1 (e′′ ≤ e′)− Fϵ|X (e′ | x)

)
de′

}2 (
1 (e′′ ≤ e)− Fϵ|X (e | x)

)2
fϵX (e′′, x) de′′

>
m∑
j=1

m∑
k=1

∫ ϵx,j

ϵx,j−1

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)
(
1 (e′′ ≤ e′)− Fϵ|X (e′ | x)

)
de′

}2

fϵX (e′′, x) de′′,

where fϵX (e, x) := fϵ|X (e | x) px. If k < j,

∫ ϵx,j

ϵx,j−1

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)
(
1 (e′′ ≤ e′)− Fϵ|X (e′ | x)

)
de′

}2

fϵX (e′′, x) de′′ =

∫ ϵx,j

ϵx,j−1

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)Fϵ|X (e′ | x) de′
}2

fϵX (e′′, x) de′′ = O (1)

and if k > j,

∫ ϵx,j

ϵx,j−1

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)
(
1 (e′′ ≤ e′)− Fϵ|X (e′ | x)

)
de′

}2

fϵX (e′′, x) de′′ =

∫ ϵx,j

ϵx,j−1

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)
(
1− Fϵ|X (e′ | x)

)
de′

}2

fϵX (e′′, x) de′′ = O (1) ,

uniformly in (v, e, b) ∈ Ix × [ϵx, ϵx]×
[
h, h

]
. If k = j, since e′′ ∈ (ϵx,j−1, ϵx,j), by integration by parts and change of

variables,

∫ ϵx,j

ϵx,j−1

1

b
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)1 (e′′ ≤ e′) de′ = −K
(
∆x (e

′′)− v

b

)
ψx,j (∆x (e

′′))

− b

∫ ∆x(ϵx,j)−v

b

∆x(e′′)−v

b

K (u)ψ′
x,j (bu+ v) du (S71)

and ∫ ϵx,j

ϵx,j−1

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)Fϵ|X (e′ | x) de′ = −χ′
x,j (v) + o (1) , (S72)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore, E

[
(E [Zx (U1, U2, v, e; b) | U1])

2
]
= O

(
h−1

)
, uniformly in (v, e, b) ∈

Ix × [ϵx, ϵx]×
[
h, h

]
. By change of variables,

E
[
(E [Zx (U1, U2, v, e; b) | U2])

2
]
=

m∑
j=1

∫ ϵx,j

ϵx,j−1

1

b4
K ′
(
∆x (e

′)− v

b

)2

ρ̃x (e
′)
{
Fϵ|X (e ∧ e′ | x)− Fϵ|X (e | x)Fϵ|X (e′ | x)

}2
fϵX (e′, x) de′ = O

(
h−3

)
,

and E
[
Zx (U1, U2, v, e; b)

2
]

= O
(
h−3

)
, uniformly in (v, e, b) ∈ Ix × [ϵx, ϵx] ×

[
h, h

]
. Let σ2

Z⟨1⟩ :=

supf∈Z⟨1⟩PUf2 and σ2
Z⟨2⟩ := supf∈Z⟨2⟩E

[
f (U1, U2)

2
]
. We have shown that σ2

Z⟨1⟩ = O
(
h−3

)
and σ2

Z⟨2⟩ =

O
(
h−3

)
. By the coupling theorem (CK Proposition 2.1 with H = Z±, σg = σZ⟨1⟩ , σh = σZ, bg =

bh = FZ, χn = 0, γ =
√
log (n) / (nh) and q = ∞), Dudley’s entropy integral bound and the

Borell-Sudakov-Tsirelson inequality,
∥∥∥U(2)

n

∥∥∥
Z

= O⋆
p

(√
log (n) /h3,

√
log (n) / (nh)

)
. Therefore, T5.1 (v; b, bζ) =

O⋆
p

(√
log (n) / (nhζ) + h2ζ ,

√
log (n) / (nh)

)
, uniformly in (v, e, b) ∈ Ix × [ϵx, ϵx] ×

[
h, h

]
. Now it follows
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that ∥T5∥Ix×[h,h]×[hζ ,hζ] = O⋆
p

(√
log (n) / (nhζ) + h2ζ ,

√
log (n) / (nh)

)
. By (S67) and similar arguments,

∥T6∥Ix×[h,h]×[hζ ,hζ] = O⋆
p

((√
log (n) / (nhζ) + h2ζ

)2
,
√

log (n) / (nh)

)
. Then it follows that

1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
Ωdx (Wj ,Wi; bζ)K

′

(
∆̂k − v

b

)
qx (Wk,Wi)1 (Xi = x)

= O⋆
p

(√
log (n)

nh2
+

√
log (n)

nhζ
+ h2ζ ,

√
log (n)

nh

)
.

By tedious algebra, (S63), Lemma 6 and (S65),

1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
Ω (Wj ,Wi; bζ)K

′

(
∆̂k − v

b

)
Ω (Wk,Wi; bζ)1 (Xi = x) =

1

n(3)

∑
(i,j,k)

1

b3
K ′

(
∆̂j − v

b

)
1 (Dj = d′, Xj = x)

1

(
Yi ≤ ϕ̂dx (Yj)

)
− 1 (Yi ≤ ϕdx (Yj))

ζdx (ϕdx (Yj))

×K ′

(
∆̂k − v

b

)
1 (Dk = d′, Xk = x)

1

(
Yi ≤ ϕ̂dx (Yk)

)
− 1 (Yi ≤ ϕdx (Yk))

ζdx (ϕdx (Yk))
1 (Di = d,Xi = x)

+O⋆
p

(√
log (n)

nh2

(√
log (n)

nhζ
+ h2ζ

))
=: T7 (v; b) +O⋆

p

(√
log (n)

nh2

(√
log (n)

nhζ
+ h2ζ

))
,

uniformly in (v, b, bζ) ∈ Ix ×
[
h, h

]
×
[
hζ , hζ

]
. Then, |T7 (v; b)| > b−1ζ−2

dx
1∆X (v, x; b)

2
ϕ = O⋆

p

(√
log (n) / (nh2)

)
,

uniformly in (v, b, bζ) ∈ Ix ×
[
h, h

]
×
[
hζ , hζ

]
. Then, by these results and (S62),

Ṽ2 (v, x; b, bζ)− V̇2 (v, x; b) = O⋆
p

(√
log (n)

nh2
+

√
log (n)

nhζ
+ h2ζ ,

√
log (n)

nh

)
, (S73)

uniformly in (v, b, bζ) ∈ Ix ×
[
h, h

]
×
[
hζ , hζ

]
. By (A.5), we can write

V̈2 (v, x; b) =
1

n(3)

∑
(i,j,k)

1

b3
K ′
(
∆x (ϵj)− v

b

)
ϖx (Uj)

{
1 (ϵi ≤ ϵj)− Fϵ|X (ϵj | x)

}
×K ′

(
∆x (ϵk)− v

b

)
ϖx (Uk)

{
1 (ϵi ≤ ϵk)− Fϵ|X (ϵk | x)

}
1 (Xi = x)

=:
1

n(3)

∑
(i,j,k)

Jx (Ui, Uj , Uk, v; b) .

Let

V̄2 (v, x; b) := E

[
1

b3
K ′
(
∆3 − v

b

)
qx (W3,W1)K

′
(
∆2 − v

b

)
qx (W2,W1)1 (X1 = x)

]
= E [Jx (U1, U2, U3, v; b)]

and therefore, V2 (v, x; b) = V̄2 (v, x; b) p
−1
x

(
p−1
1x + p−1

0x

)
. Write V̈2 (v, x; b) = n−1

(3)

∑
(i,j,k) J̊x (Ui, Uj , Uk, v; b), where

J̊x denotes the symmetrization of Jx (see (S46)). Denote

J̊ ⟨1⟩
x (u, v; b) := E

[
J̊x (u, U1, U2, v; b)

]
J̊ ⟨2⟩
x (u1, u2, v; b) := E

[
J̊x (u1, u2, U1, v; b)

]
.
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Let

J :=
{
J̊x (·, v; b) : v ∈ Ix

}
J⟨1⟩ :=

{
J̊ ⟨1⟩
x (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
J⟨2⟩ :=

{
J̊ ⟨2⟩
x (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
.

Then, we have
∥∥∥V̈2 (·, x; ·)− V̄2 (·, x; ·)

∥∥∥
Ix×[h,h]

= n−1/2
∥∥∥U(3)

n

∥∥∥
J
. By similar arguments used in the proof of Lemma

4, J is uniformly VC-type with respect to a constant envelope FJ = O
(
h−3

)
. By Lemma A.3 of CK, J⟨1⟩ and J⟨2⟩

are also uniformly VC-type with respect to constant envelopes FJ⟨1⟩ = FJ⟨2⟩ = FJ. Then we have

E
[
(E [Jx (U1, U2, U3, v; b) | U1])

2
]
=∫ ϵx

ϵx

1

b2

{∫ ϵx

ϵx

1

b
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (e′ ≤ e)− Fϵ|X (e | x)

}
de

}4

fϵX (e′, x) de′ >

m∑
k=1

m∑
j=1

∫ ϵx,k

ϵx,k−1

1

b2

{∫ ϵx,j

ϵx,j−1

1

b
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (e′ ≤ e)− Fϵ|X (e | x)

}
de

}4

fϵX (e′, x) de′. (S74)

If k < j, by (S51),

∫ ϵx,k

ϵx,k−1

1

b2

{∫ ϵx,j

ϵx,j−1

1

b
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (e′ ≤ e)− Fϵ|X (e | x)

}
de

}4

fϵX (e′, x) de′ =

=

∫ ϵx,k

ϵx,k−1

1

b2

{∫ ϵx,j

ϵx,j−1

1

b
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1− Fϵ|X (e | x)

}
de

}4

fϵX (e′, x) de′ = O
(
h2
)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Similarly, if k > j,

∫ ϵx,k

ϵx,k−1

1

b2

{∫ ϵx,j

ϵx,j−1

1

b
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (e′ ≤ e)− Fϵ|X (e | x)

}
de

}4

fϵX (e′, x) de′ =

∫ ϵx,k

ϵx,k−1

1

b2

{∫ ϵx,j

ϵx,j−1

1

b
K ′
(
∆x (e)− v

b

)
ρx (e)Fϵ|X (e | x) de

}4

fϵX (e′, x) de′ = O
(
h2
)
.

If k = j, by (S71) and (S72),

∫ ϵx,j

ϵx,j−1

1

b2

{∫ ϵx,j

ϵx,j−1

1

b
K ′
(
∆x (e)− v

b

)
ρx (e)

{
1 (e′ ≤ e)− Fϵ|X (e | x)

}
de

}4

fϵX (e′, x) de′ >

∫ ϵx,j

ϵx,j−1

1

b2
K

(
∆x (e

′)− v

b

)4

ψx,j (∆x (e
′))

4
fϵX (e′, x) de′ +O

(
h2
)
= O

(
h−1

)
,

uniformly in (v, b) ∈ Ix×
[
h, h

]
. It follows from these calculations and (S74) that E

[
(E [Jx (U1, U2, U3, v; b) | U1])

2
]
=

O
(
h−1

)
, uniformly in (v, b) ∈ Ix ×

[
h, h

]
. We have

E
[
(E [Jx (U1, U2, U3, v; b) | U3])

2
]
=

{∫ ϵx

ϵx

1

b2
K ′
(
∆x (e)− v

b

)2

ρ̃x (e)
2
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×

(∫ ϵx

ϵx

1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′)
{
Fϵ|X (e ∧ e′ | x)− Fϵ|X (e | x)Fϵ|X (e′ | x)

}
de′

)2

de

 p2x >

m∑
k=1

m∑
j=1

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e)− v

b

)2

ρ̃x (e)
2
ϑj (e, v; b)

2
de

}
p2x (S75)

and E
[
(E [Jx (U1, U2, U3, v; b) | U2])

2
]
= E

[
(E [Jx (U1, U2, U3, v; b) | U3])

2
]
. If k < j, by change of variables, inte-

gration by parts and (S51),

∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e)− v

b

)2

ρ̃x (e)
2
ϑx,j (e, v; b)

2
de =

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e)− v

b

)2

ρ̃x (e)
2
Fϵ|X (e | x)2 de

}

×

{∫ ϵx,j

ϵx,j−1

{
1− Fϵ|X (e′ | x)

} 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′

}2

= O
(
h−1

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Similarly, if k > j, by change of variables, integration by parts and (S72),

∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e)− v

b

)2

ρ̃x (e)
2
ϑx,j (e, v; b)

2
de =

{∫ ϵx,k

ϵx,k−1

1

b2
K ′
(
∆x (e)− v

b

)2

ρ̃x (e)
2 (

1− Fϵ|X (e | x)
)2

de

}

×

{∫ ϵx,j

ϵx,j−1

Fϵ|X (e′ | x) 1

b2
K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′

}2

= O
(
h−1

)
,

uniformly in (v, b) ∈ Ix×
[
h, h

]
. If k = j, by (S55), ϑx,j (e, v; b) = ϑ̄x,j (e, v; b)+O (h), (S56) and change of variables,

∫ ϵx,j

ϵx,j−1

1

b2
K ′
(
∆x (e)− v

b

)2

ρ̃x (e)
2
ϑx,j (e, v; b)

2
de = O

(
h−1

)
,

uniformly in (v, b) ∈ Ix×
[
h, h

]
. It follows from these calculations and (S75) that E

[
(E [Jx (U1, U2, U3, v; b) | U2])

2
]
=

E
[
(E [Jx (U1, U2, U3, v; b) | U3])

2
]
= O

(
h−1

)
. Then, by the cr inequality,

E
[
J̊ ⟨1⟩
x (U, v; b)

2
]

> E
[
(E [Jx (U1, U2, U3, v; b) | U1])

2
]
+ E

[
(E [Jx (U1, U2, U3, v; b) | U2])

2
]

+E
[
(E [Jx (U1, U2, U3, v; b) | U3])

2
]

= O
(
h−1

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore, σ2

J⟨1⟩ := supf∈J⟨1⟩PUf2 = O
(
h−1

)
. It is easy to check that

E
[
J̊ ⟨2⟩
x (U1, U2, v; b)

2
]

> E
[
(E [Jx (U1, U2, U3, v; b) | U2, U3])

2
]
+ E

[
(E [Jx (U1, U2, U3, v; b) | U1, U3])

2
]

+E
[
(E [Jx (U1, U2, U3, v; b) | U1, U2])

2
]

= O
(
h−4

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore, σ2

J⟨2⟩ := supf∈J⟨2⟩E
[
f (U1, U2)

2
]
= O

(
h−4

)
. By the coupling theorem

(Proposition 2.1 of CK with H = J±, σg = σJ⟨1⟩ , σh = σJ⟨2⟩ , bg = bh = FJ and q = ∞), when n is sufficiently large
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so that VJ± · log
(
AJ± ∨ n

)
≤ n1/3, ∀γ2 ∈ (0, 1), there exists a random variable ZJ±,γ2 =d

∥∥GU
∥∥
J⟨1⟩ such that

Pr

[∣∣∣∣∥∥∥U(3)
n

∥∥∥
J
− ZJ±,γ2

∣∣∣∣ > C1

(
log (n)

2/3

n1/6h4/3γ
1/3
2

+
log (n)

n1/2h3γ2

)]
≤ C2

(
γ2 + n−1

)
.

By the Borell-Sudakov-Tsirelson inequality, Pr
[∥∥GU

∥∥
J⟨1⟩ > E

[∥∥GU
∥∥
J⟨1⟩

]
+ σJ⟨1⟩

√
2 · log (n)

]
≤ n−1. By Dudley’s

entropy integral bound, E
[∥∥GU

∥∥
J⟨1⟩

]
>
(
σJ⟨1⟩ ∨ n−1/2

∥∥FJ⟨1⟩

∥∥
PU ,2

)√
log (n). It now follows that

Pr

[∥∥∥U(3)
n

∥∥∥
J
> C1

(
log (n)

2/3

n1/6h4/3γ
1/3
2

+
log (n)

n1/2h3γ2
+

√
log (n)

h

)]
≤ C2

(
γ2 + n−1

)
(S76)

and therefore, we have

Pr

[∥∥∥V̈2 (·, x; ·)− V̄2 (·, x; ·)
∥∥∥
Ix×[h,h]

> C1

(
log (n)

2/3

n2/3h4/3γ
1/3
2

+
log (n)

nh3γ2
+

√
log (n)

nh

)]
≤ C2

(
γ2 + n−1

)
. (S77)

Since V̂2 (v, x; b, bζ) = Ṽ2 (v, x; b, bζ) p̂
−1
x

(
p̂−1
1x + p̂−1

0x

)
, V2 (v, x; b) = V̄2 (v, x; b) p

−1
x

(
p−1
1x + p−1

0x

)
and

Ṽ2 (v, x; b, bζ)− V̄2 (v, x; b) =
(
Ṽ2 (v, x; b, bζ)− V̇2 (v, x; b)

)
+
(
V̇2 (v, x; b)− V̈2 (v, x; b)

)
+
(
V̈2 (v, x; b)− V̄2 (v, x; b)

)
,

it follows from (S73) and taking γ1 = γ2 = γ in (S61) and (S77), p̂x − px = O⋆
p

(
n−1/2

)
and p̂zx − pzx = O⋆

p

(
n−1/2

)
that ∀γ ∈ (0, 1),

Pr

 sup
(v,b,bζ)∈Ix×[h,h]×[hζ ,hζ]

∣∣∣V̂2 (v, x; b, bζ)− V2 (v, x; b)
∣∣∣ > C1κ

V
1 (γ)

 ≤ C2κ
V
2 (γ) ,

when n is sufficiently large. The first assertion follows from this result, (S40), and

V̂ (v | x; b, bζ)− V (v | x; b) = V̂1 (v, x; b) + V̂2 (v, x; b, bζ)

p2x

(
p2x
p̂2x

− 1

)
+

1

p2x

{(
V̂1 (v, x; b)− V1 (v, x; b)

)
+
(
V̂2 (v, x; b, bζ)− V2 (v, x; b)

)}
.

For the second part, note that V1 (v, x; b) = r∆X (v, x; b)− b ·m∆X (v, x; b)
2. Let

L̃ (u; b, h) :=

(
h

b

)
K

(
h

b
u

)2

−K (u)
2
=

((
h

b

)1/2

K

(
h

b
u

)
+K (u)

)
L (u; b, h) .

It is easy to check that ∫
L̃ (u; b, h) du =

∫
uL̃ (u; b, h) du = 0 (S78)

follows from change of variables. By (S38), ∀b ∈
[
h, h

]
,

∣∣∣L̃ (u; b, h)
∣∣∣ ≤ ( 2 ∥K∥∞√

1− εn

)(
∥K ′∥∞

(
1 + εn
1− εn

)
+

∥K∥∞
1− εn

)
εn1 (|u| ≤ 1 + εn) .
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Then, by this result, change of variables, Taylor expansion and (S78),

r∆X (v, x; b)− r∆X (v, x;h) = E

[
1

h
L̃

(
∆− v

h
; b, h

)
1 (X = x)

]
= O

(
h2εn

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Similarly, by change of variables and (S38),

√
b ·m∆X (v, x; b)−

√
h ·m∆X (v, x;h) = E

[
1√
h
L

(
∆− v

h
; b, h

)
1 (X = x)

]
= O

(
h1/2εn

)
, (S79)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore, b · m∆X (v, x; b)

2 − h · m∆X (v, x;h)
2

= O (h · εn), uniformly in
(v, b) ∈ Ix ×

[
h, h

]
. Then it follows that

V1 (v, x; b)− V1 (v, x;h) = O (h · εn) , (S80)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Then note that V2 (v, x; b) = V̄2 (v, x; b) p

−1
x

(
p−1
1x + p−1

0x

)
and

V̄2 (v, x; b) = b−3

∫ ϵx

ϵx

∫ ϵx

ϵx

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
FϵX (e ∧ e′, x) ρx (e) ρx (e′) dede′

− b−3

{∫ ϵx

ϵx

K ′
(
∆x (e)− v

b

)
Fϵ|X (e | x) ρx (e) de

}2

px, (S81)

where FϵX (e, x) := Fϵ|X (e | x) px. By change of variables and integration by parts ,

∫ ϵx

ϵx

b−3/2K ′
(
∆x (e)− v

b

)
ρx (e)Fϵ|X (e | x) de−

∫ ϵx

ϵx

h−3/2K ′
(
∆x (e)− v

h

)
ρx (e)Fϵ|X (e | x) de

= h−3/2

∫ ϵx

ϵx

L′
(
∆x (e)− v

h
; b, h

)
ρx (e)Fϵ|X (e | x) de = O

(
h1/2εn

)
, (S82)

uniformly in (v, b) ∈ Ix×
[
h, h

]
, where the second equality follows from

∫
L′ (u; b, h) du = 0 and (S35). And similarly,

∫ ϵx

ϵx

b−3/2K ′
(
∆x (e)− v

b

)
ρx (e) de−

∫ ϵx

ϵx

h−3/2K ′
(
∆x (e)− v

h

)
ρx (e) de

= h−3/2

∫ ϵx

ϵx

L′
(
∆x (e)− v

h
; b, h

)
ρx (e) de = O

(
h1/2εn

)
, (S83)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Therefore, by this result and (S26),

b−3

{∫ ϵx

ϵx

K ′
(
∆x (e)− v

b

)
ρx (e)Fϵ|X (e | x) de

}2

−h−3

{∫ ϵx

ϵx

K ′
(
∆x (e)− v

h

)
ρx (e)Fϵ|X (e | x) de

}2

= O (h · εn) .

(S84)
Then, it is easy to see that

b−3

∫ ϵx

ϵx

∫ ϵx

ϵx

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
FϵX (e ∧ e′, x) ρx (e) ρx (e′) dede′ =

b−3
m∑

k=1

m∑
j=1

∫ ϵx,k

ϵx,k−1

∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
FϵX (e ∧ e′, x) ρx (e) ρx (e′) dede′ =
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m∑
j=1

V̄2,j (v, x; b) px+2b−3
∑
k<j

(∫ ϵx,k

ϵx,k−1

K ′
(
∆x (e)− v

b

)
FϵX (e, x) ρx (e) de

)(∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′

)
,

(S85)

where

V̄2,j (v, x; b) := b−3

∫ ϵx,j

ϵx,j−1

∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e)− v

b

)
K ′
(
∆x (e

′)− v

b

)
Fϵ|X (e ∧ e′ | x) ρx (e) ρx (e′) dede′.

By(S25), (S26), (S82) and (S83),

b−3
∑
k<j

(∫ ϵx,k

ϵx,k−1

K ′
(
∆x (e)− v

b

)
FϵX (e, x) ρx (e) de

)(∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e

′)− v

b

)
ρx (e

′) de′

)
−

h−3
∑
k<j

(∫ ϵx,k

ϵx,k−1

K ′
(
∆x (e)− v

h

)
FϵX (e, x) ρx (e) de

)(∫ ϵx,j

ϵx,j−1

K ′
(
∆x (e

′)− v

h

)
ρx (e

′) de′

)
= O (h · εn) , (S86)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. By change of variables and integration by parts,

V̄2,j (v, x; b) = 2h−1

∫ (
h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
w

)
ψx,j (hw + v)χx,j (hw + v) dw

− 2

∫ ∫ w

−∞

(
h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
u

)
ψx,j (hw + v)χ′

x,j (hu+ v) dudw.

Note that by change of variables and integration by parts,∫ (
h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
w

)
dw =

∫
K ′ (w)K (w) dw = 0∫ (

h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
w

)
wdw =

∫
K ′ (w)K (w)wdw = −1

2

∫
K (u)

2
du∫ (

h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
w

)
w2dw =

∫
K ′ (w)K (w)w2dw = 0. (S87)

By tedious but straightforward calculations, ∀b ∈
[
h, h

]
,

∣∣∣∣∣
(
h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
u

)
−K ′ (w)K (u)

∣∣∣∣∣
≤

(
2 ∥K∥∞ ∥K ′∥∞

(1− εn)
2 + ∥K∥∞ ∥K ′′∥∞

(
1 + εn
1− εn

)
+ ∥K ′∥2∞

(
1 + εn
1− εn

))
εn1 (|w| ≤ 1 + εn)1 (|u| ≤ 1 + εn) . (S88)

By (S87), (S88) and Taylor expansion,

h−1

∫ (
h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
w

)
ψx,j (hw + v)χx,j (hw + v) dw

− h−1

∫
K ′ (w)K (w)ψx,j (hw + v)χx,j (hw + v) dw = O

(
h2εn

)
,
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uniformly in (v, b) ∈ Ix ×
[
h, h

]
. By change of variables and integration by parts,

∫ ∫ w

−∞

(
h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
u

)
dudw =

∫ ∫ w

−∞
K ′ (w)K (u) dudw = −

∫
K (u)

2
du.

By this result and (S88),

∫ ∫ w

−∞

(
h

b

)2

K ′
((

h

b

)
w

)
K

((
h

b

)
u

)
ψx,j (hw + v)χ′

x,j (hu+ v) dudw

−
∫ ∫ w

−∞
K ′ (w)K (u)ψx,j (hw + v)χ′

x,j (hu+ v) dudw = O (h · εn) ,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Then, V̄2,j (v, x; b) − V̄2,j (v, x;h) = O (h · εn), uniformly in (v, b) ∈ Ix ×

[
h, h

]
.

Then it follows from this result, (S81), (S84), (S85) and (S86) that V2 (v, x; b)− V2 (v, x;h) = O (h · εn), uniformly
in (v, b) ∈ Ix ×

[
h, h

]
. The second assertion follows from this result and (S80). ■

Proof of Theorem B.1. If follows from Lemma 7(a), Pr
[
ĥ ∈

[
h, h

]]
> 1− δn, Pr

[
ĥζ ∈

[
hζ , hζ

]]
> 1− δζn and

Pr

[∥∥∥V̂ (· | x; ĥ, ĥζ)− V
(
· | x; ĥ

)∥∥∥
Ix
> C1κ

V
1 (γ)

]
≤ Pr

[∥∥∥V̂ (· | x; ĥ, ĥζ)− V
(
· | x; ĥ

)∥∥∥
Ix
> C1κ

V
1 (γ) ,

(
ĥ, ĥζ

)
∈
[
h, h

]
×
[
hζ , hζ

]]
+ δn + δζn

≤ Pr

 sup
(v,b,bζ)∈Ix×[h,h]×[hζ ,hζ]

∣∣∣V̂ (v | x; b, bζ)− V (v | x; b)
∣∣∣ > C1κ

V
1 (γ)

+ δn + δζn (S89)

that
Pr

[∥∥∥V̂ (· | x; ĥ, ĥζ)− V
(
· | x; ĥ

)∥∥∥
Ix
> C1κ

V
1 (γ)

]
≤ κV2 (γ) + δn + δζn.

The conclusion of the theorem follows from this result and the fact that with probability 1− C2δn,∣∣∣V (v | x; ĥ
)
− V (v | x;h)

∣∣∣ ≤ sup
(v,b)∈Ix×[h,h]

|V (v | x; b)− V (v | x;h)| = O (εnh) ,

where the equality follows from Lemma 7(b). ■

Proof of Lemma 8. By definition, we have Pr [Yn > C2αn] ≤ C3βn and Pr
[
Pr|Wn

1
[|Xn| > C1Yn] > C4γn

]
≤

C5δn. Part (a) follows from

1− C3βn − C5δn ≤ Pr
[
Yn ≤ C2αn,Pr|Wn

1
[|Xn| > C1Yn] ≤ C4γn

]
≤ Pr

[
Pr|Wn

1
[|Xn| > C1C2αn] ≤ C4γn

]
.

Part (b) follows from

Pr
[
Pr|Wn

1
[|Yn| > C2αn] > εn

]
= Pr [1 (|Yn| > C2αn) > εn] = Pr [|Yn| > C2αn] ≤ C3βn.

■

Proof of Lemma 9. Denote Sjmb (v, x; b) := pxSjmb (v | x; b), Ŝjmb (v, x; b, bζ) := p̂xŜjmb (v | x; b, bζ) and µ̂Ux
(v; b) :=√

b · f̂∆X (v, x; b). Then, we write
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Ŝjmb

(
v, x; ĥ, ĥζ

)
− Sjmb (v, x;h) =

1√
n

n∑
i=1

νi

{
Û [1]
x

(
Wi, v; ĥ, ĥζ

)
− Ũ [1]

x

(
Wi, v; ĥ

)}
+

1√
n

n∑
i=1

νi

{
Ũ [1]
x

(
Wi, v; ĥ

)
− Ũ [1]

x (Wi, v;h)
}

−

(
1√
n

n∑
i=1

νi

)(
µ̂Ux

(
v; ĥ
)
− µ̃Ux (v;h)

)
− 1√

n

n∑
i=1

νi

{
Ũ [2]
x (Wi, v;h)− µ̃Ux (v;h)

}
. (S90)

By Taylor expansion,

1√
n

n∑
i=1

νi

{
Û [1]
x

(
Wi, v; ĥ, ĥζ

)
− Ũ [1]

x

(
Wi, v; ĥ

)}
=

1√
n

n∑
i=1

νiĥ
−3/2K ′

(
∆i − v

ĥ

)(
∆̂i −∆i

)
1 (Xi = x) +

1

2

1√
n

n∑
i=1

νiĥ
−5/2K ′′

(
∆̇i − v

ĥ

)(
∆̂i −∆i

)2
1 (Xi = x)

+
1√
n

n∑
i=1

νi

 1

n− 1

∑
j ̸=i

ĥ−3/2K ′

(
∆̂j − v

ĥ

)(
q̂x

(
Wj ,Wi; ĥζ

)
π̂x (Zi, Xi)− qx (Wj ,Wi)πx (Zi, Xi)

)
+

1√
n

n∑
i=1

νi

 1

n− 1

∑
j ̸=i

ĥ−3/2

(
K ′

(
∆̂j − v

ĥ

)
−K ′

(
∆j − v

ĥ

))
qx (Wj ,Wi)πx (Zi, Xi)


=: T ♯

1 (v) + T ♯
2 (v) + T ♯

3 (v) + T ♯
4 (v) , (S91)

where ∆̇i denotes the mean value that lies between ∆i and ∆̂i. By the concentration inequality for the maximum
of normal random variables (e.g., Giné and Nickl, 2016, (2.3)) and E [max1≤i≤n |νi|] >

√
log (n) (Giné and Nickl,

2016, Lemma 2.3.4), we have Pr|Wn
1

[
max1≤i≤n |νi| > C1

√
log (n)

]
≤ 2n−1. By (S15) and Pr

[
ĥ ∈

[
h, h

]]
> 1− δn,∥∥∥1∆X

(
·, x; ĥ

)∥∥∥
Ix

= O⋆
p

(
1, δn + n−1

)
. Then, by these results, Lemma 8, (S13), Pr

[
ĥ ∈

[
h, h

]]
> 1− δn and (S12),

∥∥∥T ♯
2

∥∥∥
Ix

≤ ∥K ′′∥∞
√
n · ĥ−3/2

(
max
1≤i≤n

|νi|
)∥∥∥1∆X

(
·, x; ĥ

)∥∥∥
Ix
∆

2
= O♯

p

√ log (n)
3

nh3
, n−1, δn + n−1

 ,

where the inequality holds on the event given by ∆ ≤ h with probability 1−O
(
n−1

)
. Then by

Pr

Pr|Wn
1

∥∥∥T ♯
2

∥∥∥
Ix
> C1

√
log (n)

3

nh3

 > C2n
−1

 ≤ Pr

Pr|Wn
1

∥∥∥T ♯
2

∥∥∥
Ix
> C1

√
log (n)

3

nh3

 > C2n
−1, ∆ ≤ h


+O

(
n−1

)
≤ Pr

Pr|Wn
1

∥K ′′∥∞
√
n · ĥ−3/2

(
max
1≤i≤n

|νi|
)∥∥∥1∆X

(
·, x; ĥ

)∥∥∥
Ix
∆

2
> C1

√
log (n)

3

nh3

 > C2n
−1

+O (n−1
)
,

we have
∥∥∥T ♯

2

∥∥∥
Ix

= O♯
p

(√
log (n)

3
/ (nh3), n−1, δn + n−1

)
.

Let si (v) := ĥ−3/2K ′
(
(∆i − v) /ĥ

)(
∆̂i −∆i

)
1 (Xi = x) and S := {(s1 (v) , ..., sn (v)) ∈ Rn : v ∈ Ix}. Then∥∥∥T ♯

1

∥∥∥
Ix

= sup(s1,...,sn)∈S∪{0}
∣∣n−1/2

∑n
i=1 νisi

∣∣, where
{
n−1/2

∑n
i=1 νisi : (s1, ..., sn) ∈ S ∪ {0}

}
is a centered Gaus-

sian process, conditionally on the data. Let ∥·∥n,2 be the implicit norm on S induced by the Gaussian process:
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∥(s1, ..., sn)∥n,2 :=

√
E|Wn

1

[(
n−1/2

∑n
i=1 νisi

)2]
=
√
n−1

∑n
i=1 s

2
i . It is easy to see

√√√√ 1

n

n∑
i=1

(si (v)− si (v′))
2 ≤ ∥K ′′∥∞ ĥ−5/2∆ |v − v′| .

Therefore,

N
(
ε · ∥K ′′∥∞ ĥ−5/2∆,S, ∥·∥n,2

)
≤ N (ε, Ix, |·|) ≤ 1 +

ι (Ix)

ε
,

where ι (Ix) denotes the length of Ix. Let σ2
n := sup(s1,...,sn)∈S ∥(s1, ..., sn)∥2n,2 = supv∈IxE|Wn

1

[
T ♯
1 (v)

2
]

and then,

σn ≤ ∆

√√√√ sup
v∈Ix

1

n

n∑
i=1

1

ĥ3
K ′
(
∆i − v

ĥ

)2

1 (Xi = x) >
(
∆

ĥ

)√∥∥∥1∆X

(
·, x; ĥ

)∥∥∥
Ix

= O⋆
p

(√
log (n)

nh2
, δn + n−1

)
,

(S92)
where the second inequality follows from

∣∣∣K ′
(
(∆i − v) /ĥ

)∣∣∣ ≤ ∥K ′∥∞ 1i

(
v; ĥ
)

and the last equality follows from

(S12) and Pr
[
ĥ ≥ h

]
> 1 − δn. By Dudley’s metric entropy bound (Giné and Nickl, 2016, Theorem 2.3.7), the

above inequality and calculations in the proof of Chernozhukov et al. (2014b, Corollary 5.1),

E|Wn
1

[∥∥∥T ♯
1

∥∥∥
Ix

]
>

∫ σn∨n−1/2∥K′′∥∞
ĥ−5/2∆

0

√
1 + log

(
N
(
ε, S, ∥·∥n,2

))
dε

≤
(
∥K ′′∥∞ ĥ−5/2∆

)∫ σn∨n−1/2∥K′′∥∞ĥ−5/2∆

∥K′′∥∞ĥ−5/2∆

0

√
1 + log (N (ε, Ix, |·|))dε

>
(
σn ∨ n−1/2 ∥K ′′∥∞ ĥ−5/2∆

)√
log
(
ι (Ix)n1/2

)
, (S93)

when n is sufficiently large. Then, by the Borell-Sudakov-Tsirelson concentration inequality (Giné and Nickl, 2016,

Theorem 2.5.8), Pr|Wn
1

[∥∥∥T ♯
1

∥∥∥
Ix
> E|Wn

1

[∥∥∥T ♯
1

∥∥∥
Ix

]
+ σn

√
2 · log (n)

]
≤ n−1. By Lemma 8, (S92) and (S93),

∥∥∥T ♯
1

∥∥∥
Ix

= O♯
p

(
log (n)√
nh2

, n−1, δn + n−1

)
. (S94)

Write

T ♯
3 (v) =

1
√
n(2)

n∑
j=1

ĥ−3/2K ′

(
∆̂j − v

ĥ

)
1√
n− 1

∑
i ̸=j

νi

(
q̂x

(
Wj ,Wi; ĥζ

)
π̂x (Zi, Xi)− qx (Wj ,Wi)πx (Zi, Xi)

)
.

Then, in view of (S64), with probability 1−O
(
n−1 + δn

)
,

∥∥∥T ♯
3

∥∥∥
Ix

> ĥ−1/2

√
n

n− 1

∥∥∥1∆X

(
·, x; ĥ

)∥∥∥
Ix

max
1≤j≤n

|Ξj | , (S95)

where
Ξj := 1j

(
v; ĥ
) 1√

n− 1

∑
i ̸=j

νi

(
q̂x

(
Wj ,Wi; ĥζ

)
π̂x (Zi, Xi)− qx (Wj ,Wi)πx (Zi, Xi)

)
.

Conditionally on the data (Wn
1 ), (Ξ1, ..., Ξn) are centered and jointly normal. Then, since Pr

[
ĥ ∈

[
h, h

]]
> 1− δn,

by calculating the conditional variance and the cr inequality, with probability 1−O (δn),
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[
Ξj

2
]
> 1j

(
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) ∑
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1
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∑
i ̸=j

(
q̂dx

(
Wj ,Wi; ĥζ

)
− qdx (Wj ,Wi)

)2
πx (Zi, Xi)

2

+ 1j

(
v;h
) ∑
d∈{0,1}

1

n− 1

∑
i ̸=j

q̂dx

(
Wj ,Wi; ĥζ

)2
(π̂x (Zi, Xi)− πx (Zi, Xi))

2
=: TΞ

1,j + TΞ
2,j .

By (S66) and Pr
[
ĥζ ∈

[
hζ , hζ

]]
> 1− δζn,

ζ̂dx

(
ϕ̂dx (y) ; ĥζ

)
− ζdx (ϕdx (y)) = O⋆

p

(√
log (n)

nhζ
+ h2ζ , n

−1 + δζn

)
, (S96)

uniformly in y ∈ İd′x, where İd′x is any closed sub-interval of Id′x. (S96) implies that

Pr

[
inf

y∈İd′x

∣∣∣ζ̂dx (ϕ̂dx (y) ; ĥζ)∣∣∣ > 1

2
ζ
dx

]
> 1− C2

(
n−1 + δζn

)
. (S97)

By (S63) and the cr inequality,

1j

(
v;h
) 1

n− 1

∑
i̸=j

(
q̂dx

(
Wj ,Wi; ĥζ

)
− qdx (Wj ,Wi)

)2
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2 >

1j

(
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) 1 (Dj = d′, Xj = x)

ζdx (ϕdx (Yj))
2

1
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∑
i ̸=j

(φ̂dx (Wj ,Wi)− φdx (Wj ,Wi))
2
πx (Zi, Xi)

2

+ 1j

(
v;h
) φ̂dx (Wj ,Wi)

2
1 (Dj = d′, Xj = x)

ζdx (ϕdx (Yj))
4

1
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∑
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{
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(
ϕ̂dx (Yj) ; ĥζ

)
− ζdx (ϕdx (Yj))

}2

πx (Zi, Xi)
2

+ 1j

(
v;h
) φ̂dx (Wj ,Wi)

2
1 (Dj = d′, Xj = x)

ζ̂dx

(
ϕ̂dx (Yj) ; ĥζ

)2
ζdx (ϕdx (Yj))

4

1
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∑
i ̸=j

{
ζ̂dx

(
ϕ̂dx (Yj) ; ĥζ

)
− ζdx (ϕdx (Yj))

}4

πx (Zi, Xi)
2
.

By this result, (S97) and (S96), and using the fact

(
1

(
Yi ≤ ϕ̂dx (Yj)

)
− 1 (Yi ≤ ϕdx (Yj))

)2
=(

1

(
Yi ≤ ϕ̂dx (Yj) , Yi > ϕdx (Yj)

)
− 1

(
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))2
=
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)
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∣∣∣ ,
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2
)
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ζ
2
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ζ
4
}
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p

(√
log (n)

n
, n−1 + δn

)
,

where ζ is given by (S68) and the inequality holds with probability 1 − O
(
n−1 + δζn

)
in view of (S97). It follows

from this result that max1≤j≤n

∣∣TΞ
1,j

∣∣ = O⋆
p

(√
log (n) /n, n−1 + δn + δζn

)
. By (S97),
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(
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dx
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+
(
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n
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,
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where the inequality holds with probability 1−O
(
n−1 + δζn

)
. Therefore, max1≤j≤n

∣∣TΞ
2,j

∣∣ = O⋆
p

(
log (n) /n, n−1 + δn

)
and it follows that σ2
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p

(√
log (n) /n, n−1 + δn

)
, where σ2

Ξ := max1≤j≤nE|Wn
1

[
Ξ2

j

]
. By Giné and Nickl (2016,

Lemma 2.3.4), E|Wn
1
[max1≤j≤n |Ξj |] > σΞ

√
log (n). Then by using the concentration inequality for Gaussian

maxima (Giné and Nickl, 2016, (2.3)), we have Pr|Wn
1

[
max1≤j≤n |Ξj | > CσΞ

√
log (n)

]
≤ 2n−1. It now follows

from these results, (S95),
∥∥∥1∆X

(
·, x; ĥ

)∥∥∥
Ix

= O⋆
p

(
1, n−1 + δn

)
and Lemma 8 that
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3

∥∥∥
Ix
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p

( log (n)
3
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)1/4
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 . (S98)

Clearly,

∣∣∣T ♯
4 (v)

∣∣∣ ≤
 1
√
n(2)

n∑
j=1

ĥ−3/2

∣∣∣∣∣K ′

(
∆̂j − v

ĥ

)
−K ′

(
∆j − v

ĥ

)∣∣∣∣∣
 max

1≤j≤n

∣∣∣∣∣∣ 1√
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∑
i̸=j

νiqx (Wj ,Wi)πx (Zi, Xi)

∣∣∣∣∣∣
 ,

(S99)

where (n− 1)
−1/2∑

i̸=j νiqx (Wj ,Wi)πx (Zi, Xi), j = 1, ..., n, are centered and jointly normal, conditionally on the
data. By calculating the conditional variances,

max
j=1,...,n

E|Wn
1


 1√

n− 1

∑
i ̸=j

νiqx (Wj ,Wi)πx (Zi, Xi)


2
 = max

j=1,...,n

1

n− 1

∑
i ̸=j

qx (Wj ,Wi)
2
πx (Zi, Xi)

2
= O⋆

p (1) .

By mean value expansion, (S13), Pr
[
ĥ ≥ h

]
= 1−O (δn) and

∥∥∥1∆X

(
·, x; ĥ

)∥∥∥
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= O⋆
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.

Then if follows from the concentration inequality for Gaussian maxima (Giné and Nickl, 2016, (2.3)), Lemma 8 and
(S99) that

∥∥∥T ♯
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∥∥∥
Ix

= O♯
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(
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. Now we have shown that
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 ,

(S100)
uniformly in v ∈ Ix.

Since n−1/2
∑n

i=1 νi ∼ N(0, 1) is independent of the data,

Pr|Wn
1

[∣∣∣∣∣n−1/2
n∑

i=1

νi

∣∣∣∣∣ >√2 · log (n)

]
≤ 2n−1. (S101)

Decompose

µ̂Ux

(
v; ĥ
)
− µ̃Ux (v;h) =
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)
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√
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+
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)
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−
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 .

By Lemmas 3 and 5,
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+
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√
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)
,

uniformly in v ∈ Ix. By Lemma 5 and (S79),

√
ĥ·f̃∆X
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)
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√
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−
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√
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)
,

uniformly in v ∈ Ix. It follows from these results and Lemma 8 that(
1√
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νi
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v; ĥ
)
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)
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√
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, (S102)

uniformly in v ∈ Ix.

Decompose

1√
n

n∑
i=1

νi

{
Ũ [2]
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(v;h)
}
=

−

(
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It follows from (S101), Lemmas 4 and 8 that
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√
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Let Ndx (Ui, y) := Ldx (g (Di, Xi, ϵi) , Di, Zi, Xi, y). Then, by (S8), (S9), Kosorok (2007, Lemmas 9.6), Kosorok
(2007, Lemmas 9.6, 9.8 and 9.9(vi,vii)) and Chernozhukov et al. (2014b, Lemma A.6), N := {Ndx (·, y) : y ∈ Id′x} is
uniformly VC-type with respect to a constant envelope. By Talagrand’s inequality,
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uniformly in v ∈ Ix, we have
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,

uniformly in v ∈ Ix. Then it follows from arguments used to show (S94) that
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uniformly in v ∈ Ix. Therefore,
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uniformly in v ∈ Ix.

By (S104), we can write

Sjmb (v, x;h) =
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where
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8 (v) :=

1√
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where the second equality follows from
(
n−1/2

∑n
i=1 νi

)
f̃∆X (v, x;h) = O♯
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(√
log (n)

)
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By CK Lemma 5.4, the (data-dependent) function class H♯ :=
{
H♯

x (·, v;h) : v ∈ Ix
}

is uniformly VC-type
(conditionally on the data) with respect to a constant envelope FH♯ = FH = O
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)
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,

uniformly in v ∈ Ix, where the third equality follows from V-statistic decomposition (Serfling, 2009, 5.7.3) and
the fourth equality follows from the fact that n−1
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√
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)
.

By the Borell-Sudakov-Tsirelson concentration inequality, Pr|Wn
1

[
∥Gν∥H♯ > E|Wn

1

[
∥Gν∥H♯

]
+ σ̂H♯

√
2 · log (n)

]
≤
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n−1. Therefore, by Lemma 8,

sup
v∈Ix

∣∣∣∣∣ 1√
n

n∑
i=1

νiH♯
x (Ui, v;h)

∣∣∣∣∣ = ∥Gν∥H♯ = O♯
p

(√
log (n), n−1,

√
log (n)

nh3

)
.

We have shown that
∥∥∥T ♯

5

∥∥∥
Ix

= O♯
p

(
log (n) /

√
n, n−1,

√
log (n) / (nh3)

)
. Then it follows that ∥Sjmb (·, x;h)∥Ix =

O♯
p

(√
log (n), n−1,

√
log (n) / (nh3)

)
.

Write

S△ (v, x; b, h) :=
1√
n

n∑
i=1

νi

{
Ũ [1]
x (Wi, v; b)− Ũ [1]

x (Wi, v;h)
}
=

1√
n

n∑
i=1

νi

{
h−1/2L

(
∆i − v

h
; b, h

)
1 (Xi = x)

}

+
1√
n

n∑
i=1

νi

 1

n− 1

∑
j ̸=i

h−3/2L′
(
∆j − v

h
; b, h

)
qx (Wj ,Wi)πx (Zi, Xi)

 =: T△
1 (v; b, h) + T△

2 (v; b, h) .

Then we have T△
1 (v; b, h) = n−1/2

∑n
i=1 νiE△

x (Ui, v; b, h) and

T△
2 (v; b, h) =

(
n

n− 1

)(
n−1/2

n∑
i=1

νiH△♯
x (Ui, v; b, h)

)
+

1√
n (n− 1)

n∑
i=1

νiA△
x (Ui, v; b, h) ,

where H△♯
x (Ui, v; b, h) := n−1

∑n
j=1 H△

x (Uj , Ui, v; b, h) and

A△
x (Ui, v; b, h) := h−3/2L′

(
∆x (ϵi)− v

h
; b, h

)
ϖx (Ui)

(
1− Fϵ|X (ϵi | x)

)
πx (Zi, Xi) .

Let σ̂2
E△ := supf∈E△PU

n f
2 ≤ σ2

E△ +
∥∥PU

n − PU
∥∥
E△△ , where E△△ :=

{
E△
x (·, v; b, h)2 : (v, b) ∈ Ix ×

[
h, h

]}
. It

is shown in the proof of Lemma 5 that σ2
E△ = O

(
ε2n
)
. By Chernozhukov et al. (2014a, Lemma B.2) and

the fact that E△ is uniformly VC-type with respect to an O
(
εn/h

1/2
)

constant envelope, E△△ is uniformly
VC-type with respect to a constant envelope FE△△ = O

(
ε2n/h

)
. Let σ2

E△△ := supf∈E△△PUf2 = O
(
ε4n/h

)
,

where the second equality follows from Taylor expansion, change of variables and (S38). By Talagrand’s in-
equality (Chernozhukov et al., 2016, Lemma 6.3 with F = E△△, b = FE△△ , σ = σE△△ ∨ b

√
VE△△ log (n) /n,

t = log (n)),
∥∥GU

n

∥∥
E△△ = O⋆

p

(
ε2n
√
log (n) /h

)
. Therefore,

∥∥PU
n − PU

∥∥
E△△ = O⋆

p

(
ε2n
√
log (n) / (nh)

)
and σ̂2

E△ =

O⋆
p

(
ε2n
)
. By Dudley’s metric entropy bound, E|Wn

1
[∥Gν∥E△ ] = O⋆

p

(
εn
√
log (n)

)
. By the Borell-Sudakov-

Tsirelson concentration inequality, Pr|Wn
1

[
∥Gν∥E△ > E|Wn

1
[∥Gν∥E△ ] + σ̂E△

√
2 · log (n)

]
≤ n−1. By Lemma 8,

∥T△
1 (·; ·, h)∥Ix×[h,h] = ∥Gν∥E△ = O♯

p

(
εn
√
log (n)

)
. Let H△♯ :=

{
H△♯

x (·, v; b, h) : (v, b) ∈ Ix ×
[
h, h

]}
. Then

we have sup(v,b)∈Ix×[h,h]

∣∣n−1/2
∑n

i=1 νiH△♯
x (Ui, v; b, h)

∣∣ = ∥Gν∥H△♯ . By CK Lemma 5.4 and the fact that H△

is uniformly VC-type with respect to an O
(
εn/h

3/2
)

constant envelope, H△♯ is uniformly VC-type with re-
spect to a constant envelope FH△♯ = O

(
εn/h

3/2
)
, conditionally on the data. Let σ̂2

H△♯ := supf∈H△♯PU
n f

2 =

supv∈Ixn
−1
∑n

i=1 H△♯
x (Ui, v; b, h)

2, where

1

n

n∑
i=1

H△♯
x (Ui, v; b, h)

2
=

1

n3

n∑
i=1

n∑
j=1

n∑
k=1

1

h3
L′
(
∆x (ϵj)− v

h
; b, h

)
Cx (Uj , Ui)L

′
(
∆x (ϵk)− v

h
; b, h

)
Cx (Uk, Ui)

=:
1

n3

n∑
i=1

n∑
j=1

n∑
k=1

J̃ △
x (Ui, Uj , Uk, v; b, h) =

1

n(3)

∑
(i,j,k)

J̃ △
x (Ui, Uj , Uk, v; b, h)
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+
O
(
n−1

)
3n2 − 2n

2
∑
(i,k)

J̃ △
x (Ui, Ui, Uk, v; b, h) +

∑
(i,k)

J̃ △
x (Uk, Ui, Ui, v; b, h) +

n∑
i=1

J̃ △
x (Ui, Ui, Ui, v; b, h)


=

1

n(3)

∑
(i,j,k)

J̃ △
x (Ui, Uj , Uk, v; b, h) +O

(
ε2n/

(
nh3

))
,

where the third equality follows from (S35). By Chernozhukov et al. (2014a, Lemma B.2) and the fact that H△ is
uniformly VC-type with respect to an O

(
εn/h

3/2
)

constant envelope, J̃△ :=
{
J̃ △
x (·, v; b, h) : (v, b) ∈ Ix ×

[
h, h

]}
is

uniformly VC-type with respect to a constant envelope FJ̃△ = O
(
ε2n/h

3
)
. Therefore,

σ̂2
H△♯ ≤ sup

f∈J̃△

E [f (U1, U2, U3)] + n−1/2
∥∥∥U(3)

n

∥∥∥
J̃△

+O
(
ε2n/

(
nh3

))
.

It is shown in the proof of Lemma 5 that

sup
f∈J̃△

E [f (U1, U2, U3)] = sup
(v,b)∈Ix×[h,h]

E
[
J̃ △
x (U1, U2, U3, v; b, h)

]
= sup

(v,b)∈Ix×[h,h]
E
[
H△[1]

x (U, v; b, h)
2
]
= O

(
ε2n
)
.

Then we use similar arguments for proving (S77), which involve

E

[(
E
[
J̃ △
x (U1, U2, U3, v; b, h) | U1

])2]
+ E

[(
E
[
J̃ △
x (U1, U2, U3, v; b, h) | U3

])2]
= O

(
ε4n/h

)
(S106)

and

E

[(
E
[
J̃ △
x (U1, U2, U3, v; b, h) | U2, U3

])2]
+ E

[(
E
[
J̃ △
x (U1, U2, U3, v; b, h) | U2, U3

])2]
+ E

[(
E
[
J̃ △
x (U1, U2, U3, v; b, h) | U2, U3

])2]
= O

(
ε4n/h

4
)
, (S107)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. (S106) and (S107) follow from calculation and (S35). By CK Proposition

2.1 with H = J̃△±, σg = σJ̃△⟨1⟩ , σh = σJ̃△⟨2⟩ , bg = bh = FJ̃△ , χn = 0, q = ∞ and γ =
√
log (n) / (nh3), we

have n−1/2
∥∥∥U(3)

n

∥∥∥
J̃△

= O⋆
p

(
ε2n
√
log (n) / (nh3),

√
log (n) / (nh3)

)
. Therefore, σ̂2

H△♯ = O⋆
p

(
ε2n,
√
log (n) / (nh3)

)
.

By Dudley’s metric entropy bound, E|Wn
1

[
∥Gν∥H△♯

]
= O⋆

p

(
εn
√

log (n),
√
log (n) / (nh3)

)
. By the Borell-

Sudakov-Tsirelson concentration inequality, Pr|Wn
1

[
∥Gν∥H△♯ > E|Wn

1

[
∥Gν∥H△♯

]
+ σ̂H△♯

√
2 · log (n)

]
≤ n−1.

Then it follows from Lemma 8 that ∥Gν∥H△♯ = O♯
p

(
εn
√

log (n), n−1,
√
log (n) / (nh3)

)
. Let A△ :={

A△
x (·, v; b, h) : (v, b) ∈ Ix ×

[
h, h

]}
and therefore, sup(v,b)∈Ix×[h,h]

∣∣n−1/2
∑n

i=1 νiA△
x (Ui, v; b, h)

∣∣ = ∥Gν∥A△ . Let

σ̂2
A△ := supf∈A△PU

n f
2 ≤ supf∈A△PUf2 +

∥∥PU
n − PU

∥∥
A△△ , where A△△ :=

{
A△

x (·, v; b, h)2 : (v, b) ∈ Ix ×
[
h, h

]}
. By

using similar arguments for proving the fact that H△ is uniformly VC-type with respect to an O
(
εn/h

3/2
)

constant
envelope, A△ is also uniformly VC-type with respect to an O

(
εn/h

3/2
)

constant envelope. By Chernozhukov et al.
(2014a, Lemma B.2), A△△ is uniformly VC-type with respect to a constant envelope FA△△ = O

(
ε2n/h

3
)
. Then,

by change of variables and (S35), σ2
A△△ := supf∈A△△PUf2 = O

(
ε4n/h

5
)
. By Talagrand’s inequality (Chernozhukov

et al., 2016, Lemma 6.3 with F = A△△, b = FA△△ , σ = σA△△ ∨ b
√
VA△△ log (n) /n, t = log (n)), ∥Gn∥A△△ =

O⋆
p

(
ε2n
√

log (n) /h5
)

and therefore,
∥∥PU

n − PU
∥∥
A△△ = O⋆

p

(
ε2n
√
log (n) / (nh5)

)
. By change of variables and (S38),

supf∈A△PUf2 = O
(
ε2n/h

2
)
. Therefore, σ̂2

A△ = O⋆
p

(
ε2n/h

2
)

and by Dudley’s metric entropy bound, E|Wn
1
[∥Gν∥A△ ] =

O⋆
p

(
εn
√

log (n) /h2
)

by Borell-Sudakov-Tsirelson concentration inequality, ∥Gν∥A△ = O♯
p

(
εn
√

log (n) /h2
)
. There-

fore, ∥T△
2 (·; ·, h)∥Ix×[h,h] ≤ (n/ (n− 1)) ∥Gν∥H△♯ + ∥Gν∥A△ / (n− 1) = O♯

p

(
εn
√

log (n), n−1,
√
log (n) / (nh3)

)
.
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Therefore, ∥∥S△ (·, x; ·, h)
∥∥
Ix×[h,h]

= O♯
p

(
εn
√
log (n), n−1,

√
log (n)

nh3

)
. (S108)

By Pr
[
ĥ ∈

[
h, h

]]
> 1− δn and monotonicity of conditional expectations,

Pr

[
Pr|Wn

1

[∥∥∥S△
(
·, x; ĥ, h

)∥∥∥
Ix
> C1εn

√
log (n)

]
> C2n

−1

]
≤ Pr

[
Pr|Wn

1

[∥∥∥S△
(
·, x; ĥ, h

)∥∥∥
Ix
> C1εn

√
log (n)

]
> C2n

−1, ĥ ∈
[
h, h

]]
+ δn

≤ Pr
[
Pr|Wn

1

[∥∥S△ (·, x; ·, h)
∥∥
Ix×[h,h] > C1εn

√
log (n)

]
> C2n

−1
]
+ δn ≤ C3

√
log (n)

nh3
+ δn.

Then it follows that
∥∥∥S△

(
·, x; ĥ, h

)∥∥∥
Ix

= O♯
p

(
εn
√
log (n), n−1,

√
log (n) / (nh3) + δn

)
. It then follows from this

result, (S90), (S100), (S102) and (S104) that

Ŝjmb

(
v, x; ĥ, ĥζ

)
− Sjmb (v, x;h) = O♯

p

√ log (n)
3

nh3
+

(
log (n)

3

nh2

)1/4

+ εn
√
log (n), n−1,

√
log (n)

nh3
+ δn + δζn

 .

It follows from this result,

Ŝjmb

(
v | x; ĥ, ĥζ

)
− Sjmb (v | x;h) =

Ŝjmb

(
v, x; ĥ, ĥζ

)
px

(
px
p̂x

− 1

)
+
Ŝjmb

(
v, x; ĥ, ĥζ

)
− Sjmb (v, x;h)

px
,

px/p̂x − 1 = O⋆
p

(√
log (n) /n

)
and ∥Sjmb (·, x;h)∥Ix = O♯

p

(√
log (n), n−1,

√
log (n) / (nh3)

)
that

Ŝjmb

(
v | x; ĥ, ĥζ

)
− Sjmb (v | x;h) = O♯

p

√ log (n)
3

nh3
+

(
log (n)

3

nh2

)1/4

+ εn
√
log (n), n−1,

√
log (n)

nh3
+ δn + δζn

 .

(S109)

Write

Ẑjmb

(
v | x; ĥ, ĥζ

)
−Zjmb (v | x;h) =

Ŝjmb

(
v | x; ĥ, ĥζ

)
√
V (v | x;h)


√
V (v | x;h)√

V̂
(
v | x; ĥ, ĥζ

) − 1

+
Ŝjmb

(
v | x; ĥ, ĥζ

)
− Sjmb (v | x;h)√

V (v | x;h)
.

(S110)
The conclusion follows from this result, (B.9), (S110), (S109), ∥Sjmb (·, x;h)∥Ix =

O♯
p

(√
log (n), n−1,

√
log (n) / (nh3)

)
and Lemma 8. ■

S4 Bias correction

We maintain all the notations with K replaced by the bias-corrected version M (·; b, bb). We also change the
definitions of f̂∆X (v, x; b), f̃∆X (v, x; b), m∆X (v, x; b), Hx (Ui, Uj , v; b) and H[1]

x (Ui, v; b) by replacing K (·) with
M (·; b, bb) to get f̂bc∆X (v, x; b, bb), f̃bc∆X (v, x; b, bb), mbc

∆X (v, x; b, bb), Hbc
x (Ui, Uj , v; b, bb) and H[1],bc

x (Ui, v; b, bb).
Similarly, we use the superscript “bc” to denote the bias-corrected versions constructed by replacing K (·) with
its bias-correcting counterpart. The result presented in Section 4.3 is implied by the following theorem.
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Theorem S1. Suppose that Assumptions 1-5 hold with P = 2, the third-order derivative functions in Assump-
tion 2(a) are Lipschitz continuous, h � n−λ with 1/7 < λ < 1/4 and hζ � n−λζ with 1/8 < λζ < 1/2. As-
sume that there exists some deterministic bandwidth hb and positive sequences εbn, δbn that decay to zeros such that
Pr
[∣∣∣ĥb/hb − 1

∣∣∣ > εbn

]
≤ δbn. Assume that h/hb → ς ∈ [0,∞). Then,

Pr
[
f∆|X (v | x) ∈ CBbc

jmb

(
v | x; ĥ, ĥζ , ĥb

)
, ∀v ∈ Ix

]
= (1− α)

+O

( log (n)
5

nh3

)1/16

+ log (n)κV1,n + log (n)
(
εn + εbn

)
+ δn + δbn + δζn +

√
log (n)

√
nh5hb

 . (S111)

We show that Lemmas 3 and 4 still hold if f̂∆X (v, x; b), f̃∆X (v, x; b) and Hx (Ui, Uj , v; b) are replaced by their
bias-corrected versions. The proofs are based on modifications of the proofs of Lemmas 3 and 4. We present these
results as lemmas and sketch how the proofs of 3 and 4 are modified. Denote hb :=

(
1− εbn

)
hb and hb :=

(
1 + εbn

)
hb.

M ′ (u; b, bb) and M ′′ (u; b, bb) are defined by M ′ (u; b, bb) := ∂M (u; b, bb) /∂u and M ′′ (u; b, bb) := ∂2M (u; b, bb) /∂u
2.

Lemma S1. Under the assumptions of Theorem S1,

f̂bc∆X (v, x; b, bb)− f̃bc∆X (v, x; b, bb) =
1

n(2)

∑
(i,j)

Hbc
x (Ui, Uj , v; b, bb) +O⋆

p

(
log (n)

nh2
+

log (n)
3/4

n3/4h

)
,

uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
.

Proof of Lemma S1. Denote C(k)
K :=

∥∥K(k)
∥∥
∞ ∨

∥∥∥K(k+2)
b

∥∥∥
∞
µK,2, 1

(k)
i (v; b, bb) := 1i (v; b) + (b/bb)

3+k
1i (v; bb)

and

1
(k)
∆X (v, x; b, bb) :=

1

n

n∑
i=1

1

b
1
(k)
i (v; b, bb)1 (Xi = x) = 1∆X (v, x; b) +

(
b

bb

)2+k

1∆X (v, x; bb) .

By using ∣∣∣∣∣M ′′

(
∆̇i − v

b
; b, bb

)∣∣∣∣∣ ≤ C
(2)
K

(
1

(∣∣∣∆̇i − v
∣∣∣ ≤ b

)
+

(
b

bb

)5

1

(∣∣∣∆̇i − v
∣∣∣ ≤ bb

))
,

we have

1−O
(
n−1

)
= Pr

[
∆ ≤ h ∧ hb

]
≤

Pr

[∣∣∣∣∣M ′′

(
∆̇i − v

b
; b, bb

)∣∣∣∣∣1 (Xi = x) ≤ C
(2)
K 1

(2)
i (v; b, bb)1 (Xi = x) , ∀ (i, v, b, bb) ∈ {1, ..., n} × Ix ×

[
h, h

]
×
[
hb, hb

]]
.

(S112)

Then, by (S15), ∥1∆X (·, x; ·)∥Ix×[hb,hb] = O⋆
p (1), which follows from similar arguments used to show (S15), and

h/hb → ς ∈ [0,∞),

∥∥∥1(k)
∆X (·, x; ·, ·)

∥∥∥
Ix×[h,h]×[hb,hb]

≤ ∥1∆X (·, x; ·)∥Ix×[h,h] +
(
h

hb

)2+k

∥1∆X (·, x; ·)∥Ix×[hb,hb] = O⋆
p (1) . (S113)

Then, by this result and (S112), we have

sup
(v,b,bb)∈Ix×[h,h]×[hb,hb]

∣∣∣∣∣ 1n
n∑

i=1

1

b3
M ′′

(
∆̇i − v

b
; b, bb

)(
∆̂i −∆i

)2
1 (Xi = x)

∣∣∣∣∣
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>
∥∥∥1(2)

∆X (·, x; ·, ·)
∥∥∥
Ix×[h,h]×[hb,hb]

b−2∆
2
= O⋆

p

(
log (n)

nh2

)
, (S114)

where the inequality holds with probability 1−O
(
n−1

)
. By

∣∣∣M (k) (u; b, bb)
∣∣∣ ≤ C

(k)
K

(
1 (|u| ≤ 1) +

(
b

bb

)3+k

1

(
|u| ≤ bb

b

))
, (S115)

(S15) and ∥1∆X (·, x; ·)∥Ix×[hb,hb] = O⋆
p (1),

1

n

n∑
i=1

1

b2
M ′
(
∆i − v

b
; b, bb

)(
∆̂i −∆i

)
1 (Xi = x) =

1

n(2)

∑
(i,j)

Hbc
x (Wi,Wj , v; b, bb) +O⋆

p

(
log (n)

3/4

n3/4h

)
. (S116)

Then the assertion of the lemma follows from (S114) and (S116). ■

Lemma S2. Under the assumptions of Theorem S1,

1

n(2)

∑
(i,j)

Hbc
x (Ui, Uj , v; b, bb) = O⋆

p

(√
log (n)

nh
,

√
log (n)

nh3

)
,

uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
.

Proof of Lemma S2. It is easy to check by simple calculations that
∫
M ′ (u; b, bb) du = 0 and∫

M ′ (u; b, bb)M (u; b, bb) du = 0. By using these results, (S115), repeating the same arguments with K (·) re-
placed by its bias-corrected version M (·; b, bb) and h/hb → ς ∈ [0,∞), we have E

[
H[1],bc

x (U, v; b, bb)
2
]
= O

(
h−1

)
and E

[
Hbc

x (U1, U2, v; b, bb)
2
]
= O

(
h−3

)
, uniformly in (v, b, bb) ∈ Ix ×

[
h, h

]
×
[
hb, hb

]
. Since

Hbc
x (U1, U2, v; b, bb) :=

1

b2
M ′
(
∆x (ϵi)− v

b
; b, bb

)
Cx (Ui, Uj)

=
1

b2

{
K ′
(
∆x (ϵi)− v

b

)
−
(
b

bb

)4

µK,2K
(3)
b

(
∆x (ϵi)− v

bb

)}
Cx (Ui, Uj)

and it follows from the same arguments that
{
K

(3)
b ((∆x (·)− v) /bb) : (v, bb) ∈ Ix ×

[
hb, hb

]}
is uni-

formly VC-type with respect to a constant envelope. By Chernozhukov et al. (2014a, Lemma B.2),{
Hbc

x (·, v; b, bb) : (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]}
is uniformly VC-type with respect to an O

(
h−2

)
constant enve-

lope. Then the assertion follows from the same arguments. ■

The following result is an analogue of Lemma 5 under bias correction.

Lemma S3. Under the assumptions of Theorem S1, (a)

√
n

 1

n(2)

∑
(i,j)

H△,bc
x (Ui, Uj , v; b, bb, h, hb)

 = O⋆
p

((
εn + εbn

)√
log (n),

√
log (n)

nh3

)
, (S117)

uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
. (b)

√
nb
(
f̃bc∆X (v, x; b, bb)−mbc

∆X (v, x; b, bb)
)
−
√
nh
(
f̃bc∆X (v, x;h, hb)−mbc

∆X (v, x;h, hb)
)
= O⋆

p

((
εn + εbn

)√
log (n)

)
,

(S118)
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uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
.

Proof of Lemma S2. Let N (u; b, bb, h, hb) := (h/b)
1/2

(b/bb)
3
K ′′

b ((h/bb)u)− (h/hb)
3
K ′′

b ((h/hb)u). Then,

(
h

b

)1/2

M

((
h

b

)
u; b, bb

)
−M (u;h, hb) = L (u; b, h)−N (u; b, bb, h, hb)µK,2. (S119)

Let

N ′ (u; b, bb, h, hb) :=
∂N (u; b, bb, h, hb)

∂u

=

(
h

b

)3/2(
b

bb

)4

K
(3)
b

((
h

bb

)
u

)
−
(
h

hb

)4

K
(3)
b

((
h

hb

)
u

)
=

{(
h

b

)3/2(
b

bb

)4

−
(
h

hb

)4
}
K

(3)
b

((
h

bb

)
u

)
+

(
h

hb

)4{
K

(3)
b

((
h

bb

)
u

)
−K

(3)
b

((
h

hb

)
u

)}
=: N† (u; b, bb, h, hb) +N‡ (u; b, bb, h, hb)

And let

H†,bc
x (Ui, Uj , v; b, bb, h, hb) := h−3/2N†

(
∆x (ϵi)− v

h
; b, bb, h, hb

)
Cx (Ui, Uj)

H‡,bc
x (Ui, Uj , v; b, bb, h, hb) := h−3/2N‡

(
∆x (ϵi)− v

h
; b, bb, h, hb

)
Cx (Ui, Uj) .

Then

H△,bc
x (Ui, Uj , v; b, bb, h, hb) :=

√
b · Hbc

x (Ui, Uj , v; b, bb)−
√
h · Hbc

x (Ui, Uj , v;h, hb)

= h−3/2

{
L′
(
∆x (ϵi)− v

h
; b, h

)
−N ′

(
∆x (ϵi)− v

h
; b, bb, h, hb

)
µK,2

}
Cx (Ui, Uj)

=: H△
x (Ui, Uj , v; b, h)−

{
H†,bc

x (Ui, Uj , v; b, bb, h, hb) +H‡,bc
x (Ui, Uj , v; b, bb, h, hb)

}
µK,2. (S120)

It is easy to check that

C3,n := sup
(b,bb)∈[h,h]×[hb,hb]

∣∣∣∣∣
(
h

b

)1/2(
b

bb

)3

−
(
h

hb

)3
∣∣∣∣∣

=

(
h

hb

)3

sup
(b,bb)∈[h,h]×[hb,hb]

∣∣∣∣∣ (b/h)5/2(bb/hb)
3 − 1

∣∣∣∣∣ = O

((
h

hb

)3 (
εn + εbn

))
. (S121)

And similarly,

C4,n := sup
(b,bb)∈[h,h]×[hb,hb]

∣∣∣∣∣
(
h

b

)3/2(
b

bb

)4

−
(
h

hb

)4
∣∣∣∣∣ = O

((
h

hb

)4 (
εn + εbn

))
. (S122)

By similar arguments and using h/hb → ς ∈ [0,∞),
{
H†,bc

x (·, v; b, bb, h, hb) : (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]}
is uniformly VC-type with respect to an O

((
εn + εbn

)
/h3/2

)
constant envelope. Similarly,{

H‡,bc
x (·, v; b, bb, h, hb) : (v, b, bb) ∈ Ix ×

[
h, h

]
×
[
hb, hb

]}
is also uniformly VC-type with respect to an

O
((
εn + εbn

)
/h3/2

)
constant envelope. Therefore, by (S120) and Chernozhukov et al. (2014a, Lemma

B.2),
{
H△,bc

x (·, v; b, bb, h, hb) : (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]}
is uniformly VC-type with respect to an

O
((
εn + εbn

)
/h3/2

)
constant envelope. (S39) holds if L (·; b, h) is replaced by L (·; b, h)−N (·; b, bb, h, hb)µK,2. By
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this result and

|N (u; b, bb, h, hb)| ≤

{
C3,n ∥K ′′

b ∥∞ +

(
h

hb

)3 ∥∥∥K(3)
b

∥∥∥
∞

(
1 + εbn
1− εbn

)
εbn

}
1

(
|u| ≤

(
1 + εbn

) hb
h

)

|N ′ (u; b, bb, h, hb)| ≤

{
C4,n

∥∥∥K(3)
b

∥∥∥
∞

+

(
h

hb

)4 ∥∥∥K(4)
b

∥∥∥
∞

(
1 + εbn
1− εbn

)
εbn

}
1

(
|u| ≤

(
1 + εbn

) hb
h

)
, (S123)

we have the first assertion.

It is easy to check that

√
nb
(
f̃bc∆X (v, x; b, bb)−mbc

∆X (v, x; b, bb)
)
−

√
nh
(
f̃bc∆X (v, x;h, hb)−mbc

∆X (v, x;h, hb)
)

=
{√

nb
(
f̃∆X (v, x; b)−m∆X (v, x; b)

)
−
√
nh
(
f̃∆X (v, x;h)−m∆X (v, x;h)

)}
+

{
1√
nh

n∑
i=1

(
N

(
∆i − v

h
; b, bb, h, hb

)
− E

[
N

(
∆− v

h
; b, bb, h, hb

)])}
µK,2.

We have

1√
nh

n∑
i=1

(
N

(
∆i − v

h
; b, bb, h, hb

)
1 (Xi = x)− E

[
N

(
∆− v

h
; b, bb, h, hb

)
1 (X = x)

])
= O⋆

p

((
εn + εbn

)√
log (n)

)
,

uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
. ■

Let V bc (v | x; b, bb) be defined by the formula of V (v | x; b) with K (·) replaced by the bias-correcting kernel
M (·; b, bb). Let V bc (v, x; b, bb), V bc

1 (v, x; b, bb), V bc
2 (v, x; b, bb), V̂ bc

1 (v, x; b, bb) and V̂ bc
2 (v, x; b, bζ , bb) be defined by

the formulae of V (v, x; b), V1 (v, x; b), V2 (v, x; b), V̂1 (v, x; b) and V̂2 (v, x; b, bζ) with K (·) replaced by M (·; b, bb).
Similarly, we replace all the notations defined in the proof of Lemma 7 with their bias-corrected versions, which
simply replace K (·) with M (·; b, bb). The following result is an analogue of Theorem B.1 under bias correction.

Lemma S4. Suppose the assumptions of Theorem S1 hold. For some constants C1, C2 > 0, when n is sufficiently
large,

Pr

[∥∥∥V̂ bc
(
· | x; ĥ, ĥζ , ĥb

)
− V bc (· | x;h, hb)

∥∥∥
Ix
> C1

(
κV1 (γ) + εn + εbn

)]
≤ C2

(
κV2 (γ) + δn + δζn + δbn

)
, ∀γ ∈ (0, 1) .

Proof of Lemma S4. We apply similar arguments used in the proof of Lemma 7. It can be shown that all
intermediate results are still valid. E.g., by using

∥∥r̂bc∆X (·, x; ·, ·)− rbc∆X (·, x; ·, ·)
∥∥
Ix×[h,h]×[hb,hb]

= O⋆
p

(√
log (n)

nh
,

√
log (n)

nh3

)
∥∥∥f̂bc∆X (·, x; ·, ·)−mbc

∆X (·, x; ·, ·)
∥∥∥
Ix×[h,h]×[hb,hb]

= O⋆
p

(√
log (n)

nh
,

√
log (n)

nh3

)
,

we can show that (S40) is still valid:

∥∥∥V̂ bc
1 (·, x; ·, ·)− V bc

1 (·, x; ·, ·)
∥∥∥
Ix×[h,h]×[hb,hb]

= O⋆
p

(√
log (n)

nh
,

√
log (n)

nh3

)
.

Similarly, we use a similar decomposition for V̇ bc
2 (v, x; b, bb)− V̈ bc

2 (v, x; b, bb), which is given by the right hand side
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of the first equality of (S41) with K (·) replaced by M (·; b, bb). By (S12), (S112) and mean value expansion, we get
the second equality of (S41). It is easy to see that (S43) also holds for K(4)

b

((
∆̇j − v

)
/bb

)
. Then, by this result

and (S43),

T bc
2 (v; b, bb) :=

1

n(3)

∑
(i,j,k)

1

b4

(
M ′′

(
∆̇j − v

b
; b, bb

)
−M ′′

(
∆j − v

b
; b, bb

))

×
(
∆̂j −∆j

)
qx (Wj ,Wi)M

′
(
∆k − v

b
; b, bb

)
qx (Wk,Wi)1 (Xi = x)

=
1

n(3)

∑
(i,j,k)

1

b4

(
K ′′

(
∆̇j − v

b

)
−K ′′

(
∆j − v

b

))
1j (v; b)

×
(
∆̂j −∆j

)
qx (Wj ,Wi)M

′
(
∆k − v

b
; b, bb

)
qx (Wk,Wi)1 (Xi = x)

−µK,2

n(3)

∑
(i,j,k)

1

b4

(
b

bb

)5
(
K

(4)
b

(
∆̇j − v

bb

)
−K

(4)
b

(
∆j − v

bb

))
1j (v; bb)

×
(
∆̂j −∆j

)
qx (Wj ,Wi)M

′
(
∆k − v

b
; b, bb

)
qx (Wk,Wi)1 (Xi = x) ,

uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
, where the second equality holds with probability 1−O

(
n−1

)
. Then

by the triangle inequality, (S15), (S12), ∥1∆X (·, x; ·)∥Ix×[hb,hb] = O⋆
p (1), h/hb → ς ∈ [0,∞), (S115) and (S113), we

have
∥∥T bc

2

∥∥
Ix×[h,h]×[hb,hb]

= O⋆
p

(
log (n) /

(
nh3

))
. By (S115), (S113) and Lemma 2, we have

T bc
1 (v; b, bb) =

1

n(4)

∑
(i,j,k,m)

Kbc
x (Ui, Uj , Uk, Um, v; b, bb) +O⋆

p

((
log (n)

n

)3/4

h−2

)
,

uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
. By Chernozhukov et al. (2014a, Lemma B.2) and h/hb → ς ∈ [0,∞),

Kbc is uniformly VC-type with respect to an O
(
h−4

)
constant envelope. Note that (S53) and (S59) with K (·)

replaced by M (·; b, bb) hold. It also holds that
∫
M ′′ (u; b, bb) du = 0. By calculations with K (·) replaced by

M (·; b, bb), (S115) and h/hb → ς ∈ [0,∞), we have σ2
K⟨1⟩,bc = O

(
h−1

)
and σ2

K⟨2⟩,bc = O
(
h−5

)
. Therefore, by the

same arguments, (S60) with K replaced by Kbc holds. Therefore, (S61) with
∥∥∥V̇2 (·, x; ·)− V̈2 (·, x; ·)

∥∥∥
Ix×[h,h]

replaced

by
∥∥∥V̇ bc

2 (·, x; ·, ·)− V̈ bc
2 (·, x; ·, ·)

∥∥∥
Ix×[h,h]×[hb,hb]

holds. By

Pr

[∣∣∣∣∣M ′

(
∆̂i − v

b
; b, bb

)∣∣∣∣∣1 (Xi = x) ≤ C
(1)
K 1

(1)
i (v; b, bb)1 (Xi = x) , ∀ (i, v, b, bb) ∈ {1, ..., n} × Ix ×

[
h, h

]
×
[
hb, hb

]]
= 1−O

(
n−1

)
, (S124)

(S113) and (S65),
∥∥T bc

3

∥∥
Ix×[h,h]×[hb,hb]

= O⋆
p

(√
log (n) /nh2

)
. Similarly, we show that

∥∥T bc
4

∥∥
Ix×[h,h]×[hb,hb]

=

O⋆
p

(√
log (n) /nh2

)
. By (S112), (S124), ζ = O⋆

p

(√
log (n) / (nhζ) + h2ζ

)
, R = O⋆

p

(√
log (n) /n

)
, ϕ =

O⋆
p

(√
log (n) /n

)
and (S113), the last equalities of (S69) and (S70) also hold for

∥∥T bc
5.3

∥∥
Ix×[h,h]×[hζ ,hζ]×[hb,hb]

and∥∥T bc
5.2

∥∥
Ix×[h,h]×[hζ ,hζ]×[hb,hb]

. By (S124) and

sup
e∈[ϵx,ϵx]

∣∣∣∣∣∣ 1

n(2)

∑
(i,k)

Zbc
x (Ui, Uk, v, e; b, bb)

∣∣∣∣∣∣ = O⋆
p (1) ,
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uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
, which follows from similar arguments and calculations, we have∥∥T bc

5.1

∥∥
Ix×[h,h]×[hζ ,hζ]×[hb,hb]

= O⋆
p

(√
log (n) / (nhζ) + h2ζ ,

√
log (n) / (nh)

)
. By ζ = O⋆

p

(√
log (n) / (nhζ) + h2ζ

)
,

(S67) and (S124),
∥∥T bc

6

∥∥
Ix×[h,h]×[hζ ,hζ]×[hb,hb]

= O⋆
p

((√
log (n) / (nhζ) + h2ζ

)2
,
√
log (n) / (nh)

)
. Then by similar

arguments,

1

n(3)

∑
(i,j,k)

1

b3
M ′

(
∆̂j − v

b
; b, bb

)
Ω (Wj ,Wi; bζ)M

′

(
∆̂k − v

b
; b, bb

)
Ω (Wk,Wi; bζ)1 (Xi = x) = O⋆

p

(√
log (n)

nh2

)
.

Then we have

Ṽ bc
2 (v, x; b, bζ , bb)− V̇ bc

2 (v, x; b, bb) = O⋆
p

(√
log (n)

nh2
+

√
log (n)

nhζ
+ h2ζ ,

√
log (n)

nh

)
,

uniformly in (v, b, bζ , bb) ∈ Ix ×
[
h, h

]
×
[
hζ , hζ

]
×
[
hb, hb

]
. By similar arguments, (S77) with∥∥∥V̈2 (·, x; ·)− V̄2 (·, x; ·)

∥∥∥
Ix×[h,h]

replaced by
∥∥∥V̈ bc

2 (·, x; ·, ·)− V̄ bc
2 (·, x; ·, ·)

∥∥∥
Ix×[h,h]×[hb,hb]

holds. And, therefore,

∀γ ∈ (0, 1),

Pr

 sup
(v,b,bζ ,bb)∈Ix×[h,h]×[hζ ,hζ]×[hb,hb]

∣∣∣V̂2 (v, x; b, bζ , bb)− V2 (v, x; b, bb)
∣∣∣ > C1κ

V
1 (γ)

 ≤ C2κ
V
2 (γ) ,

when n is sufficiently large. By change of variables and using (S119), (S123), (S38), (S115) and

(
h

b

)
M

((
h

b

)
u; b, bb

)2

−M (u;h, hb)
2

=

((
h

b

)1/2

M

((
h

b

)
u; b, bb

)
+M (u;h, hb)

)
(L (u; b, h)−N (u; b, bb, h, hb)µK,2) ,

we have rbc∆X (v, x; b)− rbc∆X (v, x;h) = O
(
εn + εbn

)
. By (S119), (S38), (S123) and change of variables,

√
b ·mbc

∆X (v, x; b, bb)−
√
h ·mbc

∆X (v, x;h, hb) = O
(√

h
(
εn + εbn

))
b ·mbc

∆X (v, x; b, bb)
2 − h ·mbc

∆X (v, x;h, hb)
2

= O
(
h
(
εn + εbn

))
, (S125)

uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
. By change of variables, integration by parts, (S38) and (S123),

∫ ϵx

ϵx

b−3/2M ′
(
∆x (e)− v

b
; b, bb

)
ρx (e)Fϵ|X (e | x) de−

∫ ϵx

ϵx

h−3/2M ′
(
∆x (e)− v

h
;h, hb

)
ρx (e)Fϵ|X (e | x) de

= h−3/2

∫ ϵx

ϵx

(
L′
(
∆x (e)− v

h
; b, h

)
−N ′

(
∆x (e)− v

h
; b, bb, h, hb

)
µK,2

)
ρx (e)Fϵ|X (e | x) de = O

(
h1/2

(
εn + εbn

))
and

∫ ϵx

ϵx

b−3/2M ′
(
∆x (e)− v

b
; b, bb

)
ρx (e) de−

∫ ϵx

ϵx

h−3/2M ′
(
∆x (e)− v

h
;h, hb

)
ρx (e) de

= h−3/2

∫ ϵx

ϵx

(
L′
(
∆x (e)− v

h
; b, h

)
−N ′

(
∆x (e)− v

h
; b, bb, h, hb

)
µK,2

)
ρx (e) de = O

(
h1/2

(
εn + εbn

))
,
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uniformly in (v, b, bb) ∈ Ix ×
[
h, h

]
×
[
hb, hb

]
. Then, by tedious calculations, we have

∣∣∣∣∣
(
h

b

)2

M ′
(
h

b
w; b, bb

)
M

(
h

b
u; b, bb

)
−M ′ (w;h, hb)M (u;h, hb)

∣∣∣∣∣
≤ Cε,n

(
1 (|u| ≤ 1 + εn) +

(
h

hb

)3

1

(
|u| ≤

(
1 + εbn

) hb
h

))(
1 (|w| ≤ 1 + εn) +

(
h

hb

)3

1

(
|w| ≤

(
1 + εbn

) hb
h

))
,

for some Cε,n = O
(
εn + εbn

)
. By using this result and

∫ (
h

b

)2

M ′
((

h

b

)
w; b, bb

)
M

((
h

b

)
w; b, bb

)
dw =

∫
M ′ (w;h, hb)M (w;h, hb) dw = 0,

we have

V̄ bc
2,j (v, x; b, bb)− V̄ bc

2,j (v, x;h, hb)

= 2h−1

∫ {(
h

b

)2

M ′
((

h

b

)
w; b, bb

)
M

((
h

b

)
w; b, bb

)
−M ′ (w;h, hb)M (w;h, hb)

}
× ψx,j (hw + v)χx,j (hw + v) dw

− 2

∫ ∫ w

−∞

{(
h

b

)2

M ′
((

h

b

)
w; b, bb

)
M

((
h

b

)
u; b, bb

)
−M ′ (w;h, hb)M (u;h, hb)

}
× ψx,j (hw + v)χ′

x,j (hu+ v) dudw = O
(
εn + εbn

)
.

Then it follows that V bc
2 (v, x; b, bb)− V bc

2 (v, x;h, hb) = O
(
εn + εbn

)
, uniformly in (v, b, bb) ∈ Ix ×

[
h, h

]
×
[
hb, hb

]
.

Then the assertion follows from arguments in the proof of Theorem B.1. ■

The following result is the analogue of Lemma 9 under bias correction.

Lemma S5. Suppose the assumptions of Theorem S1 hold. Then,

Ẑbc
jmb

(
v | x; ĥ, ĥζ , ĥb

)
− Zbc

jmb (v | x;h, hb)

= O♯
p

κV1,n√log (n) +

(
log (n)

3

nh2

)1/4

+
(
εn + εbn

)√
log (n), n−1, κV2,n + δn + δζn + δbn

 .

Proof of Lemma S5. We use an expansion similar to (S91), where we replace K (·) with M
(
·; ĥ, ĥb

)
. By

Pr
[(
ĥ, ĥb

)
∈
[
h, h

]
×
[
hb, hb

]]
> 1 −

(
δn + δbn

)
and (S113),

∥∥∥1(k)
∆X

(
·, x; ĥ, ĥb

)∥∥∥
Ix

= O⋆
p

(
1, n−1 + δn + δbn

)
. Then

by this result and (S112),

∥∥∥T ♯,bc
2

∥∥∥
Ix

≤ C
(2)
K

√
n · ĥ−3/2

(
max
1≤i≤n

|νi|
)∥∥∥1(2)

∆X

(
·, x; ĥ, ĥb

)∥∥∥
Ix
∆

2
= O♯

p

√ log (n)
3

nh3
, n−1, n−1 + δn + δbn

 .

By (S115), √√√√ 1

n

n∑
i=1

(
sbci (v)− sbci (v′)

)2 ≤ C
(2)
K

1 +

(
ĥ

ĥb

)5
 ĥ−5/2∆ |v − v′| .
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Then by this result, Pr
[(
ĥ, ĥb

)
∈
[
h, h

]
×
[
hb, hb

]]
> 1 −

(
δn + δbn

)
, h/hb → ς ∈ [0,∞) and repeating the same

arguments in the proof of (S94), we have
∥∥∥T ♯,bc

1

∥∥∥
Ix

= O♯
p

(
log (n) /

√
nh2, n−1, n−1 + δn + δbn

)
. In view of (S124),

with probability 1−O
(
δn + δbn + n−1

)
,

∥∥∥T ♯,bc
3

∥∥∥
Ix

≤ ĥ−1/2

√
n

n− 1

∥∥∥1(1)
∆X

(
·, x; ĥ, ĥb

)∥∥∥
Ix

max
1≤j≤n

∣∣Ξbc
j

∣∣ ,
where

Ξbc
j := 1j

(
v; ĥ ∨ ĥb

) 1√
n− 1

∑
i̸=j

νi

(
q̂x

(
Wj ,Wi; ĥζ

)
π̂x (Zi, Xi)− qx (Wj ,Wi)πx (Zi, Xi)

)
.

Then by Pr
[(
ĥ, ĥb

)
∈
[
h, h

]
×
[
hb, hb

]]
> 1 −

(
δn + δbn

)
,
∥∥∥1(k)

∆X

(
·, x; ĥ, ĥb

)∥∥∥
Ix

= O⋆
p

(
1, n−1 + δn + δbn

)
, and re-

peating the arguments in the proof of (S98), we have
∥∥∥T ♯,bc

3

∥∥∥
Ix

= O♯
p

((
log (n)

3
/
(
nh2

))1/4
, n−1, n−1 + δn + δbn

)
.

It also follows from similar arguments and (S112) that
∥∥∥T ♯,bc

4

∥∥∥
Ix

= O♯
p

(
log (n) /

√
nh3, n−1, n−1 + δn + δbn

)
. There-

fore, (S100) with δn replaced by δn + δbn still holds for the bias-corrected version. It follows from (S101), (S125)
and Lemmas S1 and S3 that the bias-corrected version of (S102) holds. The bias-corrected version of (S104) follows
from repeating the arguments in the proof of (S104), Lemma S2, (S115) and

1

n

n∑
i=1

1

h
M ′
(
∆i − v

h
;h, hb

)2

1 (Xi = x) > ∥1∆X (·, x;h)∥Ix +

(
h

hb

)7

∥1∆X (·, x;hb)∥Ix = O⋆
p (1) ,

uniformly in v ∈ Ix. Then by repeating the arguments in the proof of ∥Sjmb (·, x;h)∥Ix =

O♯
p

(√
log (n), n−1,

√
log (n) / (nh3)

)
, where K (·) is replaced by M (·;h, hb), and using (S115) and h/hb → ς ∈

[0,∞), we have
∥∥∥Sbc

jmb (·, x;h, hb)
∥∥∥
Ix

= O♯
p

(√
log (n), n−1,

√
log (n) / (nh3)

)
. Similarly, we can simply modify the

proof of (S108) by replacing K (·) with M (·; b, bb) and M (·;h, hb). Then,

S△,bc (v, x; b, bb, h, hb) :=
1√
n

n∑
i=1

νi

{
Ũ [1],bc
x (Wi, v; b, bb)− Ũ [1],bc

x (Wi, v;h, hb)
}

=
1√
n

n∑
i=1

νi

{
h−1/2

(
L

(
∆i − v

h
; b, h

)
−N

(
∆i − v

h
; b, bb, h, hb

)
µK,2

)
1 (Xi = x)

}

+
1√
n

n∑
i=1

νi

 1

n− 1

∑
j ̸=i

h−3/2

(
L′
(
∆j − v

h
; b, h

)
−N ′

(
∆j − v

h
; b, bb, h, hb

)
µK,2

)
qx (Wj ,Wi)πx (Zi, Xi)

 .

Then by a modification of the arguments used in the proof of (S108), where (S123) and the fact that the bias-
corrected versions of the function classes are uniformly VC-type with respect to constant envelopes of order
O
((
εn + εbn

)
/h1/2

)
or O

((
εn + εbn

)
/h3/2

)
are used, we have

∥∥S△,bc (·, x; ·, ·, h, hb)
∥∥
Ix×[h,h]×[hb,hb]

= O♯
p

((
εn + εbn

)√
log (n), n−1,

√
log (n)

nh3

)
.

Then, by Pr
[(
ĥ, ĥb

)
∈
[
h, h

]
×
[
hb, hb

]]
> 1− δn − δbn,

∥∥∥S△,bc
(
·, x; ĥ, ĥb, h, hb

)∥∥∥
Ix

= O♯
p

((
εn + εbn

)√
log (n), n−1,

√
log (n)

nh3
+ δn + δbn

)
.
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Then the assertion follows from repeating the arguments in the proof of Lemma 9 and using Lemma S4. ■

Proof of Theorem S1. It follows from standard arguments for kernel density estimators that mbc
∆X (v, x; b, bb)−

f∆X (v, x) = O
(
h2hb

)
, uniformly in (v, b, bb) ∈ Ix ×

[
h, h

]
×
[
hb, hb

]
. The assertion follows from using this result in

place of (12), using Lemmas S1, S2, S3, S4 and Lemma S5 in place of Lemmas 3, 4, 5 and 9 and Theorem B.1 and
repeating the arguments in the proof of Theorem B.2. ■

S5 Nonparametric bootstrap

We denote PW∗

n f := n−1
∑n

i=1 f (W
∗
i ) and GW∗

n :=
√
n
(
PW∗

n − PW
n

)
. PU∗

n and GU∗

n are defined similarly. Let
p̂∗x := n−1

∑n
i=1 1 (X

∗
i = x), f̂∗∆X (v, x; b) := p̂∗xf̂

∗
∆|X (v | x; b) and let f̃∗∆X (v, x; b) be the nonparametric bootstrap

analogue of f̃∆X (v, x; b): f̃∗∆X (v, x; b) := (nb)
−1∑n

i=1K ((∆∗
i − v) /b)1 (X∗

i = x). The following result is a non-
parametric bootstrap analogue of Lemma 3. We prove it by adapting the proofs of Lemmas 2 and 3 and replacing
the intermediate results with their bootstrap analogues.

Lemma S6. Suppose that the assumptions in the statement of Theorem C.1 hold. Then,

f̂∗∆X (v, x; b)− f̃∗∆X (v, x; b) =
1

n(2)

∑
(i,j)

Gx

(
W ∗

i ,W
∗
j , v; b

)
+O♯

p

(
log (n)

nh2
+

log (n)
3/4

n3/4h

)
,

where the remainder is uniform in (v, b) ∈ Ix ×
[
h, h

]
.

Proof of Lemma S6. By Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with F = D, σ = b =

FD = 1, t = log (n)), we have the deviation bound Pr|Wn
1

[∥∥GW∗

n

∥∥
D
> C

√
log (n)

]
≤ n−1 and therefore, by Lemma

8,
∥∥∥Π̂∗

dzx − Π̂dzx

∥∥∥
Idx

= O♯
p

(√
log (n) /n

)
. Then, by (S1), we have a nonparametric bootstrap analogue of (S1):

Π̂∗
d0x

(
ϕ̂∗dx (y)

)
p̂∗0x

−
Π̂∗

d1x

(
ϕ̂∗dx (y)

)
p̂∗1x

+

(
Π̂∗

d′0x (y)

p̂∗0x
− Π̂∗

d′1x (y)

p̂∗1x

)
= ε∗n,

where ε∗n = O♯
p

(
n−1

)
, and by Lemma 8, we have

∥∥∥ϕ̂∗dx − ϕ̂dx

∥∥∥
Id′x

= O♯
p

(√
log (n) /n

)
and also

∥∥∥ϕ̂∗dx − ϕdx

∥∥∥
Id′x

=

O♯
p

(√
log (n) /n

)
. Then we can easily show a bootstrap analogue of (S5). Then, similarly, we decompose

Π̂∗
dzx

(
ϕ̂∗dx (y)

)
−Π̂dzx

(
ϕ̂dx (y)

)
into the sum of Π̂∗

dzx

(
ϕ̂∗dx (y)

)
−Π̂dzx

(
ϕ̂∗dx (y)

)
and Π̂dzx

(
ϕ̂∗dx (y)

)
−Π̂dzx

(
ϕ̂dx (y)

)
.

Next, we show that

Π̂∗
dzx

(
ϕ̂∗dx (y)

)
− Π̂dzx

(
ϕ̂∗dx (y)

)
= Π̂∗

dzx (ϕdx (y))− Π̂dzx (ϕdx (y)) +O♯
p

((
log (n)

n

)3/4
)

Π̂dzx

(
ϕ̂∗dx (y)

)
− Π̂dzx

(
ϕ̂dx (y)

)
= Πdzx

(
ϕ̂∗dx (y)

)
−Πdzx

(
ϕ̂dx (y)

)
+O♯

p

((
log (n)

n

)3/4
)
, (S126)

uniformly in y ∈ Id′x. Denote Λ̂∗
dzx (y, y

′) := Π̂∗
dzx (y)− Π̂∗

dzx (y
′). Let σ̂2

P+ := supf∈P+PW
n f2. Then, σ̂2

P+ ≤ σ2
P+ +∥∥PW

n − PW
∥∥
P+ = O⋆

p

(√
log (n) /n

)
. By Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with F =

P+, b = FP+ = 1, σ = σ̂P+∨b
√
VP+ log (n) /n, t = log (n)), Pr|Wn

1

[∥∥GW∗

n

∥∥
P+ > C

(
σ̂P+ ∨

√
log (n) /n

)√
log (n)

]
≤

n−1. Similarly, we define σ̂2
P− and have a deviation bound Pr|Wn

1

[∥∥GW∗

n

∥∥
P− > C

(
σ̂P− ∨

√
log (n) /n

)√
log (n)

]
≤
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n−1. With probability greater than 1−C3n
−1, Pr|Wn

1

[∥∥∥ϕ̂∗dx − ϕdx

∥∥∥
Id′x

> C1

√
log (n) /n

]
> C2n

−1. Then the first

result in (S126) follows from Lemma 8, σ̂P+ = O⋆
p

(
(log (n) /n)

1/4
)
, σ̂P− = O⋆

p

(
(log (n) /n)

1/4
)

and

Pr|Wn
1

[
sup

y∈Id′x

∣∣∣Λ̂∗
dzx

(
ϕ̂∗dx (y) , ϕdx (y)

)
− Λ̂dzx

(
ϕ̂∗dx (y) , ϕdx (y)

)∣∣∣ > C

(
σ̂P+ ∨

√
log (n)

n
+ σ̂P− ∨

√
log (n)

n

)√
log (n)

n

]

≤ Pr|Wn
1

[∥∥∥GW∗

n

∥∥∥
P+

> C

(
σ̂P+ ∨

√
log (n)

n

)√
log (n)

]
+ Pr|Wn

1

[∥∥∥GW∗

n

∥∥∥
P−

> C

(
σ̂P− ∨

√
log (n)

n

)√
log (n)

]

+ Pr|Wn
1

[∥∥∥ϕ̂∗dx − ϕdx

∥∥∥
Id′x

> C1

√
log (n)

n

]
= O⋆

p

(
n−1

)
.

Similarly, the second result in (S126) follows from Lemma 8, σP+ = O
(
(log (n) /n)

1/4
)
, σP− = O

(
(log (n) /n)

1/4
)

and

Pr|Wn
1

[
sup

y∈Id′x

∣∣∣Λ̂dzx

(
ϕ̂∗dx (y) , ϕ̂dx (y)

)
− Λdzx

(
ϕ̂∗dx (y) , ϕ̂dx (y)

)∣∣∣ > C

(
σP+ ∨

√
log (n)

n
+ σP− ∨

√
log (n)

n

)√
log (n)

n

]

≤ Pr|Wn
1

[∥∥GW
n

∥∥
P+ > C

(
σP+ ∨

√
log (n)

n

)√
log (n)

n

]
+ Pr|Wn

1

[∥∥GW
n

∥∥
P− > C

(
σP− ∨

√
log (n)

n

)√
log (n)

n

]

+ Pr|Wn
1

[∥∥∥ϕ̂∗dx − ϕ̂dx

∥∥∥
Id′x

> C1

√
log (n)

n

]
= O⋆

p

(
n−1

)
.

Then, by using (S126), a bootstrap analogue of (S5) and tedious algebra, we have

ϕ̂∗dx (y)− ϕ̂dx (y) =
1

n

n∑
i=1

Ldx (W
∗
i , y)−

1

n

n∑
i=1

Ldx (Wi, y) +O♯
p

((
log (n)

n

)3/4
)
,

uniformly in y ∈ Id′x, and by Lemmas 2 and 8, a linear representation in the bootstrap world holds:

ϕ̂∗dx (y)− ϕdx (y) =
1

n

n∑
i=1

Ldx (W
∗
i , y) +O♯

p

((
log (n)

n

)3/4
)
, (S127)

uniformly in y ∈ Id′x. By Taylor expansion, we get the bootstrap analogue of (S11), where ∆̇∗
i denotes the mean

value. The bootstrap analogue of (S12) (i.e., ∆
∗
= O♯

p

(√
log (n) /n

)
, where∆

∗
:= max1≤i≤n

∣∣∣∆̂∗
i −∆∗

i

∣∣∣1 (X∗
i = x))

follows from
∥∥∥ϕ̂∗dx − ϕdx

∥∥∥
Id′x

= O♯
p

(√
log (n) /n

)
. Then since

√
log (n) /n = o (h), for some constants C2, C3 > 0,

with probability 1− C3n
−1, the bootstrap analogue of (S13) holds:

1− C2n
−1 ≤ Pr|Wn

1

[
∆

∗ ≤ h
]

≤ Pr|Wn
1

[∣∣∣∣∣K ′′

(
∆̇∗

i − v

b

)∣∣∣∣∣1 (X∗
i = x) ≤ ∥K ′′∥∞ 1

∗
i (v; b)1 (X

∗
i = x) , ∀ (i, v, b) ∈ {1, ..., n} × Ix ×

[
h, h

]]
,

(S128)

where 1
∗
i (v; b) := 1 (|∆∗

i − v| ≤ 2b). Then the bootstrap analogue of (S14) holds with probability 1 − C3n
−1.

Let σ̂2
I := supf∈IPU

n f
2. Then we have σ̂2

I ≤ h−1
(∥∥PU

∥∥
I
+
∥∥PU

n − PU
∥∥
I

)
= O⋆

p

(
h−1

)
. By Talagrand’s inequality
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(Chernozhukov et al., 2016, Lemma 6.3 with F = I, b = FI = h−1, σ = σ̂I ∨ b
√
VIlog (n) /n, t = log (n)), we have

Pr|Wn
1

[∥∥∥GU∗

n

∥∥∥
I
> C

(
σ̂I ∨

√
log (n)

nh2

)√
log (n)

]
≤ n−1.

By Lemma 8,
∥∥GU∗

n

∥∥
I
= O♯

p

(√
log (n) /h

)
. Then, by Lemma 8,

∥∥∥PU∗

n

∥∥∥
I
≤
∥∥∥PU∗

n − PU
n

∥∥∥
I
+
∥∥PU

n − PU
∥∥
I
+
∥∥PU

∥∥
I
= O♯

p (1) .

Then, by these results, the bootstrap analogue of (S16) holds and then we have

f̂∗∆X (v, x; b)− f̃∗∆X (v, x; b) =
1

n

n∑
i=1

1

b2
K ′
(
∆∗

i − v

b

)(
∆̂∗

i −∆∗
i

)
1 (X∗

i = x) +O♯
p

(
log (n)

nh2

)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Then the assertion follows from this result, (S127) and

∥∥PU∗

n

∥∥
I
= O♯

p (1). ■

Lemma S7. Suppose that the assumptions in the statement of Theorem C.1 hold. Then,

f̂∗∆X (v, x; b)− f̃∗∆X (v, x; b) =
1

n2

n∑
i=1

n∑
j=1

Hx (Ui, Uj , v; b) +

{
1

n

n∑
i=1

H[1]
x (U∗

i , v; b)−
1

n

n∑
i=1

H[1]
x (Ui, v; b)

}

+O♯
p

((
log (n)

n3h5

)1/4

,

(
log (n)

nh3

)1/4

,

√
log (n)

nh3

)
,

where the remainder is uniform in (v, b) ∈ Ix ×
[
h, h

]
.

Proof of Lemma S7. It is easy to check that

Gx

(
W ∗

i ,W
∗
j , v; b

)
= Gx

(
(g (D∗

i , X
∗
i , ϵ

∗
i ) , D

∗
i , Z

∗
i , X

∗
i ) ,
(
g
(
D∗

j , X
∗
j , ϵ

∗
j

)
, D∗

j , Z
∗
j , X

∗
j

)
, v; b

)
= Hx

(
U∗
i , U

∗
j ; v
)
.

Denote

H[1]

x (u, v; b) := E|Wn
1
[Hx (U

∗, u, v; b)] =
1

n

n∑
j=1

Hx (Uj , u, v; b)

H[2]

x (u, v; b) := E|Wn
1
[Hx (u, U

∗, v; b)] =
1

n

n∑
j=1

Hx (u, Uj , v; b)

µHx
(v; b) := E|Wn

1
[Hx (U

∗
1 , U

∗
2 , v; b)] =

1

n2

n∑
i=1

n∑
j=1

Hx (Ui, Uj , v; b) .

Then, by Hoeffding decomposition,

1

n(2)

∑
(i,j)

Hx

(
U∗
i , U

∗
j , v; b

)
= µHx

(v; b)+

{
1

n

n∑
i=1

H[1]

x (U∗
i , v; b)− µHx

(v; b)

}
+

{
1

n

n∑
i=1

H[2]

x (U∗
i , v; b)− µHx

(v; b)

}

+
1

n(2)

∑
(i,j)

{
Hx

(
U∗
i , U

∗
j , v; b

)
−H[1]

x

(
U∗
j , v; b

)
−H[2]

x (U∗
i , v; b) + µHx

(v; b)
}
. (S129)
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Denote

T ∗
1 (v; b) :=

1

n

n∑
i=1

(
H[1]

x (U∗
i , v; b)−H[1]

x (U∗
i , v; b)

)
−

(
µHx

(v; b)− 1

n

n∑
i=1

H[1]
x (Ui, v; b)

)

T ∗
2 (v; b) :=

1

n

n∑
i=1

H[2]

x (U∗
i , v; b)− µHx

(v; b)

T ∗
3 (v; b) :=

1

n(2)

∑
(i,j)

{
Hx

(
U∗
i , U

∗
j , v; b

)
−H[1]

x

(
U∗
j , v; b

)
−H[2]

x (U∗
i , v; b) + µHx

(v; b)
}
.

Then, by (S129),

1

n(2)

∑
(i,j)

Hx

(
U∗
i , U

∗
j , v; b

)
= µHx

(v; b) +
1

n

n∑
i=1

H[1]
x (U∗

i , v; b)−
1

n

n∑
i=1

H[1]
x (Ui, v; b) + T ∗

1 (v; b) + T ∗
2 (v; b) + T ∗

3 (v; b) .

Note that E|Wn
1

[(
H[1]

x (U∗, v; b)−H[1]
x (U∗, v; b)

)2]
can be represented by a V-statistic:

E|Wn
1

[(
H[1]

x (U∗, v; b)−H[1]
x (U∗, v; b)

)2]
=

1

n3

n∑
i=1

n∑
j=1

n∑
k=1

(
Hx (Uj , Ui, v; b)−H[1]

x (Ui, v; b)
)(

Hx (Uk, Ui, v; b)−H[1]
x (Ui, v; b)

)
=:

1

n3

n∑
i=1

n∑
j=1

n∑
k=1

Vx (Ui, Uj , Uk, v; b) . (S130)

It is easy to check that by using the V-statistic decomposition (Serfling (2009, 5.7.3)),

1

n3

n∑
i=1

n∑
j=1

n∑
k=1

Vx (Ui, Uj , Uk, v; b)−
1

n(3)

∑
(i,j,k)

Vx (Ui, Uj , Uk, v; b) = O
((
nh4

)−1
)
, (S131)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
, and the kernel of the U -statistic n−1

(3)

∑
(i,j,k) Vx (Ui, Uj , Uk, v; b) is degenerate

of order one (see, e.g., Definition 5.1 of CK). Since both of H :=
{
Hx (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
and H[1] :={

H[1]
x (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
are uniformly VC-type with respect to a constant envelope that is a multiple of

h−2 (see the proof of Lemma 4), by Chernozhukov et al. (2014a, Lemma B.2), V :=
{
Vx (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
is uniformly VC-type with respect to a constant envelope FV = O

(
h−4

)
. By Hoeffding decomposition (see

Equation (18) in CK) of the U -process
{
U(3)

n f : f ∈ V
}

and using the maximal inequality given by Corol-

lary 5.6 of CK (F = V, r = 3, k = 2, 3, p = 1, F = FV), E
[∥∥∥U(3)

n

∥∥∥
V

]
= O

(
n−1/2h−4

)
. Denote

R :=
{
H[1]

x (·, v; b)−H[1]
x (·, v; b) : (v, b) ∈ Ix ×

[
h, h

]}
and

σ̂2
R := sup

f∈R
PU
n f

2 = sup
(v,b)∈Ix×[h,h]

E|Wn
1

[(
H[1]

x (U∗, v; b)−H[1]
x (U∗, v; b)

)2]
.

By (S130) and (S131), E
[
σ̂2
R

]
= n−1/2E

[∥∥∥U(3)
n

∥∥∥
V

]
= O

((
nh4

)−1
)
. By Markov’s inequality,

Pr

σ̂R >

(
E
[
σ̂2
R

]
log (n)h

)1/4
 ≤

√
log (n)h · E [σ̂2

R]
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and, therefore, σ̂R = O⋆
p

(
log (n)

−1/4 (
nh5

)−1/4
,
√
log (n) / (nh3)

)
. By CK Lemma 5.4, the (data-dependent)

function class H
[1]

:=
{
H[1]

x (·, v; b) : (v, b) ∈ Ix ×
[
h, h

]}
is uniformly VC-type (conditionally on the data) with

respect to a constant envelope F
H

[1] = FH = O
(
h−2

)
, i.e., (A.2) with F = H

[1]
and FF = F

H
[1] is satisfied with

VC characteristics that are functions of (AH, VH) and do not depend on the data. Then, by Chernozhukov et al.
(2014a, Lemma B.2), R is also uniformly VC-type (conditionally on the data) with respect to the constant envelope
FR = 2FH = O

(
h−2

)
and its VC characteristics depend only on (AH, VH). Then, by Talagrand’s inequality

(Chernozhukov et al., 2016, Lemma 6.3 with F = R, b = FR, σ = σ̂R ∨ b
√
VRlog (n) /n, t = log (n)), we have

Pr|Wn
1

[∥∥∥GU∗

n

∥∥∥
R
> C

(
σ̂R ∨

√
log (n)

nh4

)√
log (n)

]
≤ n−1.

By ∥T ∗
1 ∥Ix×[h,h] = n−1/2

∥∥GU∗

n

∥∥
R

and Lemma 8, ∥T ∗
1 ∥Ix×[h,h] = O♯

p

((
log (n) /

(
n3h5

))1/4
, n−1,

√
log (n) / (nh3)

)
.

Denote Hx (e) := n−1
∑n

i=1

{
1 (ϵi ≤ e)− Fϵ|X (e | x)

}
πx (Zi, Xi). By Talagrand’s inequality, we can easily show

that
∥∥Hx

∥∥
[ϵx,ϵx]

= O⋆
p

(√
log (n) /n

)
. Then, H[2]

x (U∗
i , v; b) = b−2K ′ ((∆x (ϵ

∗
i )− v) /b)ϖx (U

∗
i )Hx (ϵ

∗
i ). It can

be easily verified by using arguments in the proof of Lemma 4 that the (data-dependent) function class H
[2]

:={
H[2]

x (·, v; b) : (v, b) ∈ Ix ×
[
h, h

]}
is uniformly VC-type (conditionally on the data) with respect to a constant

envelope F
H

[2] that is a multiple of h−2
∥∥Hx

∥∥
[ϵx,ϵx]

, with VC characteristics that do not depend on the data. Then,

by CK Corollary 5.6 (with F = H
[2]

, r = k = 1, p = 1 and F = F
H

[2]), E|Wn
1

[∥∥GU∗

n

∥∥
H

[2]

]
= O⋆

p

(√
log (n) / (nh4)

)
.

Then, by Markov’s inequality,

Pr|Wn
1

[∥∥∥GU∗

n

∥∥∥
H

[2]
> h−1/4

√
E|Wn

1

[
∥GU∗

n ∥
H

[2]

]]
≤ h1/4

√
E|Wn

1

[
∥GU∗

n ∥
H

[2]

]
= O⋆

p

((
log (n)

nh3

)1/4
)
.

By Lemma 8 and ∥T ∗
2 ∥Ix×[h,h] = n−1/2

∥∥GU∗

n

∥∥
H

[2] , ∥T ∗
2 ∥Ix×[h,h] = O♯

p

((
log (n) /

(
n3h5

))1/4
,
(
log (n) /

(
nh3

))1/4
, n−1

)
.

By CK Corollary 5.6 (with F = H, r = k = 2, p = 1 and F = FH), E|Wn
1

[
∥T ∗

3 ∥Ix×[h,h]
]
= O⋆

p

((
nh2

)−1
)
. Then,

by Markov’s inequality,

Pr|Wn
1

∥T ∗
3 ∥Ix×[h,h] >

√
E|Wn

1

[
∥T ∗

3 ∥Ix×[h,h]
]

(nh)
1/4

 ≤ (nh)
1/4

√
E|Wn

1

[
∥T ∗

3 ∥Ix×[h,h]
]
= O⋆

p

((
nh3

)−1/4
)
.

Therefore, by Lemma 8, we have ∥T ∗
3 ∥Ix×[h,h] = O♯

p

((
n3h5

)−1/4
,
(
nh3

)−1/4
, n−1

)
. ■

Lemma S8. Suppose that the assumptions of Theorem C.1 hold. Then, (a)

Snpb (v | x; b) = S̄npb (v | x; b) +O♯
p

((
log (n)

nh3

)1/4

+
√
log (n)h,

(
log (n)

nh3

)1/4

,

√
log (n)

nh3

)
,

where

S̄npb (v | x; b) := 1√
n

n∑
i=1

M[1]
x (U∗

i , v; b)−
1

n

n∑
j=1

M[1]
x (Uj , v; b)

 ,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. (b) S̄npb (v | x; b) − S̄npb (v | x;h) = O♯

p

(
εn
√
log (n)

)
, uniformly in (v, b) ∈

Ix ×
[
h, h

]
.
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Proof of Lemma S8. By V-statistic decomposition Serfling (2009, 5.7.3) and the fact that H has an O
(
h−2

)
envelope,

1

n2

n∑
i=1

n∑
j=1

Hx (Ui, Uj , v; b)−
1

n(2)

∑
(i,j)

Hx (Ui, Uj , v; b) = O
((
nh2

)−1
)
,

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. We decompose

f̂∗∆X (v, x; b)− f̂∆X (v, x; b) =
(
f̂∗∆X (v, x; b)− f̃∗∆X (v, x; b)

)
+
(
f̃∗∆X (v, x; b)− f̃∆X (v, x; b)

)
−
(
f̂∆X (v, x; b)− f̃∆X (v, x; b)

)
.

Then, by Lemmas 3, 8 and S7,

f̂∗∆X (v, x; b)− f̂∆X (v, x; b) =

{
1

n

n∑
i=1

H[1]
x (U∗

i , v; b)−
1

n

n∑
i=1

H[1]
x (Ui, v; b)

}
+
{
f̃∗∆X (v, x; b)− f̃∆X (v, x; b)

}
+O♯

p

((
log (n)

n3h5

)1/4

,

(
log (n)

nh3

)1/4

,

√
log (n)

nh3

)
, (S132)

uniformly in (v, b) ∈ Ix ×
[
h, h

]
. Then, let σ̂2

H[1] := supf∈H[1]PU
n f

2 and Ḧ :=
{
H[1]

x (·, v; b)2 : (v, b) ∈ Ix ×
[
h, h

]}
.

By Chernozhukov et al. (2014a, Lemma B.2), Ḧ is uniformly VC-type with respect to a constant envelope
FḦ = O

(
h−4

)
. Then, σ̂2

H[1] ≤ σ2
H[1] +

∥∥PU
n − PU

∥∥
Ḧ
. It was shown in the proof of Lemma 4 that σ2

H[1] =

O
(
h−1

)
. Let σ2

Ḧ
:= supf∈ḦP

Uf2. It is easy to check that by change of variables, σ2
Ḧ

= O
(
h−4

)
and

therefore, by Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with F = Ḧ, b = FḦ, σ =

σḦ ∨ b
√
VḦlog (n) /n, t = log (n)),

∥∥GU
n

∥∥
Ḧ
= O⋆

p

(√
log (n) /h4 + log (n) /

(
n1/2h4

))
and therefore,

∥∥PU
n − PU

∥∥
Ḧ
=

n−1/2
∥∥GU

n

∥∥
Ḧ

= O⋆
p

(√
log (n) / (nh4) + log (n) /

(
nh4

))
and σ̂2

H[1] = O⋆
p

(
h−1

)
. By using Talagrand’s inequality

(Chernozhukov et al., 2016, Lemma 6.3 with F = H[1], b = FH[1] = O
(
h−2

)
, σ = σ̂H[1] ∨ b

√
VH[1] log (n) /n

and t = log (n)) and Lemma 8,
∥∥GU∗

n

∥∥
H[1] = O♯

p

(√
log (n) /h

)
and therefore, n−1

∑n
i=1 H

[1]
x (U∗

i , v; b) −

n−1
∑n

i=1 H
[1]
x (Ui, v; b) is O♯

p

(√
log (n) / (nh)

)
, uniformly in (v, b) ∈ Ix ×

[
h, h

]
. Similarly, by Talagrand’s in-

equality,
∥∥∥f̃∗∆X (·, x; ·)− f̃∆X (·, x; ·)

∥∥∥
Ix×[h,h]

= O♯
p

(√
log (n) / (nh)

)
. By these results and (S132),

∥∥∥f̂∗∆X (·, x; ·)− f̂∆X (·, x; ·)
∥∥∥
Ix×[h,h]

= O♯
p

(√
log (n)

nh
,

(
log (n)

nh3

)1/4

,

√
log (n)

nh3

)
. (S133)

By Lemma 8 and Hoeffding’s inequality, we have p̂∗x − p̂x = O♯
p

(√
log (n) /n

)
. By p̂x −

px = O⋆
p

(√
log (n) /n

)
and Lemma 8, we have p̂∗x − px = O♯

p

(√
log (n) /n

)
(∃C1, C2, C3 >

0,Pr
[
Pr|Wn

1

[
|p̂∗x − px| > C1

√
log (n) /n

]
> C2n

−1
]
≤ C3n

−1). By using

Pr|Wn
1

[∣∣∣∣pxp̂∗x − 1

∣∣∣∣ > 2C1

px

√
log (n)

n

]
≤ Pr|Wn

1

[
|p̂∗x − px| > C1

√
log (n)

n

]
+ Pr|Wn

1

[
p̂∗x <

px
2

]
≤ 2 · Pr|Wn

1

[
|p̂∗x − px| > C1

√
log (n)

n

]
,

where the second inequality holds when n is sufficiently large, we have px/p̂∗x − 1 = O♯
p

(√
log (n) /n

)
. By this
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result, px/p̂x − 1 = O⋆
p

(√
log (n) /n

)
, Lemma 8, (S132), (S133) and

Snpb (v | x; b) = 1

px

√
nb
(
f̂∗∆X (v, x; b)− f̂∆X (v, x; b)

)
+

(
1

p̂x
− 1

px

)√
nb
(
f̂∗∆X (v, x; b)− f̂∆X (v, x; b)

)
+

√
nbf̂∗∆X (v, x; b)

p̂x

(
p̂x
p̂∗x

− 1

)
,

we have the first assertion and also

∥Snpb (· | x; ·)∥Ix×[h,h] = O♯
p

(√
log (n),

(
log (n)

nh3

)1/4

,

√
log (n)

nh3

)
. (S134)

Note that

S̄npb (v | x; b)− S̄npb (v | x;h)

=
1√
n

n∑
i=1

E△
x (U∗

i , v; b, h)−
1

n

n∑
j=1

E△
x (Uj , v; b, h)

+
1√
n

n∑
i=1

H△[1]
x (U∗

i , v; b, h)−
1

n

n∑
j=1

H△[1]
x (Uj , v; b, h)

 .

It is shown in the proof of Lemma 9 that σ̂2
E△ := supf∈E△PU

n f
2 = O⋆

p

(
ε2n
)
. By Talagrand’s inequality (Cher-

nozhukov et al., 2016, Lemma 6.3 with F = E△, b = FE△ , σ = σ̂E△ ∨ b
√
VE△ log (n) /n, t = log (n)),∥∥GU∗

n

∥∥
E△ = O♯

p

(
εn
√
log (n)

)
. Let σ̂2

H△[1] := supf∈H△[1]PU
n f

2 ≤ σ2
H△[1] +

∥∥PU
n − PU

∥∥
H△△ , where by CK Lemma

5.4 and Chernozhukov et al. (2014a, Lemma B.2), H△△ :=
{
H△[1]

x (·, v; b, h)2 : (v, b) ∈ Ix ×
[
h, h

]}
is uniformly VC-

type with respect to a constant envelope FH△△ = O
(
ε2n/h

3
)
. Let σ2

H△△ := supf∈H△△PUf2 = O
(
ε4n/h

2
)
, where the

second equality follows from change of variables and (S35). By Talagrand’s inequality (Chernozhukov et al. (2016,
Lemma 6.3) with F = H△△, b = FH△△ , σ = σH△△∨b

√
VH△△ log (n) /n, t = log (n)),

∥∥GU
n

∥∥
H△△ = O⋆

p

(
ε2n
√
log (n) /h2

)
.

Then we have
∥∥PU

n − PU
∥∥
H△△ = O⋆

p

(
ε2n
√
log (n) / (nh2)

)
. It is shown in the proof of Lemma 5 that σ2

H△[1] = O
(
ε2n
)
.

Therefore, σ̂2
H△[1] = O⋆

p

(
ε2n
)

and it follows from Talagrand’s inequality that
∥∥GU∗

n

∥∥
H△[1] = O♯

p

(
εn
√

log (n)
)
. We

have the second assertion. ■

Proof of Theorem C.1. By using Pr
[
ĥ ∈

[
h, h

]]
> 1− δn, Lemma S8 and monotonicity of conditional expecta-

tions, we have

Pr

[
Pr|Wn

1

[∥∥∥Snpb

(
· | x; ĥ

)
− S̄npb

(
· | x; ĥ

)∥∥∥
Ix
> C1

((
log (n)

nh3

)1/4

+
√
log (n)h

)]
> C2

(
log (n)

nh3

)1/4
]

≤ Pr

[
Pr|Wn

1

[∥∥∥Snpb

(
· | x; ĥ

)
− S̄npb

(
· | x; ĥ

)∥∥∥
Ix
> C1

((
log (n)

nh3

)1/4

+
√
log (n)h

)]
> C2

(
log (n)

nh3

)1/4

, ĥ ∈
[
h, h

]]

+δn ≤ Pr

[
Pr|Wn

1

[∥∥Snpb (· | x; ·)− S̄npb (· | x; ·)
∥∥
Ix×[h,h] > C1

((
log (n)

nh3

)1/4

+
√
log (n)h

)]
> C2

(
log (n)

nh3

)1/4
]
+δn

and therefore,

Snpb

(
v | x; ĥ

)
= S̄npb

(
v | x; ĥ

)
+O♯

p

((
log (n)

nh3

)1/4

+
√
log (n)h,

(
log (n)

nh3

)1/4

,

√
log (n)

nh3
+ δn

)
,

uniformly in v ∈ Ix. By similar arguments, S̄npb

(
v | x; ĥ

)
= S̄npb (v | x;h) + O♯

p

(
εn
√
log (n), n−1, n−1 + δn

)
,
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uniformly in v ∈ Ix. Therefore,

Snpb

(
v | x; ĥ

)
− S̄npb (v | x;h) = O♯

p

((
log (n)

nh3

)1/4

+
√
log (n)h+ εn

√
log (n),

(
log (n)

nh3

)1/4

,

√
log (n)

nh3
+ δn

)
,

(S135)
uniformly in v ∈ Ix. By (S134) and similar arguments,

∥∥∥Snpb

(
· | x; ĥ

)∥∥∥
Ix×[h,h]

= O♯
p

(√
log (n),

(
log (n)

nh3

)1/4

,

√
log (n)

nh3
+ δn

)
.

Write

Znpb

(
v | x; ĥ, ĥζ

)
− S̄npb (v | x;h)√

V (v | x;h)
=
Snpb

(
v | x; ĥ

)
√
V (v | x;h)


√
V (v | x;h)√

V̂
(
v | x; ĥ, ĥζ

) − 1

+
Snpb

(
v | x; ĥ

)
− S̄npb (v | x;h)√

V (v | x;h)
.

By these results, (B.9), Theorem B.1, (S135) and
∥∥∥S̄npb (· | x;h) /

√
V (· | x;h)

∥∥∥
Ix

=
∥∥GU∗

n

∥∥
M̄[1] , we have

∥∥∥Znpb

(
· | x; ĥ, ĥζ

)∥∥∥
Ix

−
∥∥∥GU∗

n

∥∥∥
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We apply Chernozhukov et al. (2016, Theorem 2.3) with F = M̄
[1]
± , B = 0, σ = σM̄[1] , b = FM̄[1] and q = ∞. When

n is sufficiently large, for any coupling error γ ∈ (0, 1), there exists a random variable Z∗
M̄

[1]
± ,γ

such that (1) Z∗
M̄

[1]
± ,γ

is independent of the data; (2) Z∗
M̄

[1]
± ,γ

has the same distribution as
∥∥GU

∥∥
M̄[1] ; (3) Z∗

M̄
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and
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By this result and (S136), when n is sufficiently large, ∀γ ∈ (0, 1),

Pr

[
Pr|Wn

1

[∣∣∣∣∥∥∥Znpb

(
· | x; ĥ, ĥζ
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Then, since Z∗
M̄

[1]
± ,γ

is independent of the data and Z∗
M̄

[1]
± ,γ

=d

∥∥GU
∥∥
M̄[1] , by the above deviation bound and

Chernozhukov et al. (2016, Lemma 2.1), with probability greater than 1− C3
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By (S139), (S140) and optimally choosing γ = log (n)
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we have (C.4). By repeating the arguments used to show (B.16), we have∣∣∣∣Pr [∥∥∥Z (· | x; ĥ, ĥζ)∥∥∥
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■

Proof of Theorem C.2. By similar arguments used in the proof of Lemma 4, the centered function class M :=

{Mx (·, v;h) : v ∈ Ix} is uniformly VC-type with respect to a constant envelope FM = O
(
h−3/2

)
. By (B.7) and

(B.3), we have
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By Lemma A.3 of CK, M[1] :=
{
M[1]

x (·, v;h) : v ∈ Ix

}
is also uniformly VC-type with respect to a constant

envelope FM[1] = FM. Let σ2
M[1] := supf∈M[1]PUf2 = supv∈IxV (v | x) + o (1) and σ2

M := supf∈ME
[
f (U1, U2)

2
]
.

By calculations in the proof of Lemma 4, σ2
M[1] = O (1) and σ2

M = O
(
h−2

)
. By CK Proposition 2.1 (with H = M±,

σg = σM[1] , σh = σM, bg = bh = FM, χn = 0 and q = ∞), when n is sufficiently large, for each coupling
error γ ∈ (0, 1), one can construct a random variable ZM±,γ that satisfies the following conditions: ZM±,γ =d
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[1]
±
GU (f) =
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∥∥
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We denote V := inff∈M[1]Var [f (U)] = infv∈IxV (v | x;h). We show in the proof of Theorem B.2 that since
V → infv∈IxV (v | x) > 0 as h ↓ 0, when h is sufficiently small, V > infv∈IxV (v | x) /2 > 0. Similarly, let
V := supf∈M[1]Var [f (U)] = supv∈IxV (v | x;h). By (A.9), we have V → supv∈IxV (v | x) ∈ (0,∞). By the
Gaussian anti-concentration inequality (CK Lemma A.1),
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, ∀ε > 0, (S139)

where Cσ is a constant that depends on V 1/2 and V
1/2

. Since V → infv∈IxV (v | x) and V → supv∈IxV (v | x) as
h ↓ 0, we have Cσ = O (1). By Dudley’s metric entropy bound (Giné and Nickl, 2016, Theorem 2.3.7),

E
[∥∥GU

∥∥
M[1]

]
>
(
σM[1] ∨ n−1/2 ∥FM[1]∥PU ,2

)√
log (n), (S140)

when n is sufficiently large. Then, since ZM±,γ =d

∥∥GU
∥∥
M[1] , by Chernozhukov et al. (2016, Lemma 2.1), (S137)
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and (S138), when n is sufficiently large, ∀γ ∈ (0, 1),
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By (S139), (S140) and optimally choosing γ that gives the fastest rate of convergence of the right hand side of
(S141), which should be γ = log (n)

7/8
/
(
nh3

)1/8, we have (C.6).

Since
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(S142)
Then we apply Chernozhukov et al. (2016, Theorem 2.3) with F = M

[1]
± , B = 0, σ = σM[1] , b = FM[1] and q = ∞.

When n is sufficiently large, for any coupling error γ ∈ (0, 1), there exists a random variable Z∗
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[1]
± ,γ

such that (1)
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is independent of the data; (2) Z∗
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has the same distribution as
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and by Markov’s inequality,
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By this result and (S142), when n is sufficiently large, ∀γ ∈ (0, 1),
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Then, since Z∗
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[1]
± ,γ

is independent of the data and Z∗
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By (S139) and optimally choosing γ = log (n)
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/
(
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)1/6 (which balances √
γ and log (n)

5/4
/
(
γn1/4h3/4

)
), we
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Table S1: Coverage rates for point-wise confidence intervals
γ0 = −0.5, γ1 = 0.5 γ0 = −0.4, γ1 = 0.6

v n Methods 0.90 0.95 0.99 0.90 0.95 0.99

1.6 2000 PA 0.890 0.933 0.981 0.878 0.924 0.973
PB 0.936 0.975 0.996 0.943 0.979 0.999

4000 PA 0.901 0.951 0.980 0.900 0.946 0.978
PB 0.916 0.961 0.994 0.931 0.970 0.995

6000 PA 0.902 0.951 0.980 0.907 0.950 0.981
PB 0.927 0.974 0.994 0.944 0.979 0.995

2.0 2000 PA 0.900 0.940 0.977 0.874 0.914 0.954
PB 0.935 0.977 0.997 0.939 0.982 0.997

4000 PA 0.897 0.945 0.984 0.895 0.945 0.975
PB 0.934 0.975 0.996 0.950 0.980 0.997

6000 PA 0.900 0.953 0.987 0.909 0.949 0.988
PB 0.928 0.967 0.997 0.946 0.972 0.999

2.4 2000 PA 0.874 0.915 0.950 0.832 0.880 0.922
PB 0.934 0.972 0.991 0.940 0.974 0.997

4000 PA 0.887 0.931 0.976 0.872 0.925 0.962
PB 0.944 0.970 0.997 0.945 0.978 0.998

6000 PA 0.901 0.948 0.986 0.901 0.939 0.979
PB 0.938 0.969 0.999 0.945 0.977 0.997

have (C.7). By repeating the arguments used to show (B.16), we have
∣∣∣∣Pr [∥∥∥S (· | x; ĥ)∥∥∥

Ix
≤ snpb1−α

]
− (1− α)

∣∣∣∣ ≤
C1κ1,n + C2κ

∗
2,n + C3κ

∗
3,n. ■

S6 Additional Monte Carlo simulation results

Table S1 presents the coverage rates of two types of pointwise confidence intervals for the density f∆ (v) evaluated
at 1.6, 2.0 and 2.4. The method “PA” corresponds to the plug-in approach using our new standard errors and
standard normal critical values (see (25)). The method “PB” corresponds to the bootstrap percentile confidence
interval. The simulation design and the choice of tuning parameters are all the same as Section 5. The number of
Monte Carlo replications is 1, 000 and the nominal probability coverages rates are 0.90, 0.95 and 0.99. As Table
S1 shows, PA produces coverage rates that are very close to the nominal levels, especially when the sample size
is large. On the other hand, PB, though circumvents the calculation of standard errors, exhibits certain degree of
over-coverage.

We then present simulation results for non-studentized bias-corrected JMB and nonparametric bootstrap UCBs.
The non-studentized nonparametric bootstrap UCB is defined in Appendix C. The non-studentized JMB UCB is
described in Footnote 13. Tables S2 and S3 are the non-studentized version of Tables 1 and 2. As expected, the
non-studentized UCBs are on average wider than the studentized ones because the non-studentized UCBs keep the
same width across different values of v while the studentized versions adjust using the estimated variance at each
v. In particular, the studentized versions become narrower in the region of v with a smaller value of f∆ (v).
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Table S2: Simultaneous coverage rates for non-studentized UCBs
γ0 = −0.5, γ1 = 0.5 γ0 = −0.4, γ1 = 0.6

v ∈ [0.5, 3.5] v ∈ [0.8, 3.2] v ∈ [0.5, 3.5] v ∈ [0.8, 3.2]

n Methods 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99 0.90 0.95 0.99

2000 Bias-corrected JMB 0.945 0.984 1.0 0.970 0.991 1.0 0.980 0.997 1.0 0.985 0.997 1.0
Bias-corrected NPB 0.922 0.968 1.0 0.960 0.991 1.0 0.956 0.990 1.0 0.976 0.996 1.0

4000 Bias-corrected JMB 0.889 0.954 0.998 0.954 0.983 1.0 0.951 0.974 1.0 0.976 0.993 1.0
Bias-corrected NPB 0.884 0.946 0.991 0.945 0.985 1.0 0.933 0.977 0.998 0.968 0.992 1.0

6000 Bias-corrected JMB 0.859 0.917 0.999 0.947 0.978 1.0 0.919 0.967 1.0 0.968 0.990 1.0
Bias-corrected NPB 0.859 0.924 0.986 0.958 0.982 1.0 0.889 0.944 0.995 0.966 0.987 0.999

Table S3: Average width of the 95% non-studentized UCBs relative to the interpolated pointwise CIs
γ0 = −0.5, γ1 = 0.5 γ0 = −0.4, γ1 = 0.6

Methods v ∈ [0.5, 3.5] v ∈ [0.8, 3.2] v ∈ [0.5, 3.5] v ∈ [0.8, 3.2]

2000 Bias-corrected JMB 1.802 1.722 1.962 1.885
Bias-corrected NPB 1.716 1.636 1.790 1.700

4000 Bias-corrected JMB 1.729 1.640 1.807 1.723
Bias-corrected NPB 1.703 1.621 1.747 1.661

6000 Bias-corrected JMB 1.897 1.794 1.765 1.680
Bias-corrected NPB 1.878 1.781 1.731 1.646
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