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Abstract

This paper proposes a novel approach to incorporate information from covariates in regression discon-
tinuity (RD) designs. We represent the covariate balance condition, which is assumed by the widely-used
augmented local polynomial regression approach of Calonico, Cattaneo, Farrell, and Titiunik (2019), as
over-identifying moment restrictions. The empirical likelihood (EL) estimator of the RD local average
treatment effect (LATE) efficiently incorporates the information from covariate balance and achieves effi-
ciency gain without additional assumptions. We resolve the indeterminacy raised by Calonico, Cattaneo,
Farrell, and Titiunik (2019, Page 448) regarding the efficiency gain associated with covariate adjustment
in RD. We propose a novel robust corrected EL confidence set which has several robustness properties.
Our method complements the confidence interval of Calonico, Cattaneo, Farrell, and Titiunik (2019).
It is particularly useful when the sample size is small but the researcher wishes to have the coverage
error under control. We show that the EL confidence set with a simple data-driven correction achieves
the fast n~! coverage error decay rate even though the point estimator converges at a nonparametric
rate. In addition, the coverage accuracy of the robust corrected EL confidence set is automatically robust
against slight perturbation to the covariate balance condition, which may happen in cases such as data
contamination and misspecified placebo outcomes used as covariates. We also show a novel uniform-in-
bandwidth Wilks’ theorem, which justifies correction for specification search, takes into account the effect
of data-driven bandwidth choice and constructs a uniform confidence band used for sensitivity analysis in
the sense of Armstrong and Kolesar (2018). We conduct Monte Carlo simulations to assess finite-sample
performance of our method and also apply it to a real dataset to illustrate its usefulness.
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1 Introduction

The RD design resembles a randomized experiment conducted near the cut-off of the score (forcing variable)
and exploits the discontinuous variation in the probability of treatment to nonparametrically identify the

LATE at the cut-off under mild continuity assumptions on the latent variables.!

The transparent close-
form identification (Hahn et al., 2001) of the RD LATE calls for nonparametric estimation and inference
methods as they avoid functional form assumptions. In the RD context, local smoothing is preferred to
global smoothing since the former has better boundary performances (Gelman and Imbens, 2019). The
standard local smoothing method for RD is the local polynomial (LP) regression (Fan and Gijbels, 1996).
See Cattaneo et al. (2019) for a recent review of RD. In practical implementations, information from pre-
treatment covariates (i.e., variables that have already been determined before the assignment of the treatment)
is incorporated to enhance efficiency and compensate for low accuracy of nonparametric methods. A widely-
used procedure is augmented LP regression where the covariates enter linearly. The procedure does not
require smoothing over covariates. See, e.g., Imbens and Lemieux (2008, Section 4.3) for earlier discussion
on this procedure. Recently, Calonico et al. (2019, CCFT, hereafter) formalizes this augmented regression
approach and derives its (first-order) asymptotic properties. CCFT shows that augmented LP regression
estimator consistently estimates the RD LATE under the covariate balance condition, i.e., the expectations
of covariates coincide at both sides of the cut-off. Apart from CCFT, covariate adjustment for RD receives
much attention in recent literature. See Frolich and Huber (2019) for an alternative approach which requires
smoothing over covariates but allows for potential failure of covariate balance. Arai et al. (2021) extends
CCFT’s approach to control for high-dimensional covariate vector by shrinkage. Noack et al. (2021) extends
CCFT’s linear regression adjustment to nonparametric adjustment with machine learning methods. See

Cattaneo et al. (2021) for a recent review of covariate adjustment for RD.

This paper studies a novel approach to incorporate covariates in a generalized method of moments (GMM)
framework with local smoothing. We formulate the close-form identification of (sharp or fuzzy) RD treatment
effect as LP moment conditions. Then covariate balance is characterized by a set of over-identifying LP
moment conditions and used as “side information”. The LP moment conditions are derived from a population-
level minimum contrast problem (see Bickel and Doksum, 2015, Chapter 11.3 and Jiang and Doksum, 2003).
CCFT treats covariate balance as a maintained assumption and our approach is not more restrictive in this
regard. Our framework naturally calls for (efficient) GMM estimation. EL and generalized EL (Newey and

Smith, 2004) are popular alternatives to GMM which do not require first-step estimation of the efficient

In a recent study, Hyytinen et al. (2018) confirmed that RD produces estimates that are in line with the results from a
comparable experiment if inference is implemented with the method of Calonico et al. (2014).



2 We show in Theorem 1 and Remark 2 that the inclusion of those covariate-balancing-

weighting matrix.
induced over-identifying moment conditions reduces the asymptotic variance of the RD estimator relative
to the standard LP RD estimator without the covariates. In addition, we show that the EL estimator is
first-order equivalent to the regression estimator of CCFT. The first contribution of this paper is that we
resolve the indeterminacy raised by Calonico, Cattaneo, Farrell, and Titiunik (2019, Page 448) regarding
the efficiency gain associated with covariate adjustment in RD and show that regression adjustment leads to
guaranteed efficiency gain. See Remarks 2 and 3. Theorem 2 shows a novel uniform-in-bandwidth extension
of the standard Wilks’ phenomenon (i.e., the EL ratio statistic is asymptotically x?). EL inference on the
RD LATE is based on such a result and avoids calculation of standard error. Our uniform-in-bandwidth
version adjusts for specification search over multiple bandwidths known as bandwidth snooping (Armstrong

and Kolesar, 2018, AK, hereafter) and effects from data-dependent bandwidths in a robust manner (Remarks

4 and 7). It also provides a powerful tool for sensitivity analysis in the sense of AK (Remark 6).

We then investigate the second-order properties of the EL inference. Following Calonico et al. (2018b,
2020), we define the coverage error for inference as the discrepancy between the nominal and finite-sample
coverage probabilities. Theorem 3 characterizes the leading coverage error term in the distributional ex-
pansion of the EL ratio statistic. The coverage expansion for the EL confidence set for the RD LATE is
strikingly as simple as the asymptotic mean square error (AMSE) for the point estimator. The coverage
optimal bandwidth (Calonico et al., 2020) as the minimizer of this leading coverage error has a simple close
form (Remark 10). Then by using the result of Theorem 3, we propose a simple yet novel robust corrected
EL (RCEL) confidence set for the RD LATE with favorable robustness properties including “parametric”
coverage accuracy and immunity to small perturbation to covariate balance, which is the second contribution
of this paper. This method does not require resampling and is thus computationally inexpensive. It comple-
ments the Wald-type inference method of CCFT and addresses common concerns in empirical applications.
The construction of the RCEL confidence set combines internalized bias removal (Calonico et al., 2014) and
conventional Bartlett correction (i.e., a rescaling correction for improving the coverage accuracy) for EL (see,
e.g., Chen and Cui, 2007). Compared with the expressions of correction factors for EL in other contexts (e.g.,
Chen and Cui, 2007; Matsushita and Otsu, 2013; Ma, 2017), the correction factor used by our method is
very simple and thus can be estimated with good accuracy in finite samples, due to a special property of the
moment conditions under consideration (i.e., asymptotic uncorrelatedness between the conditions and their

derivatives).

2See, e.g., Kitamura (2006) for a comprehensive review of EL and generalized EL. See, e.g., Chen and Qin (2000); Otsu et al.
(2013, 2015); Ma et al. (2019) for EL inference in the context of non-parametric curves. It was shown that EL has favorable
properties relative to GMM. See, e.g., Chen and Cui (2007); Kitamura (2001); Matsushita and Otsu (2013); Newey and Smith
(2004); Otsu (2010); Ma (2017) among many others.



We show that our RCEL confidence set achieves a coverage error decay rate of n=! (n € N denotes the
sample size) under minimal smoothness assumptions and also the covariate balance condition. Note that
n~! is the coverage error decay rate of standard two-sided confidence intervals for parameters that can be
estimated at the n~'/2 parametric rate (see, e.g., Hall, 1991). The RCEL confidence set achieves the same
rate even though the EL point estimator converges at a slower nonparametric rate. Therefore, our method
is particularly useful when the researcher is faced with a small sample. As an extension of Theorem 3,
Theorem 4 considers deviation from covariate balance and shows that the coverage accuracy of the RCEL
confidence set for our parameter of interest is highly insensitive to mild deviation (Remark 15), which we
refer to as local imbalance in this paper. Failure of the covariate balance assumption may happen in at least
two realistic situations. In real applications (see, e.g., Cattaneo et al., 2019), the researcher often has access
to observations on placebo outcomes, which are determined after treatment but unaffected by the treatment.
Covariate balance should also hold for placebo outcomes. However, specification of the placebo outcomes is
based on prior knowledge. Our method allows for flawed knowledge and thus placebo outcomes can be treated
in the same way as pre-treatment covariates and used for enhancing efficiency. Another concern is that the
balance condition holds for pre-treatment covariates in theory but our sample observations on these covariates
are contaminated (possibly due to measurement errors that occur after treatment) so that they are actually
drawn from a perturbed population (Kitamura et al., 2013) that slightly violates the balance condition. In
such a situation, the coverage accuracy of our RCEL confidence set stays relatively unaffected even if covariate
balance does not hold exactly, while other inference methods may exhibit severe undercoverage (Remark 16).
To the best of our knowledge, these robustness properties are novel in the literature. We are unaware of
any other inference method that has similar properties. These properties result from the intrinsic second-
order properties of EL and the fact that the LP moment conditions for RD are asymptotically uncorrelated
with their derivatives. Combination of RCEL and AK-type snooping correction is straightforward (Remark
14) and provides a more accurate uniform confidence band that is useful for sensitivity analysis and robust

inference.

In relation to the literature, Otsu et al. (2015) proposed EL inference for RD without covariates. Their
method was based on first-order conditions from standard local linear regression. This paper focuses on
covariate adjustment and uses different moment conditions. In another related paper, Ma et al. (2019)
studied EL inference for the parameter of interest in the density discontinuity design (Jales and Yu, 2016).
The scope of this paper is different from Ma et al. (2019) but the LP moment conditions in both papers are
from population-level LP fitting (minimum contrast problem) in Bickel and Doksum (2015). Our paper uses

a similar approach to covariate adjustment as Wu and Ying (2011); Zhang (2018) who formulated covariate



balance in randomized experiments as moment conditions and proposed EL-type methods. We formulate
local imbalance and study the impact of it on the coverage accuracy by using standard local asymptotic
analysis (e.g., the Pitman approach to local power analysis). Local imbalance can be also viewed as a special
case of local misspecification of the moment conditions in the GMM framework (see, e.g., Armstrong and
Kolesar, 2021 and references therein). But the approach we take differs from those employed by papers
in this strand of literature. Our approach follows Bravo (2003) and is based on second-order asymptotic
expansion of the coverage probability under drifting alternative hypotheses (i.e., local imbalance). Lastly we
note that our approach is potentially of broader scope than the augmented regression approach of CCFT. In
the literature, nonlinear estimators are proposed for RD with limited dependent (outcome) variables (e.g.,
Xu, 2017, 2018). To the best of our knowledge, covariate adjustment to nonlinear estimation for RD has
not been studied. Extension of CCFT’s approach in these contexts is involved and the desired properties
(consistency and efficiency gain) may no longer hold. Incorporating covariates by the EL probabilities (see,
e.g., Brown and Newey, 2002) seems a simple solution and is able to deliver guaranteed efficiency gain under

covariate balance. Such extensions are beyond the scope of this paper and left for future research.

Section 2 quickly reviews the RD design. Section 3 introduces our EL method for RD with covariates.
Section 4 provides results on its first-order asymptotic properties. Section 5 is devoted to second-order
properties. Sections 6 and 7 present results from simulation and empirical exercises. Proofs are collected in

the appendix. Section 8 concludes.

2 Regression discontinuity designs

Let X € R be a continuous score supported on [z, Z]. Let fx denote its density function. We normalize the
cutoff point to zero (so that 0 € [z,Z] without loss of generality) for notational brevity. We assume that
fx admits continuous high-order derivatives in (z,T). For any k-times differentiable univariate function f,
let f(*) denote the k—th order derivative. In this paper, “a := b” means that a is defined by b and “a =: b”
means that b is defined by a. Denote ¢ := fx (0) and o*) = f)((k) (0) for simplicity. For a random vector (or

matrix) V, denote gy (z) = E[V | X = 2] and my (2) = gv () fx (z). Denote u&fl = limﬂogg/k) (z) and

gj )7 = limﬂomgf ) (z). (,u%f Zr, z/Jg,]f )+) are defined similarly with limg4o replaced by lim, . For simplicity, also
denote uy ¢ = ,ugg)s, Yy = ¢€2 (s € {—,+}) and py. & = pv 4+ +puy—. Let a’ denote the transpose of a. For

random vectors (V,U), denote Sy s = iy s — pvsiirg (s € {— +}) and Sypr 4 = Syyr 4+ Sy .

Y € R denotes the outcome variable, D € {0,1} denotes the binary treatment and Z € R% denotes

pre-treatment covariates. Variables in Z can be continuous, discrete or mixed. We observe (Y, D, Z) and the



score X. Let 1(-) denote the indicator function. In an RD model, incentive is assigned if X > 0. In a sharp
RD case D =1 :=1(X > 0) (i.e., perfect compliance). In the electoral RD model (see Lee, 2008; Hyytinen
et al., 2018), (X, D,Y’) correspond to the vote share margin in the last election, results of the last election
(win or lose) and this election. Econometricians always have access to some pre-treatment covariates. In the
electoral RD case, commonly observed covariates such as candidates’ age, gender and the incumbency status
are determined prior to the election considered. The more general fuzzy RD model assumes D # I but gp
has a jump discontinuity at = 0 (up,+ # ptp,—) due to the incentive. This is known as limited compliance

in the literature.

The RD model can be embedded in the potential outcome and treatment framework. Let (Y (1),Y (0)) be
potential outcomes with or without treatment. Let (D4, D_) denote the potential treatments with or without
incentives. For any individual, only one of the potential outcomes (treatments) is observed. The observed
outcome Y and treatment D are determined by Y = DY (1)+ (1-D)Y (0) and D = ID, + (1 —-1)D_
respectively. The complier group is defined to be individuals with Dy > D_ (ie., (D4,D_) = (1,0)).2
The RD model imposes only a few weak identifying assumptions. The model allows for direct causal effects
of (X,Z) on (Y, D), arbitrary dimensionality of unobserved heterogeneity and self-selection into treatment
based on the gain from treatment Y (1) — Y (0) for given (X, Z).* Following CCFT, we let (Z (1), Z (0)) de-
note potential covariates and then Z = DZ (1) + (1 — D) Z(0). Let U (k) = (Y (k),Z (k)), Vk € {0,1}.
Denote gqq (z) = Pr[Dy =d,D_=d' | X =] and gym)jae (z) = E[Y (k) | Dy =d,D_ =d, X = x].
Similarly, let U = (Y,Z) and gyjga () = E[Y| Dy =d,D_ =d',X =z]. By the law of iterated ex-
pectations (LIE), g9 = >4 a)ef0,132 9da 9gjaar- Let Fy = E[Y (1) =Y (0) | X =0,D4 > D_] be the RD
LATE (the average treatment effect for individuals with zero score in the complier group) and similarly,
Iz =E[Z(1)—Z(0)| X =0,D; > D_] denotes the RD LATE on Z. The following assumption is implicit
in CCFT.

Assumption 1. (a) guy(k)jaa and gaar are continuous at 0, V (k,d,d’) € {0, 1}3; (b))Pr[D_- <D, | X =0] =
1; (¢)Pr[Dy>D_ | X =0]#0; (d) Tz =0.

In Assumption 1, (a), (b) and (c) are local versions of the LATE assumptions: (a) and (b) impose local
continuity and monotonicity assumptions respectively and (c¢) imposes existence of the local complier group.
These are key identifying assumptions for the RD model (see Dong, 2018). Under (a), (tty,+, 4D+, Hz,+)

and (py,—, p,—, z,—) exist. (c) implies that pp + > pp —. These assumptions have testable implications

3In the sharp RD case, the complier group is the same as the whole population. In the fuzzy RD case, some individuals with
positive scores do not comply and Y (0)’s are observed and some with X < 0 receive the treatment and Y (1)’s are observed.

4RD can be represented by a triangular model. See Dong (2018). (Y, D) are assumed to be generated by a triangular model
Y=g(D,X,Z,e) and D=1(X >0)hy (X,Z,n)+1(X <0)h_ (X, Z,n), where (g, h4,h_) are unknown functions and (e, n)
are (potentially correlated) unobserved disturbances of unrestricted dimensionality. Then the potential outcomes and treatments
are given by Y (1) =9 (17X7 Z7 6)7 Y (O) =9 (07X7 Z7 6)7 D+ = h+ (X7 Z777) and D_ =h_ (X7 Z7 7])



(Arai et al., 2021). It can be shown that under these assumptions, 3 is nonparametrically identified:
Fy =0 = (uv+ — pv,—)/ (up,+ — ptp,—) (see Hahn et al., 2001; Dong, 2018), where ¥, is an observable

® Similarly, under (a), (b) and (¢), Iz = (pz+ —pz,—)/(up,+ — up,—). Following

population feature.
CCFT, we impose (d), which means that there is no RD treatment effect on Z. If Z includes only pre-
treatment variables, this assumption holds by definition. Under (a), (b) and (c), (d) is equivalent to the
covariate balance condition pz 4 = pz _, which is a testable restriction on the population of the observed
variables. Indeed, it is the null hypothesis of a popular falsification or placebo test for the RD model.6
See, e.g., Lee (2008); Canay and Kamat (2017). pz 4+ = pz — is satisfied if the conditional distribution of
Z given X = z is continuous at x = 0. Evidence against pz ; = pz _ in the data (so that a hypothesis
test of pz 4+ = pz,— is rejected) casts doubts on the validity of the continuity assumption (a). We can also
augment the list of potential covariates to include placebo outcomes. These variables are determined after
the assignment but unaffected by the treatment. Placebo outcomes can be found in many applications. See,
e.g., Cattaneo et al. (2019, Section 5.1) for discussion and real examples. Unlike pre-treatment variables, the
assumption that the placebo outcomes satisfy (d) is based on our prior knowledge and understanding of the

data generating mechanism. It is recommended in the literature (e.g., Cattaneo et al., 2019) that falsification

analysis (i.e., testing uz 4+ = puz _) should be carried out for placebo outcomes as well.

3 Covariate balance as moment restrictions

This section introduces a GMM framework that formulates the RD estimand and the covariate balance
condition as a set of over-identifying moment restrictions. First, we show that the RD estimand 1, which has
causal interpretation under the identifying assumptions of the RD model, can be approximately identified by
two just-identified LP moment conditions. Let K denote the kernel function and let h denote the bandwidth.
Denote Ky, (t) .= h™ 1K (t/h). Let M :=Y — 99D and note that

hE)IE[Y—eoD | X =a] = li%E[Y—GOD | X = 2] if and only if 6y = .

Denote 91 = pap+ = pa,—. Let p > 1 be the integer-valued LP order. Denote 7, (t) == (1,¢,... )T

According to Jiang and Doksum (2003), p-th order LP approximation of (¢ar,—, ¥a,+) can be derived from

5In the sharp RD model (tp,+ = 1 and pp,_ = 0 in this case) or under a stronger conditional independence assumption
(Hahn et al., 2001), a causal parameter that corresponds to a broader subpopulation (conditional average treatment effect) is
identified by the same ratio: E[Y (1) —Y (0) | X = 0] = 9o .

SWhile most empirical works conduct the balance test separately for each covariate, some researchers have noted that the
problem of multiple testing may generate statistical imbalance of some covariates by chance. See, e.g., Hyytinen et al. (2018).
In a separate paper, we propose a joint EL test for the smoothness of multiple covariates at the cut-off.



solving the following minimum contrast problem. Let ej s denote the s-th unit vector in R¥. Let

T . 0 T 2
Yo = 0p+1,1argm1n/ {mun (@) —2"rp (2)} Kp () do (1)

zERPHL

and 14 be defined by the minimizer on the right hand side with the integral range [z, 0] replaced by [0,Z].
Denote V,,_ = f_ol rp () rp ()" K (t)dt and Kp— (t) = e;rJrLlV;;lfrp (t) K (t). Let (Vp+,Kp.+) be defined
by the same equations with the integral range [—1,0] replaced by [0,1].” Let the data {(Y;, D;, X;, Z;)};_,
be i.i.d. copies of (Y, D, X, Z). Then, let W,,._; :=1(X; < 0)Kp._ (X;/h), Wyt :==1(X; > 0) Kp.4 (X;/h)
and Wy = (Wp, 4, Wp;f,i)—r. (Wp,—, Wy.1, W,,) are defined by the same formulae with X; replaced by X.
Then, by solving the first-order conditions of (1), we have ¢s = E [h™'W,sgn (X)] = E [h™'W,sM]. By
Taylor expansion (see Jiang and Doksum, 2003), 15 = ar,s+0 (hp+1) under suitable smoothness assumptions
imposed on gyr. From (1) with my (z) replaced by fx (z), we have E [A™ W] = ¢+0 (hP*1), Vs € {—, +}.
Therefore,

E[Wys (Y — 90D —91)] = O (h**?) Vs € {—,+}, (2)

which are the two LP moment conditions that (approximately) identify (dq, ¥1).

Next, we incorporate the information from the covariates by directly formulating the covariate balance
condition as over-identifying moment restrictions. This differs from CCFT where covariates are included as
additional regressors in the LP regression (see (6)). Let 2 := pz 4+ = pz _ denote the common value. By

solving (1) with mys replaced by mz and fx, we have
E Wyt (Z —02)] = O (h**?) and E[W,,,_ (Z — ¥5)] = O (W?1?). (3)

We restrict the bandwidths on the left and the right of the cut-off to be the same. It is possible to extend
all of the theorems in this paper to accommodate different bandwidths on different sides. Now combining
restrictions (2) and (3) we have the following over-identified LP moment conditions:

Y — 499D —

E|w, e — 0 (+?), (4)
Z — g

where ® denotes the Kronecker product. Note that we have 2(1+d.) LP moment conditions that ap-
proximately identify 2 + d, parameters. 9 = 3 is the parameter of interest and (¢;,92) are nuisance

parameters. Denote ¢ = (190, ’191,192) € Rd» (dﬁ = 2+dz), 191' = (191, 192) € R (dT = 1+dz), 0= (19()7 01, 92)

7(Kps+, Kp;—) coincide with the “equivalent kernel” of LP regression. See, e.g., Section S2.1 of AK.



and GT = (91,92).

We define the EL criterion function:

b0 h) = min -2 log(n-w;)
W1yeeoyWn "
Y, —6uD; — 6
subject to Zwl Wy ® 0 ! =0, Zwl =land w; >0,Vi, (5)
[ Zi — 62 [

where ), is understood as Y. ;. — >, log (n - w;) /n is the Kullback-Leibler divergence from (w1, ..., wy) to
the uniform weights 1/n. Denote U; (0) :== (Y; — 6oD; — 61, Z; — GJ)T, U; = U; (¥) for notational simplicity
and d,, == 1+d.. U (f) and U are defined by the same formulae with (Y;, D;, X;, Z;) replaced by (Y, D, X, Z).
The p-th order EL estimator is given by ﬁp = (1?’\1970,31,71,51,72) = argmingegf, (0 | h), where © C R% is a
compact parameter space such that 1 is an interior point of ©. Also denote the constrained EL estimator:
5,, (6p) = (51,71 (00),5,,72 (90)) = argming ce €y (60,6 | h), where ©; C R? is a compact constrained
parameter space such that ¢ is in the interior of ©; and 6y is some hypothesized value. The EL ratio
statistic is given by LR, (6o | h) == ¢, (00, 5]9 (6o) | h) — 4y (;’\p | h), which is a function of . It is shown in
the proof of Theorem 3 that ¢, (51, | h) = infg,supy2>_;log (1 + AW, ; ® (Z; — 6>)) and therefore it suffices
to solve a simpler optimization problem. Let 7 € (0,1) be the significance level. Let F\2 and f,2 denote the
cumulative distribution function (CDF) and probability density function (PDF) of a x? (x? with one degree
of freedom) random variable respectively. Let ¢, = Fx_fl (1 — 7) be the (1 — 7) quantile of the x? distribution.
An EL confidence set for Jy with nominal coverage probability 1 — 7 is CS; (h) = {6y : LR, (6o | h) < ¢, }.
For fuzzy RD, as Noack and Rothe (2019)’s method, the EL confidence set avoids a “delta method” argument
used by the Wald-type inference of CCFT. The EL probabilities (weights) w1, ..., W, are those corresponding
to the minimizer of the problem (5) with 6 = 1/9\1, (Brown and Newey, 2002). These EL probabilities can
be used for covariate adjustment in nonlinear estimation associated with RD (e.g., Xu, 2017, 2018 among

others), for which extension of CCFT’s approach is involved.®

~ —~ -1 ~
81t is shown in the proof of Theorem 3 that nw; = (1+>\;Wp’i® (Zi —19;,,2)) where )\, solves Ez Wpi ®

(Zi — 5%2) / (1 +/):ng,1- ® (Zi — 5;,,2)) = 0. Indeed, it is clear that the EL estimator (1913,0,191,71) is numerically equiv-
alent to the plug-in (method of moments) estimator that solves the sample analogue of the moment conditions (2) with the
empirical distribution replaced by the EL probabilities: Y-, W; Wiy;s,; (Yl — 5p70Di - 3;771) = 0. We conjecture that the same

reweighting adjustment can be extended to the nonlinear cases considered by Xu (2017, 2018).



4 Efficiency gain and uniform-in-bandwidth Wilks’ phenomenon

This section provides asymptotic properties of the EL estimator and EL ratio statistic. Theorem 1 shows
asymptotic normality and gives the expression for the AMSE. We then compare it with the asymptotic
result from CCFT. Theorem 2 provides uniform-in-bandwidth large sample approximation to the distri-
bution of the EL ratio with 6y = . For a vector z, let 20) denote its j-th coordinate. Similarly,
AUF) denotes the jk-th element of a matrix A. By abuse of notation, for a d,—dimensional random
vector V, let V2 denote V ® V with duplicated coordinates removed, i.e., V2 := vech (VVT), where
vech (A) denotes the half vectorization of a matrix A. Similarly, V3 denotes the vector consisting of
VOvech (VVT),V@vech (V... v) T (V@) v@)) . (V)" 2] denotes the Euclidean norm

of the vector z. We assume the following assumptions hold.

Assumption 2. (a) On a neighborhood around 0, ge(ryjaar and gaa are (p + 1)-times continuous differen-
tiable with Lipschitz continuous (p + 1)-th order derivatives, G (k)2|aar U8 Lipschitz continuous and g 1|22 |aar
is bounded and fx is (p + 1)-times continuous differentiable with Lipschitz continuous (p + 1)-th order deriva-

tive; (b) B U (k)U (k)T | Dy > D_, X = o} is positive definite, Vk € {0,1}.

Assumption 3. (a) K is a symmetric continuous PDF supported on [—1,1]; (b) ICp, is differentiable with

bounded first-order derivatives on (—1,0) and (0,1).

Assumption 2 is imposed on the latent variables in the RD model and parallels Assumption SA-5 of
CCFT. Since gy = Z(d,d’)e{o,l}z 9dd’ 923|dd » 0 = D+§B(1) + (1 — D+) Q](O) if X >0and U = D_Q](l) +
(1-D_)2(0) if X < 0, Assumption 2(a) guarantees that gy and mg have continuous derivatives up to
(p + 1)-th order on the left and right neighborhoods of 0. Similarly, gy2 is continuous and gjq;12 is bounded on

—1

the left and right neighborhoods of 0, under Assumption 2(a). Denote 7y,4j == X SoM 4, €= M—ZTv4

277 &
and afdj = Xp2,4+ — XpzT 1 %dj- Existence of these quantities is guaranteed by Assumption 2(a). Under
Assumption 1, pe y = fte,— =: p.. Assumption 2(a) guarantees that g. and m. admit continuous derivatives

up to (p+ 1)-th order on the left and right neighborhoods of 0. Denote (s = whit! ( prh) _ ,uego(p“'l)),
s € {—,+}, where w;]jr = fol 7K pey ()" dt and w;k_ = f21 1K, (t)* dt. Assumption 2(b) guarantees that
puuT + and pppT  exist and are both positive definite. Assumption 3(a) is standard and also imposed in
CCFT. Assumption 3(b) is also found in AK. Assumption 3(a) implies that Kp.4 (t) = Kp.— (—t) Vt € R
and therefore (b) also holds for K,._. The following result shows the asymptotic distribution of 51,,0, the EL
estimator of the RD LATE.

Theorem 1. Suppose that Assumptions 1, 2 and 3 hold. Assume that the bandwidth satisfies nh??™3 = O (1)
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and log (n)* / (nh) = o (1). Then, V/nh (51)70 — Yy — %IELhP+1) —a N (0,%F"), where

C C 0,2 9o
p;+ Pi— — ? dj
%EL = and 7/EL = L ad)

¢(up+ —pp,—) (p+1)! b ¢ (up+ —ip-)"

Remark 1. Terms in %EL that depend on the derivatives of fx can be removed by using the bias-correcting
moment conditions (Hall and Presnell, 1999). Denote 7, (u) = (u,uz,...,up)T. For the EL estimator
resulting from adding two more constraints ) . w; W, ; ® 7, (X;/h) = 0 to (5), the conclusion in Theorem 1

holds with - = (whE pT — Wb TP /(g = o) (04 11,

Remark 2. We consider the special case of sharp RD and p = 1. The local linear estimator 1%" can be
obtained from a single localized regression. CCFT’s approach augments the regression to incorporate pre-
treatment covariates. CCFT’s covariate adjusted estimator 3SCFT is given by the regression coefficient of

ﬁCCFT = eéL_d 3 argmin ZKh (Xz) {}/1 — ag — bOXi — G,lli — leiIi — Zz—rd}z . (6)

(a0,bo,a1,b1,d)ER*Hd=

The covariates enter linearly and kernel smoothing over the covariates is not needed. 198CFT converges in

probability to the sharp RD estimand, under the covariate balance assumption. 1/9\L0L

— ¥ is approximately
N (0,7'/ (nh)) distributed and 38CFT — g is approximately N (0, 7 “FT/(nh)), under the undersmoothing

assumption nh® = o(1). Varg and Covy are understood as Var[- | X = 0] and Cov[- | X = 0] and ), is

understood as } ;.o 13- We compare the asymptotic variance YEL = ?iofdj/go with 7t = ?iUEL/QD
and ¥ CCFT = ;02 L 0ecrt/, where of) ==Y, Varg [Y (k)] (see, e.g., Imbens and Kalyanaraman, 2011) and

. -1 .
o2crr = Sy Var [V (k) = Z (k) veerr| with veerr = (55, Varo [Z (8)]) " (S, Covio[Z (k) Y (k). Tt is
easy to check that in the definition o7y and ~agj, Zarzx = o, Xyzm 2 = > Covy {Y (k:),Z(k)T} and

Y27+ = )y, Vary [Z (k)]. To see o2y < o, observe that by definition,

2 .
Oadj = M2+ — XMZT +Vadj

_ <Z Covg [Y (k),Z(k)TD (ZVarm Z (k)]) (Z Covyo [Z (k),Y(k)]) <ot (7)
k k k

Next, we show that afdj = U%CFT.Q Observe that vaqj = yccrr and also

Var|q [Z (Q)T %dj} + Var|g [Z (1)—r %dj} _ 'y;j (Var|0 [Z (0)] 4 Varg [Z (1)]) Vadj

9Indeed, it can be shown that the EL and CCFT’s estimators with undersmoothing (i.e., nh® = o (1)) are first-order equivalent
in a stronger sense: agCFT — {9\'15'-0 =op <(nh)_1/2>,
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= Covyo |V (1),2(1)" Vadj} + Covyo {Y (0),2(0)" 'Yadj] =Xpnz7 +Yd- (8)

Therefore,

o2 = Varpo [Y (0)] + Varyp [¥ (1)] = Covig [ Y (1), Z (1) 7aqi|

— Covio [ (0,2 (0) " aas] = Varyo [Y (0) = Z (0)T | + Varig [¥ (1) = 2 (1) 7] = o2cer,
where the second equality follows from

Varyg |Y (k) — Z (k)" 7aq| = Varyo [Y ()] + Var [Z (k)" wadj} — 2. Cov [Y (B), Z (k) ~aqs

4 CCFT —

and (8). The equivalence result L can be generalized to the case of arbitrary p. The equivalence

also holds for fuzzy RD with an arbitrary LP order p.

Remark 3. We say that an estimator achieves efficiency gain if its asymptotic variance is smaller than that
of the standard local linear estimator without covariates. o2y = 0¢cer < oy implies that both of the EL and
CCFT estimators achieve efficiency gain without additional assumptions other than covariate balance. At
the first glance, the guaranteed efficiency gain from the CCF'T estimator may be surprising if one recalls that
CCFT (on their Page 448) finds no definite ranking between oZ--r and of, and interpret the indeterminacy
as “in perfect agreement with those in the literature on analysis of experiments,..., where it is also found that
incorporating covariates in randomized controlled trials using linear regression leads to efficiency gains only
under particular assumptions”. As the RD design is often viewed as local randomization, let us reconcile our
finding and CCFT’s comment from the perspective of randomized experiments. In RD designs, continuity of
the density of the running variable X implies that the shares of units with X being in small neighborhoods
to the left and right of the cutoff are equal (Noack et al., 2021, Section 5.2). Therefore, the RD design is
analogous to a randomized experiment with equal probabilities of being in treatment and control groups. In
the literature of randomized experiments, Negi and Wooldridge (2014, Theorem 5.2(iv)) shows that when
the assignment probability is equal to 1/2, the pooled regression adjustment (see Negi and Wooldridge, 2014
for its definition), whose algorithm is analogous to that of the CCFT estimator, always brings efficiency
gain. The assignment probability assumption is automatically fulfilled in RD designs.'® Theorem 1 and the
equivalence of the EL and CCFT estimators provide insight into this phenomenon of guaranteed efficiency

gain from a different angle. CCFT’s estimator can be interpreted as being efficiently incorporating the side

10Noack et al. (2021) shows that covariate adjustment for RD in an arbitrary way may not lead to efficiency gain. Their
optimal nonparametric adjustment leads to efficiency gain under an assumption that is more stringent than covariate balance.

12



information from the covariate balance condition, which leads to efficiency gain.'!

The following theorem establishes uniform-in-bandwidth validity of the EL confidence set. Let ¢ (&)
denote the space of all bounded functions f : & — R endowed with the sup-norm ||f||g = sup,eg |f (5)]-
Let H = [Q,E] be a compact bandwidth set where h = h, > 0 and h = h, >0 (h < h) are bandwidths
that depend on the sample size. The following theorem parallels the main result of AK and is a substantial
extension of the standard Wilks’ phenomenon which states that LR, (99 | h) —4 x3. AK assumes that the
outcome variable Y is bounded. Our result incorporates covariates and accommodates unbounded outcomes.

The proof techniques we use also differ from those employed by AK.

Theorem 2. Suppose that Assumptions 1, 2 and 3 hold. Suppose that (ﬁ, E) satisfy nﬁgp+3

=o0(1l) and
n/12/ (n@)lm—&—(nﬁ)*l/6 =0 (log (n)73). There exists a zero-mean Gaussian process {I'c (s) : s € [1,h/h]}

which is a tight random element in £>° ([1,5/&]) with the covariance structure given by

B[l (s) [ (1) = \/ffo ’Cp;ftxgjg Kopi+ ((s/t) 2) dZ. 9)
0

P+ (2)2 dz

Then, Pr |LR, (Yo | h) < z, (E/Q)2 ,Vh € H} —1—7, asn 1 oo, where z; (h/h) denotes the 1 — 7 quantile

of 116y 7/m) -

Remark 4. Theorem 2 generalizes the standard Wilks’ theorem with a single bandwidth. It implies
that when h = h = h, Pr[LR, (Yo | h) <¢;] = Pr[dp € CS. (k)] - 1 — 7. Le., with a single band-
width, the EL confidence set is asymptotically valid. The standard EL confidence set C'S; (h) may un-
dercover if the bandwidth is selected after specification search over H. As an example, suppose that
h == argmax;, LR, (0 | h) is selected to maximize the p-value for the two-sided hypothesis test of ¥y = 0.
AK shows that z, (E/ﬁ)2 > ¢, when h/h > 1 but 2, (h/h) grows at a logarithmic speed as h/h 1 oco.
It is clear from Theorem 2 that Pr [190 € C8S, (/Az)} — 1 — 7, where ¥ > 7 solves zz (E/Q)2 = ¢, if
Y9 = 0 and the test of Jg = 0 does not have asymptotically correct size. Theorem 2 justifies a sim-
ple correction for bandwidth snooping as AK by replacing the critical value ¢, used by CS, (h) with
Zr (E/@)Q. Let CS% (h | E/Q) = {90 :LR, (6 | h) < z; (E/@)Q} be the snooping corrected confidence
set. Then, CS5* (h | h/ ﬁ) has asymptotically correct coverage no matter how h is selected from H, i.e.,

liminf,, 1o Pr [9o € CS5° (k| h/R)] > 1 —7 Vh € H.

Remark 5. The critical value z, (E/ ﬁ) is based on direct Gaussian approximation and can be easily simu-

1 Such an argument is analogous to that of Hirano et al. (2003), which explains the puzzling phenomenon that the inverse
probability weighting estimator using the nonparametrically estimated propensity score has a smaller asymptotic variance
relative to that uses the true propensity score. Hirano et al. (2003) shows that the former is equivalent to an EL estimator that
incorporates the side information from knowing the true propensity score efficiently.
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lated, since the covariance structure (9) depends only on the kernel function.!? If h/h 1 oo as n 1 oo, then
the critical value z, (E/ ﬁ) can be replaced by its asymptotic counterpart z2% (ﬁ/ Q), where 27¥_ (E/ﬁ) =
—~log (—log (1 — 7)) /a, + b, where (an,b,) are constants that depend on h/h and the kernel function.

22 (E/ Q) is not recommended to be used in practice since its justification is based on the asymptotic theory

of suprema of stationary Gaussian processes, which converges at a slow speed.

Remark 6. Theorem 4 shows that {CSiC (h | h/ @) the H} is an asymptotically valid confidence band for
the constant function H > h — 3. By using the uniform confidence band for inference on ¥y, we take
multiple bandwidth choices into account. Such an inference procedure is therefore more robust and less
sensitive to bandwidth choice. The uniform confidence band can also be used for analysis of the sensitivity
of the result from the point-wise confidence set to bandwidth choice. See AK for detailed discussion. AK’s
argument can be extended to our case. Let h,s denote a reference bandwidth and one computes C'S; (hf). In
case of a statistically insignificant result (i.e., 0 € CS; (hs)), it can be argued that using a smaller (larger)
bandwidth is necessary due to high bias (variance) incurred by h,s. However, the specification search or
multiple testing issue undermines the validity of a significant result (C'S, (k) C (0,00) or C'S; (k) C (—00,0))
corresponding to some h # h,. In such a case, with suitable lower and upper bounds (Q E) such that
h < hy¢ < h, one may follow AK’s approach and use the band {CSiC (h | E/ﬁ) che ]HI}. If 3h € H such
that CS5 (h | h/h) C (0,00) or CS (h | h/h) C (—00,0), one may conclude that the RD LATE is different
from zero and validity of such a result is guaranteed by Theorem 2. In case of 0 ¢ CS; (hy), it is still
necessary to examine the sensitivity of such a significant result to bandwidth choice (Imbens and Lemieux,
2008). As AK, with suitable (ﬁ, E), one may conclude that Y9 > 0 in a robust sense if 3h € H such that
CS (k| h/h) C (0,00) and Yh € H, CS (h | h/h) N (0,00) # 0. Compared with AK, our confidence band
incorporates information from covariates and the robust inference based on it is more powerful. The choice of
(ﬁ, E) follows AK (see Section 4.1.3 therein). We set h to be the value that gives approximately 50 effective
observations (i.e., nh ~ 50). On the other hand, h can be set proportionally to a commonly used reference

bandwidth.

Remark 7. Theorem 2 also provides correction to obtain asymptotic validity under criterion-based data-
driven bandwidth selection. In practical implementation, one may take the bandwidth to be he [ﬁ, ﬂ , where
(ﬁ, E) are deterministic lower and upper bounds and % is the minimizer of some data-dependent criterion
function defined on [ﬁ, E]. Theorem 2 shows that snooping correction takes all noise in 1 into account, by
replacing the x? quantile with z;_, (E/ Q)Q. By Theorem 2, asymptotic validity of the robust confidence set

CSs* (ﬁ | h/ Q) is guaranteed without assuming that 1 fulfills any property such as the stochastic order of

123ee the R package BWSnooping from http://github.com /kolesarm/BWSnooping.
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h /h —1 is sufficiently small so that the noise in his negligible, where h is some deterministic bandwidth that

1 tries to capture.

Remark 8. As the main result of AK, Theorem 2 assumes deterministic upper and lower bounds (@, E).
Let (ﬁ*,ﬁ*) denote some deterministic bounds that some data-dependent bounds (ﬁ, E) capture. As argued
by AK, the conclusion of Theorem 2 still holds under data-dependent bounds, if the orders of E/E* — 1 and

h/h* — 1 are sufficiently small and (ﬁ*,ﬁ*) satisfy the assumptions of Theorem 2.

5 Robust corrected empirical likelihood inference

In this section, we investigate the second-order properties of the EL ratio inference method. Theorem 3
provides the distributional expansion of LR, (Jy | h) and characterizes the leading term. By using this
result, we drive the coverage optimal bandwidth and propose a simple and feasible correction to the EL
ratio that leads to a fast coverage error decay rate. Theorem 4 provides the distributional expansion of the
corrected EL ratio under local perturbation to the covariate balance condition. By this result, we show that
the corrected EL confidence set enjoys a favorable property that its coverage accuracy is maintained even if

covariate balance assumption is slightly violated. We assume the following assumptions hold.

Assumption 4. On a neighborhood around 0, goy()3ae and Gog(rysjqar are both Lipschitz continuous and

9)0(k)||20)da 1S bounded, Vk € {0,1}.

Assumption 5. (1, Kpi+, ICIQ);_H Kg;+) are linearly independent as elements in the vector space of continuous

functions.

Assumption 4 is a stronger condition than Assumption 2(a). Assumption 5 is a mild condition which is sat-
isfied by all commonly-used kernels. Clearly, the same property also holds for (1, Kp.—, ICZ; -, IC}?;;f). Assump-
tion 4 and 5 are used when establishing validity of the Edgeworth expansions in the proofs of Theorems 3 and 4.
Let tr (A) denote the trace of a square matrix A. Denote Z; := /’L[j‘[lj"r’:tv By = (/VL[}%ﬁHr + N(}bTﬁ) _1, Puw =
tr (Z1ppopmppt +) and U = tr (Eippwpyr 4 Eippwort 4+) — 2 -t (Eippoort - Eiprwort 1) +

tr (E'lH’U(“)UUT,—ElﬂU(W)UUT,—)' Then, let

2
0,4 0,3
1w, 1 (Wp;+) 2
“j/pT — Z 5 g,;r Eguw)\Ijlllw _ g7255LIW)\:[15W + 4(,02:3_ -2 (wg:i) tr (5152) / <W2:_2~_§0) s
uw=1,...,dy wPH‘ wgﬁ

Let “I/pi be defined by the same formula with U replaced by U := Z—1J5 and the range changed tou,w =1, ..., d.

accordingly. Let “I/pLR = ”I/pT — ”//pi. We write a,, < by, if a,, = O (b,,) and b,, = O (a,,). The following theorem
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is similar to Calonico et al. (2020, Theorem 3.1) and provides an asymptotic expansion of the coverage

probability Pr [¥y € CS; (h)] =Pr[LR, (Yo | h) < ¢;).

Theorem 3. Suppose that Assumptions 1 - 5 hold. Suppose that h satisfies nh?**3 = 0 (1) and (nh3)71 =
O (1). Then, Pr[LR, (o | h) < z] = F\2 () =%} (n,h) o f,z2 () +0 (vy;), where vy, = nh?+3 4 hp+iy (nh)
@, (n,h) = nh®>3BR + (nh) ™' VIR and BR = (BEY)* /L. Let the ROEL ratio be LR (6y | h) =
LRys1 (60 | h)/ (1 + (nh)™" 7/@). Then, Pr [LRE (99 | h) < 2] = Fya (x) + O (n™Y), if h = n=/#+2),

Remark 9. Theorem 3 shows that the coverage error Pr[Jy € CS; (h)] — (1 — 7) is approximately equal to
—6, (n,h) ¢, fy2 (¢r). In the leading coverage error term, nh** 3 %R is the “bias” term that is contributed by
the smoothing bias and (nh)_1 V/I)LR is the “variance term” that stems from the stochastic variability. Since
h = n~1/#P*+2) gives the best coverage error decay rate, we restrict our attention to bandwidths that satisfy
h = H-n~Y®+2) for some H > 0. Now the leading coverage error is proportional to —n~®+1/(+2) CEL ().,
where CEL (H) = %"};RH 3 4 ”//pLRH ~1. The coverage expansion for the EL confidence set takes a much
simpler form than its Wald-type counterpart so that simple rescaling correction removes the leading term.'?
In addition, because the moment conditions W, ® (Y — oD — 61, Z" — 65 )T (with 8 = 99) is asymptotically
uncorrelated with the derivatives with respect to (61,602) at 6§ = ¢, the leading term in the distributional

expansion further simplifies and as a result, ”//pLR can be easily estimated by the plug-in estimator. We provide

a matrix formula for ”//pLR in the appendix. Parallel to Calonico et al., 2018b, we define the optimal constant

H, as the minimizer of the absolute value of the leading coverage error: He, = argming g ‘CIEL (H)|, Hence
the coverage optimal bandwidth is given by heo = Heon ™Y/ (P2 14 where Note that he, in our EL approach
is independent of the nominal coverage probability 1 — 7.This property is not shared by the coverage optimal

bandwidth for the Wald-type approach.

Remark 10. It is shown in the proof of Theorem 3 that if A =< n~/(*+2) the remainder term in the expansion
of Pr[LR, (9o | h) < x]is O (n™') (up to a logarithmic term). Let LREC (6y | h) := LRy, (6o | h) / (14 %), (n, h))
be the standard Bartlett corrected EL ratio. One can show that Bartlett correction removes the leading cover-
age error term in the expansion in the first conclusion of Theorem 3: Pr [LR;’)c (Wo | h) < z] = Fe (z)+o(vy).
The infeasible Bartlett corrected EL confidence set {6 : LR;’,C (60 | h) < ¢;} has coverage accuracy with er-

ror rate O (nfl). However, (%'I;R, ”VPLR) depend on unknown parameters. One can replace these unknown

B3Let WSy (0o | h) denote a Wald-type statistic using the p-th order LP regression estimator (Calonico et al., 2020). If
h=H - n’lf(?*m7 which leads to the best coverage error decay rate, the first-order approximation to the coverage error of the
Wald-type confidence set is of the form C (H,z)n~P+1/(r+2) where C (H,z) = (C1 (H) z + Cs (H) 2® + C5 (H) z°) fx% (z),

Cy (H) = ck’1H2P+3 + ckﬂzHWLl + ckng’l and (Ck,l, Ck,2, Ck’g) are constants. The distributional expansion corresponding to
the EL ratio is similar but much simpler. Its leading error term satisfies C3 (H) = C5 (H) = ¢1,2 = 0.
14 Note that 2R > 0. If ¥R > 0, CE- (H) > 0 and clearly limp oCE- (H) = limpg10oCE- (H) = oo. The unique minimizer

H, satisfies the first-order condition. An explicit solution is available from solving it: Heo = (“I/pLR/ ((2p +3) L@;‘,R))l/<2p+4>.

If %LR < 0, it is easy to see that Heo, = (—“//Z)LR/%'];R)I/<21)+4) and C'f" (Heo) = 0. In this case, the first-order coverage error
vanishes at the optimal bandwidth.
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quantities with their consistent nonparametric estimators to get the feasible Bartlett corrected EL confidence
set. Note that ‘%IﬁR involves higher-order derivatives up to the order p 4+ 1 while ”//pLR depends only on con-
ditional expectations. Hence the latter can be estimated by a simple plug-in estimator ”f/;LR that is based on
local linear regression with standard ROT bandwidths (Hansen, 2021, Chapter 21.6). By standard theory,
”f};-R - R=0, (n=2/°). On the other hand, a fully nonparametric estimator of ZB5R is highly variable. As
a result, the practical performance of the feasible Bartlett corrected EL confidence set is highly dependent
on the estimation error for ‘%)IiR and for this reason, its coverage error decay rate can be much slower than
O (n™'). This motivates us to propose a simple modification that avoids the estimation of ;R , see the

following Remark 11.

Remark 11. To avoid estimating ;R in the expansion for Pr[LR, (Jo | h) < z], we internalize bias re-
moval by increase the order of LP by one, in the spirit of Calonico et al. (2014).!% Under the smoothness
assumptions, the smoothing bias is now of order h?*2. EL automatically accounts for the change in variation
by implicit studentization. In the proof of Theorem 3, we show that Pr[LR,4+1 (Yo | h) < z] is equal to the
sum of Fl2 (z) — (nh)~* VR fy2 (z) and a remainder term that absorbs contribution from the smoothing
bias. The leading “variance” term becomes (nh)f1 7/17'351 and rescaling the EL ratio by (1 + (nh)f1 7/1,'351)_

eliminates it. Essentially this approach trades bias for variance, as the latter can be estimated with good ac-
curacy. Removal of the term of order (nhf1 makes it feasible to choose a small bandwidth [Yu: what
does the “small” mean? isn’t the rate the same as before?]. The rate optimal bandwidth that mini-
mizes the decay rate of the remainder term balances the terms of order nh??*> and hP*3. The remainder
term is O (n™1) if the rate of h is chosen optimally (i.e., h = n~1/(P+2)) Let the feasible RCEL ratio
be LR;'C (o | h) = LRpt1 (00 | h)/ (1 + (nh)™" ”17[)'151), where ”171,'351 is a plug-in estimator of “I/p'fl. Since
“//;Lfl - VR =0, (n=%/%), the distributions of LR;,rc (Jo | h) and LR (9o | h) differ by an error of order
o (n™') and the second conclusion of Theorem 3 holds for Pr [LRZC (Vo | h) < z]. Then it follows that the
feasible RCEL confidence set C'Sf (h) = {0, : LR;rC (60 | h) < ¢;} has a coverage error of order O (n™1).
Following Gelman and Imbens (2019), we recommend using lower order local polynomials and setting p = 1
or p = 2. In both cases, C’Sﬂc (h) has coverage error decay rate O (nil). The rate optimal bandwidth obeys
h=n"13(p=1)or h < n='/* (p=2). In the former situation, we require a weaker smoothness assumption,
achieve the same fast coverage error decay rate but use a smaller effective sample of size nh. In this situation,

the length of C'Sf (h) is of larger order of magnitude.

Remark 12. We now compare the feasible RCEL to CCFT’s inference method. When p = 1, CCFT proposes

15Calonico et al. (2014, Remark 7) shows that subtracting the p-th order LP estimator by the nonparametric estimator for
the leading bias term with the same bandwidth is the same as a (p + 1)-th order LP estimator. By increasing the order of LP
by one, this approach makes the order of bias smaller but brings one more term that contributes to the stochastic variability.
Calonico et al. (2014) proposed bias-correction-aware standard errors that account for the change in variability.
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Wald-type inference using their local linear estimator with bias correction and standard errors that take into
account estimation of the bias. CCFT’s bias-corrected local linear estimator with common bandwidths is
equivalent to the augmented local quadratic regression estimator. It is well-expected that an extension of
Calonico et al. (2020, Theorem 3.1(b)) holds and CCFT’s confidence interval admits a similar distributional
expansion. Hence for p = 1, CCFT’s method with a bandwidth A that obeys the optimal rate (i.e., h =< n~/4)
has coverage error decay rate n~3/% (see Calonico et al., 2020, Theorem 3.1(a)). Similar to CCFT, we use
local quadratic moment conditions (p+1 = 2) in (4) to reduce the smoothing bias. Meanwhule, our EL-based
method analytically accounts for the effect of stochastic variability on the coverage error and then chooses
the bandwidth rate optimally (i.e., setting h < n~'/3) to alleviate the effect of the smoothing bias. Our
method achieves a faster O (n_l) coverage error decay rate. Note that the same smoothness assumption
(i-e., twice differentiability of the conditional expectation functions) underlies such comparison. Our method
has a coverage error of a smaller order but requires no more stringent assumptions. It is also computationally
inexpensive since resampling for standard error estimation is not needed. If more smoothness is available
(thrice differentiability, see Calonico et al., 2020, Theorem 3.1(b)), we can set p = 2. A cubic local regression
(polynomial order = p 4 1) increases variability but our method takes it into account through accurate
estimation of the change in variability . The length of the resulting C'Sf¢ (h) for p = 2 with the rate optimal
bandwidth (i.e., h < n~'/%) has the same order as CCFT’s confidence interval but C'Sf (h) enjoys a faster

(0] (n_l) coverage error decay rate.

Remark 13. Like most existing results on second-order properties of kernel-based nonparametric inference,
Theorem 3 and our previous discussion assume a deterministic bandwidth. In practical data-driven imple-
mentation of the corrected confidence set, one selects a deterministic bandwidth of the form h = H-n~1/(#+2)
replaces H with a consistent estimator H and reports CSfre (ﬁ) where h = H - n~Y/®+2)_ Calonico et al.
(2020) (see Section 5.3 therein) proposes an approach that takes the estimated AMSE optimal bandwidth
and rescales it to make it obey the coverage optimal rate (see Section IV(C) of CCFT). We can follow this ap-
proach to use the rescaled versions of CCFT’s bandwidth. Alternatively, we can use a simpler rule-of-thumb
(ROT) bandwidth proposed in Hansen (2021, Chapter 21.6). Our correction removes the leading coverage
error term and makes coverage accuracy less sensitive to bandwidth choice. In simulations, we find that
CSfre (71) with % taken to be any of the aforementioned data-driven bandwidth selectors has good coverage

accuracy.

Remark 14. It can be easily verified that the conclusion of Theorem 2 with p changed to p + 1 still holds
when LRy 11 (Jg | h) is replaced by LRI (9o | h) since they are first-order equivalent, uniformly in & € H.
The “doubly corrected” confidence set C'ST (h | h/h) = {90 : LRI (0o | h) < 2 (h/ Q)Q} takes into account
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specification search over multiple bandwidths within H. In the proofs, we show that the distribution of
supheHLR;rc (99 | h)) is approximated by the distribution of Hng; = suppepl @ (h)? with a vanishing error,
where {f}; (h):he H} is a zero-mean Gaussian process whose definition is in the proof of Theorem 2 and
I (h)? follows the x?2 distribution Vh € H.'6 Theorem 3 shows that for a single bandwidth h, the error of
the distributional approximation Pr [LR;)'C (Vo | h) <z] —Pr {fg (h)* < 1:] is O (n™'). We expect that the

distributional approximation of supy,cyl (h)* = ||FG||f1 7/h] to supheHLRgC (99 | h) inherits the favorable

h
property of a fast decay rate of Pr [LR (g | h) < x| — Pr [fa (h)* < :c] with a single h € H. Therefore,
we also expect a small coverage error for the confidence band {C'S™ (h | h/h) : h € H}. Our method thus

serves as a very effective tool for AK-type sensitivity analysis and robust inference.

We have shown that the RCEL confidence set has superb coverage accuracy, under the covariate balance
assumption. We now consider the situation in which covariate balance fails to hold and analyze the sensitivity
of the coverage accuracy of RCEL to the balance assumption. Cattaneo and Titiunik (2022) note that
“the principle of covariate balance can be extended beyond pre-determined covariates to variables that are
determined after the treatment is assigned but are known to be unaffected by the treatment...” Such extension
of the scope of covariate is more than welcome in our GMM framework because LP moment conditions 4
include any Z with 77z = 0, regardless of pre-determined covariate or “unaffected” outcome. While expanding
the set of covariates may improve the efficiency of estimation and inference, it bears the risk that the prior
belief 77 = 0 is actually wrong for some “unaffected” outcome included in 4. If the falsification test in the first
stage rejects the balance hypothesis for such “unaffected” outcomes, we can exclude it from covariate adjusted
estimation of the RD model.. However, the usual falsification test sets .7z = 0 as the null hypothesis and
may fail to reject if .7 is close to the hypothesized value 0 under the null hypothesis. !” Another possibility is
that Assumption 1 is indeed satisfied by the true probability law but our sample observations are subject to
data contamination or measurement errors that occur after treatment (Kitamura et al., 2013). 7y, ..., Z,, may
be drawn from some perturbed probability law which slightly violates pz 4 = pz,—. CCFT shows that the
covariate adjusted estimator is inconsistent and the confidence interval fails to have asymptotically correct
coverage probability in both situations when pz  # p1z . When implementing covariate adjustment for RD,
the researcher may mistakenly include covariates that slightly violate the assumption pz + = p1z,—. Theorem
4 shows that our method is useful in the situations when our prior belief about the placebo outcomes is

imperfect or the data on covariates are contaminated but the incurred imbalance is slight.

16{fg (h):h e H} relates to {FG (s):s€ [l,ﬁ/ﬁ]} by I'g(s)=Tg(s-h)Vse [1,5/@] and clearly, HngH = HFG”[lI/h]'

7For example, Ludwig and Miller (2007)found no discontinuity in child mortality from injuries near the cutoff that divides
the treatment and control groups, where the treatment refers to high participation and funding rate for the Head Start program.
Therefore, child mortality from injuries can serve as a covariate Z when studying the effect on child mortality rate from causes
affected by Head Start. However, the fact that the balance condition involving Z is not rejected empirically may be caused by
a lack of sufficient power.
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By using local asymptotic analysis, we analyze the performance of our RCEL confidence set in the
framework of local misspecification (see, e.g., Armstrong and Kolesar, 2021). We assume that 9 approaches
the hypothesized value 0 under covariate balance at the rate of (nh)fl/ % So that the coverage probability
Pr [0y € CS (h)] = Pr[LRI (9o | h) < ¢;] has a limit in (0,1 — ), which captures the phenomenon that
covariate imbalance results in undercoverage in finite samples. We assume that the bandwidth for our RCEL
confidence set has been set to obey the optimal rate that minimizes the coverage error, i.e., h = H-n~1/@+2)

~1/2 " As the standard

for some constant H > 0, when covariate balance holds. Let [, := n~(P+1/Zr+4) = (np)
Pitman approach to analyzing power properties of tests of parametric hypotheses, we think of the local
imbalance hypothesis 9, = dl,, as reparametrization of values of 7 that lie in a small neighborhood around 0,
where § € R% denotes the localizing parameter.'® 7, = 4l,, is equivalent to iz, = pz + —(up.+ — pip,—) 6l
under Assumption 1 (a), (b) and (c¢). Then it is clear that then the moment conditions (4) are locally
misspecified in the sense of Armstrong and Kolesar (2021) since E [A™ W), (Z — ¥2)] = O (l,,). Our result
differs from Armstrong and Kolesar (2021) and focuses on the coverage performance of the RCEL confidence

set when 9 is close to 0.1? This is in accordance with fact that local imbalance with a large § can be detected

with a high probability in the first-stage falsification test.

We now consider Pr [y € CSI€(h)] as a function of § under local imbalance. Theorem 3 shows that if
§=0,Prigge CSc(h)] =1—7+0(n"'). A measure of sensitivity of the coverage accuracy to local
imbalance (i.e., how the coverage probability drops relative to that under 6 = 0) is given by the slope of
Pr 9y € CS°(h)] as a function of § at 6 = 0. We extend Theorem 3 and derive a two-term asymptotic
expansion for Pr [y € CS!° (h)] and take the sum of the leading terms, denoted by R (4), as approximation
to Pr[dp € C'S! (h)] in finite samples. We show that R (0) =1 — 7 and the gradient VR (8) := 9R (§) /9 of
R () at 6 = 0 is equal to 0, so that R (9) is locally constant around 6 = 0. This shows that coverage accuracy
of the RCEL confidence set is relatively unaffected by local imbalance in finite samples. We note that this
is indeed a unique property of the RCEL confidence set (Remark 16) and any other inference method does
not have the same property in general. We get the same conclusion in case of local imbalance due to data
contamination, when 71, ..., Z,, are drawn from a locally perturbed population that satisfies pz  —pz — = 6i,,.

By using similar techniques as in Bravo (2003), we derive a second-order approximation to the distribution

180ur specification of .7z = 61y, follows Gallant and White (1988, Chapter 7)’s “fixed data-generating process (DGP), drifting
hypothesis” approach. 77 = dl, is understood as the assumption that our maintained hypothesized value 0 for the true RD
LATE 77 is chosen in such a way that 97 —0 = [, for some d # 0. For the alternative “fixed hypothesis, drifting DGP” approach,
we let G : R®t2d= — [0, 1] denote the CDF of a joint distribution of the latent variables (Y (0),Y (1), Dy, D—, Z(0), Z (1))
and the score X such that Assumptions 1, 2, 4 and 7 = 0 are satisfied and J; = dl,, is understood as the assumption that
the latent variables and the score obey a joint distribution that is given by G with a location shift. By taking this alternative
approach, we can show a result that is similar to Theorem 4 and leads to an identical conclusion. The proof requires more
complicated arguments and suitable modification of the assumptions.

19The approach of Armstrong and Kolesar (2021) specifies a set in which ¢ possibly lies and then adjust the critical value to
take into account the maximal misspecification bias. We take a very different approach in this paper.
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of LR (Yo | h) under .77 = 6l,,. F(-|n) denotes the CDF of a x7 (1) (non-central x* with one degree of
freedom and non-centrality parameter 7 > 0) random variable. Let F®) (2| n) :== 9*F (x | ) /On* be the

k-times partial derivative of F' (z | n) with respect to 7.

Theorem 4. Suppose that Assumptions 1 - 5 with Assumption 1(d) replaced by Tz = dl,, hold. Suppose that h
satisfies h = H-n="P*2) for some constant H > 0. Then, Pr [LRS (9 | h) < z] = F (33 | H (725/617“)2) +
P(z,8) 1, + o(l,), where P(z,8) = 2, (6) FV) (m | H (716/6]0“)2) + Py (6) FP) (x | H (716/5,,“)2),
YA — Yadj and 6§+1 — 7/},'1"1 as n T oo and (L1, P3) are homogeneous cubic polynomials with constant

coefficients. The expressions of (7A76g+1, P, ,9”2) are in the appendiz.

Remark 15. In the approximation to Pr[dy € CS(h)] = Pr[LR (9o | h) < ¢;], the first-order term
F (cT | H (726/6p+1)2) is an even function of §, OF (cT | H (’ygé/&p+1)2> /85‘620 = 0 and the second-
order approximation P (c,,0) is an odd function of 6. Theorem 4 also implies that 0P (¢,,0) /06|s_, = 0
and P (cr,-) is locally constant around the origin. Let R (8) := F (cT | H (726/6p+1)2) + P (c¢r,0) 1. Then
we have VR (0) = 0 and this shows that the coverage accuracy of the RCEL confidence set is highly in-
sensitive to local perturbation to covariate balance (6 = 0). If ||[VR(0)| is large in magnitude, a slight
perturbation would incur severe undercoverage. To see that the slope is a measure of sensitivity to local
imbalance, we consider the approximate minimal coverage minges, R (J) on S,, where v denotes a positive
constant and S, = {§ € R% : ||§]| = v} represents perturbations with equal magnitude v in all directions.
0% = argmingcg R (J) corresponds to the direction in which the perturbation results in the most severe
undercoverage. Clearly, R (6},) < 1 —7 and we have the approximation R (05) = (1 —7)—|[|[VR(0)|| v +o0(v)

when v is small.?% Therefore, the RCEL confidence set has minimal sensitivity due to [|[VR (0)| = 0.

Remark 16. Having a locally constant second-order approximation (as a function of §) is a unique property.
Let pc () = (z7° = 1) /{s (1 +¢)} for ¢ € R. We interpret pg (z) = —log (x) as the limit of p. (z) as ¢ — 0.
The nonparametric likelihood (NPL) criterion function £ (6 | h) is defined by (5) with 2, po (n-w;) =
—>";log (wi/n~t) replaced by the more general Cressie-Read divergence Y, pc (n-w;). The NPL ratio

LR

~+1 (0o | h) and confidence set are defined analogously. Under the same assumptions as in Theorem 4, we

can show that Pr [LR<

i1 (Vo | h) < 33} admits a similar two-term asymptotic expansion.?! The first-order

term in the expansion for Pr [LR; | (9o | h) < z] is still given by F (:I: | H (726/617“)2). The second-order
term is of the form (P (z,0)+ P.(x,0))l,, where P.(z,d) is an odd function of 4, P, (z,6) = 0if ¢ =0
and OF; (x,0) /00|s_, # 0 in general if ¢ # 0. In the case of ¢ # 0, since 0P, (x,6) /00|5_, # 0, there

20By using the Lagrange multiplier method to solve the constrained minimization problem mingeg, R (§) and mean value

expansion, 6% = — (VR (6}}) / Hé;‘%H) v and therefore, R (6;‘{) =1-7)— (VR <5R)T VR (5;‘%) / HVR (6}})”) v, where §g is

the mean value that lies between 07, and 0. Clearly, VR (5R>T VR(5%)/ HVR (6%) H —|[VR(0)|| =0,as v | 0.

21The proof of this result is omitted for brevity but available from the authors.
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can be perturbation associated with a large drop in coverage probability of the NPL confidence set. Let
R, (0) = F (CT | H (715/6p+1)2) + (P (z,6) + P (2,6)) I, and 65 = argmingcg R (6). Then by similar
arguments, R (5}"%) =(1—7)—||[VR: (0)|| v + o (v), which is highly sensitive if ¢ # 0 and |VR, (0)|| > 0 is
large. In contrast, the RCEL confidence set exhibits good coverage accuracy uniformly in all § € S, when v

is small.

6 Monte Carlo simulations

We conduct simulations to evaluate the practical performance of the proposed corrected EL inference for
sharp RD designs with covariates. The DGP of the outcome variable Y;, the running variable X; and the first
covariate Zi; is based on the simulation design of CCFT. Incorporation of additional covariates Zs,, ..., Z;

follows that of Arai et al. (2021). Le., Y; = p,, (X5, Z1;) + Z;:Q w1 Z +eyi and Z; = p, (X;) +€,,4, where

0.36 + 0.962 + 5.4722 + 15.2823 + 15.87¢4 + 5.142° + 0.222, if & < 0,
:U’y (LU, Zl) =
0.38 4 0.622 — 2.8422 + 8.4243 — 10.24a* + 4.312° + 0.282,  if z > 0;
@ 0.49 + 1.06z + 5.74x2 + 17.142% + 19.752% 4+ 7.472° if 2 < 0,
Mz (T =
0.49 4+ 0.61z — 0.23z2 — 3.462> + 6.432* — 3.482° if z > 0.

Error terms (e, ;,€,,;) are bivariate normal with mean 0, standard deviation 1 and correlation coefficient
p = 0.269. Additional covariates (Za, ..., Z;;) have a multivariate normal distribution with mean zero and
covariance matrix given by Cov [Zj;, Zy;] = 0.5kl j k > 2. The coefficient 7 = 0.2. We consider three
scenarios with [ = 0,2, and 4, which correspond to the total number of covariates d, = [ + 1 being 1, 3, and
5. We take the LP order p = 1 and 2. The sample sizes are n = 500, 1000 and 2,000. The number of Monte

Carlo replications is 2, 000.

Table 1 presents the empirical coverage rates of the feasible RCEL confidence set CSfre (ﬁ) proposed in
Remark 11. The nominal coverage 1 —7 = 0.99, 0.95 and 0.90. Following Remark 13, we consider bandwidth
in the form of h = H - n=Y/®+2) and two choices ofr the constant part H: ROT in the table corresponding
to the rule-of-thumb recommended in Hansen (2021, Chapter 21.6) and CCFT corresponding to rescaled
CCFT’s bandwidth. Both ROT and CCFT bandwidths used for RCLE obey the optimal coverage rate

discussed in Remark 10.22Table 1 also includes CCFT approach for comparison. For each (n,7) combination,

22 As Remark 12 notes, CCFT’s coverage optimal bandwidth takes the rate n=1/4 for p = 1. For each simulation replication,
let hcopr be the CCFT bandwidth computed from R function rdrobust with the options p=1, rho=1, and bwselect="cerrd".
Then in Table 1 and Figure 8, our CCFT bandwidth used for “RCLE, p = 17 is hccpr -n~ /12 (rescaled to the coverage optimal
rate n=1/(P+2) discussed in Remark 10). The CCFT bandwidth used for “RCLE, p = 2” is hccpr itself, as now the coverage
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the number most close to the nominal coverage probability is bold-faced. We observe that both RCEL and
CCFT yield coverage probabilities close to their nominal levels for all the considered scenarios. For RCEL,
both ROT and CCFT bandwidths perform reasonably well. When sample size is small (n = 500), RCLE
exhibits a small advantage over CCFT, which is in line with the theoretical result that RCLE achieves a
faster coverage error decay rate than CCFT, see Remark 12. We then examine the how the coverage rate of
RCEL confidence set changes when the covariate balance condition is violated. We consider the case with one
covariate (d, = 1) and the modify the design of Z in the following way that the imbalance is characterized

by a perturbation :

0.49 4+ 1.06z + 5.7422 + 17.1423 + 19.75z* + 7.472°  if z < 0,
fhs (250) =
0.49 + 6 4+ 0.61z — 0.232% — 3.462° + 6.432* — 3.482° if z > 0.

Obviously, 97 = 6. Figure 8 plots the simulated coverage rates of RCEL and CCFT as a function of
§ € [—0.4,0.4] for different of sample size n and nominal coverage 1 — 7. We observe that the coverage rate
of RCEL is less sensitive to the change of §, which parallels the theoretical finding in Remark 15. Overall,

our simulation results show that RCEL inference method can be a useful addition to practitioner’s toolkit.

7 Empirical illustrations

We apply the RCEL inference method to analyze the individual incumbent advantage in Finnish Municipal
elections, which was first studied by Hyytinen et al. (2018). The dataset has two appealing features: first, the
sample size is large (n = 154, 543), which provides a good example for illustrating non-parametric inference
approaches. Second, it includes 1351 candidates “for whom the (previous) electoral outcome was determined
via random seat assignment due to ties in vote counts” (Hyytinen et al., 2018, Page 1020), which constitutes
a experiment benchmark to evaluate the credibility of the RD treatment effect estimated from the non-
experimental data (candidates with previous electoral ties are excluded from the RD sample). As reproduced
as “Experiment benchmark” in Table 2, Hyytinen et al. (2018) find zero treatment effect (see their Table 2,
Column 4, the p-value is imputed by us). The binary outcome variable Y indicates whether the candidate is
elected in the next election, and the forcing variable X is the vote share margin in the previous election. Two
covariates Z are included: candidates’ age and gender. The main results are presented in Table 2. In the
empirical section, the LP order p = 1. The ROT bandwidth is computed in the same way as the simulation
exercise. The CCFT bandwidth and its rescaled version correspond to hccpr and heopr - n~ /12 described

in footnote 22. The columns of Table 2 present the estimates of RD treatment effect ¥y, p-values for testing

optimal rate for RCLE is n=1/4.
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Hy : 99 = 0, the 95% confidence intervals and the selected bandwidths. Both RCEL and CCFT deliver
non-significant inference results comparable to the experiment benchmark. In contrast, as Hyytinen et al.
(2018, columns (2) of Table 4) show, CCT using the MSE-optimal bandwidth rejects the null hypothesis of
zero treatment effect, which is at odds with the experiment estimate. We also note that RCEL does not
rejects the null hypothesis for all three bandwidth choices. This robustness is further confirmed by Figure 8,
which conducts a sensitivity analysis of the RCEL inference method with respect to the bandwidth choice. 8
plots the confidence band (Remarks 6 and 14) as function of a range of bandwidth h € [k, h]. Here we choose
the lower bound of bandwidth range A = 0.12, which would include about 3% of the sample. The upper
bound h = 0.72 is nearly two times the CCFT bandwidth in Table 2 and includes 17% of the total sample.
The bandwidth snooping critical value z, = 2.413 for the triangular kernel and bandwidth ratio h/h = 6 is
calculated from R package BWSnooping. In Figure 8, the solid (or dotted) line corresponds to 95% uniform
(or pointwise) confidence band. The vertical dashed lines indicate the three bandwidths used for RCEL in
Table 2. For small bandwidth (say, less than 0.2), the RCEL uniform confidence band is wide. However, as
long as the bandwidth is not so small, the confidence band looks quite stable. Moreover, the confidence band
includes zero for the entire bandwidth range we consider, which demonstrates the robustness of the finding of
no incumbency advantage with respect to bandwidth choice. Overall, our example illustrates the practicality

of the RCEL ratio inference approach.

8 Conclusion

This paper proposes a novel EL approach to covariate adjustment for regression discontinuity designs. Our
approach incorporates covariates through novel over-identifying restrictions which represent the covariate
balance condition. We show the first-order and second-order asymptotic properties of our method. We show
that the widely-used regression estimator of CCF'T achieves guaranteed efficiency gain. By establishing the
first-order equivalence between our EL estimator and the regression estimator, we show that the efficiency
gain can be attributed to incorporating the covariate balance condition as side information. We show a novel
uniform-in-bandwidth Wilks’ phenomenon, which can be used for sensitivity analysis and robust inference
along the lines of AK. We derive the distributional expansion for the EL ratio statistic under the covariate
balance condition and show that it admits a simple data-driven correction that substantially improves the
coverage performance. We also derive the distributional expansion for the robust corrected EL ratio statistic
under the local imbalance condition. It shows that the robust corrected EL confidence set is self-guarded

against undercoverage in case of slight perturbation to covariate balance.

24



References

Arai, Y., Y.-c. Hsu, T. Kitagawa, I. Mourifie, and Y. Wan (2021). Testing identifying assumptions in fuzzy

regression discontinuity designs. Quantitative Economics.

Arai, Y., T. Otsu, and M. H. Seo (2021). Regression discontinuity design with potentially many covariates.
arXiw preprint arXiw:2109.08351 .

Armstrong, T. B. and M. Kolesar (2018). A simple adjustment for bandwidth snooping. The Review of
Economic Studies 85(2), 732-765.

Armstrong, T. B. and M. Kolesar (2021). Sensitivity analysis using approximate moment condition models.

Quantitative Economics 12(1), 77-108.

Bickel, P. J. and K. A. Doksum (2015). Mathematical statistics: basic ideas and selected topics, Volume 2.
CRC Press.

Bravo, F. (2003, 12). Second order power comparisons for a class of nonparametric likelihood based tests.

Biometrika 90(4), 881 890.

Brown, B. W. and W. K. Newey (2002). Generalized Method of Moments, Efficient Bootstrapping, and

Improved Inference. Journal of Business & Economic Statistics 20(4), 507-517.

Calonico, S., M. D. Cattaneo, and M. H. Farrell (2018a). Coverage error optimal confidence intervals for

local polynomial regression. arXiv preprint arXiv:1808.01398.

Calonico, S., M. D. Cattaneo, and M. H. Farrell (2018b). On the effect of bias estimation on coverage accuracy

in nonparametric inference. Journal of the American Statistical Association 113(522), 767-779.

Calonico, S., M. D. Cattaneo, and M. H. Farrell (2020). Optimal bandwidth choice for robust bias corrected

inference in regression discontinuity designs. Fconometrics Journal.

Calonico, S., M. D. Cattaneo, M. H. Farrell, and R. Titiunik (2019). Regression discontinuity designs using

covariates. Review of Economics and Statistics 101(3), 442-451.

Calonico, S., M. D. Cattaneo, and R. Titiunik (2014). Robust nonparametric confidence intervals for

regression-discontinuity designs. FEconometrica 82(6), 2295-2326.

Canay, I. A. and V. Kamat (2017). Approximate Permutation Tests and Induced Order Statistics in the

Regression Discontinuity Design. The Review of Economic Studies 85(3), 1577-1608.

25



Cattaneo, M., L. Keele, and R. Titiunik (2021). Covariate adjustment in regression discontinuity designs.

Handbook of Matching and Weighting in Causal Inference.
Cattaneo, M. and R. Titiunik (2022). Regression discontinuity designs. Annual Review of Economics.

Cattaneo, M. D., N. Idrobo, and R. Titiunik (2019). A Practical Introduction to Regression Discontinuity

Designs. arXiv.

Chen, S. X. and H. Cui (2007). On the second-order properties of empirical likelihood with moment restric-
tions. Journal of Econometrics 141(2), 492-516.

Chen, S. X. and Y. S. Qin (2000). Empirical likelihood confidence intervals for local linear smoothers.

Biometrika, 946-953.

Chen, X. and K. Kato (2020). Jackknife multiplier bootstrap: finite sample approximations to the u-process

supremum with applications. Probability Theory and Related Fields 176(3-4), 1-67.

Chernozhukov, V., D. Chetverikov, and K. Kato (2014a). Anti-concentration and honest, adaptive confidence
bands. The Annals of Statistics 42(5), 1787-1818.

Chernozhukov, V., D. Chetverikov, and K. Kato (2014b). Gaussian approximation of suprema of empirical

processes. Annals of Statistics 42(4), 1564-1597.

Chernozhukov, V., D. Chetverikov, and K. Kato (2016). Empirical and multiplier bootstraps for suprema
of empirical processes of increasing complexity, and related Gaussian couplings. Stochastic Processes and

their Applications 126(12), 3632-3651.

Cohen, J. D. (1988). Noncentral chi-square: Some observations on recurrence. The American Statisti-

cian 42(2), 120-122.

DiCiccio, T., P. Hall, and J. Romano (1988). Bartlett adjustments for empirical likelihood. Technical report

No. 298, Department of Statistics, Stanford University.

Dong, Y. (2018). Alternative assumptions to identify late in fuzzy regression discontinuity designs. Oxford

Bulletin of Economics and Statistics 80(5), 1020-1027.
Dudley, R. M. (2002). Real Analysis and Probability. Cambridge University Press.

Fan, J. and L. Gijbels (1996). Local polynomial modelling and its applications: monographs on statistics and

applied probability 66, Volume 66. CRC Press.

26



Frolich, M. and M. Huber (2019). Including covariates in the regression discontinuity design. Journal of

Business & Economic Statistics 37(4), 736-748.

Gallant, A. R. and H. White (1988). A wunified theory of estimation and inference for nonlinear dynamic

models. Blackwell.

Gelman, A. and G. Imbens (2019). Why high-order polynomials should not be used in regression discontinuity

designs. Journal of Business € Economic Statistics 87(3), 447-456.

Giné, E. and R. Nickl (2015). Mathematical foundations of infinite-dimensional statistical models, Volume 40.

Cambridge University Press.

Hahn, J., P. Todd, and W. Van der Klaauw (2001). Identification and estimation of treatment effects with a

regression-discontinuity design. Econometrica 69(1), 201-209.

Hall, P. (1991). Edgeworth expansions for nonparametric density estimators, with applications. Statis-

tics 22(2), 215-232.

Hall, P. and B. Presnell (1999). Intentionally biased bootstrap methods. Journal of the Royal Statistical

Society: Series B (Statistical Methodology) 61 (1), 143-158.
Hansen, B. (2021). Econometrics. Princeton University Press.

Hirano, K., G. W. Imbens, and G. Ridder (2003). Efficient Estimation of Average Treatment Effects Using

the Estimated Propensity Score. Econometrica 71(4), 1161 1189.

Hyytinen, A., J. Merildinen, T. Saarimaa, O. Toivanen, and J. Tukiainen (2018). When does regression
discontinuity design work? evidence from random election outcomes. Quantitative Economics 9(2), 1019—

1051.

Imbens, G. and K. Kalyanaraman (2011). Optimal bandwidth choice for the regression discontinuity estima-

tor. The Review of Economic Studies 79(3), 933-959.

Imbens, G. W. and T. Lemieux (2008). Regression discontinuity designs: A guide to practice. Journal of
econometrics 142(2), 615-635.

Jales, H. and Z. Yu (2016). Identification and estimation using a density discontinuity approach. Advances

in Econometrics. forthcoming.

Jiang, J. and K. A. Doksum (2003). Empirical plug-in curve and surface estimates. In B. Lindquist and
K. Doksum (Eds.), Mathematical and Statistical Methods in Reliability, pp. 433—453. World Scientific.

27



Kitamura, Y. (2001). Asymptotic optimality of empirical likelihood for testing moment restrictions. Econo-

metrica 69(6), 1661-1672.

Kitamura, Y. (2006). Empirical likelihood methods in econometrics: theory and practice. Cowles Foundation

Discussion Paper.

Kitamura, Y., T. Otsu, and K. Evdokimov (2013). Robustness, infinitesimal neighborhoods, and moment

restrictions. Econometrica 81(3), 1185-1201.

Kosorok, M. R. (2007). Introduction to empirical processes and semiparametric inference. Springer Science

& Business Media.

Lee, D. S. (2008). Randomized experiments from non-random selection in us house elections. Journal of

Econometrics 142(2), 675-697.

Ludwig, J. and D. L. Miller (2007). Does head start improve children’s life chances? evidence from a

regression discontinuity design. The Quarterly journal of economics 122(1), 159-208.

Ma, J. (2017). Second-order refinement of empirical likelihood ratio tests of nonlinear restrictions. The

Econometrics Journal 20(1), 139-148.

Ma, J., H. Jales, and Z. Yu (2019). Minimum contrast empirical likelihood inference of discontinuity in

density. Journal of Business & Economic Statistics, DOI:10.1080/07350015.2019.1617155.

Matsushita, Y. and T. Otsu (2013). Second-order refinement of empirical likelihood for testing overidentifying
restrictions. Econometric Theory 29(02), 324-353.

Negi, A. and J. M. Wooldridge (2014). Revisiting Regression Adjustment in Experiments with Heterogeneous

Treatment Effects. Fconometric Reviews.

Newey, W. K. and R. J. Smith (2004). Higher order properties of GMM and generalized empirical likelihood

estimators. Econometrica 72(1), 219-255.

Noack, C., T. Olma, and C. Rothe (2021). Flexible Covariate Adjustments in Regression Discontinuity

Designs. arXiv.

Noack, C. and C. Rothe (2019). Bias-aware inference in fuzzy regression discontinuity designs. arXiv preprint

arXiv:1906.04651 .

Otsu, T. (2010). On Bahadur efficiency of empirical likelihood. Journal of Econometrics 157(2), 248-256.

28



Otsu, T., K.-L. Xu, and Y. Matsushita (2013). Estimation and inference of discontinuity in density. Journal

of Business & Economic Statistics 31(4), 507-524.

Otsu, T., K.-L. Xu, and Y. Matsushita (2015). Empirical likelihood for regression discontinuity design.

Journal of Econometrics 186(1), 94-112.

Skovgaard, I. M. (1981). Transformation of an edgeworth expansion by a sequence of smooth functions.

Scandinavian Journal of Statistics, 207-217.

Skovgaard, I. M. (1986). On multivariate edgeworth expansions. International Statistical Review/Revue

Internationale de Statistique, 169-186.

Wu, X. and Z. Ying (2011). An Empirical Likelihood Approach to Nonparametric Covariate Adjustment in

Randomized Clinical Trials. arXiv.
Xu, K.-L. (2017). Regression discontinuity with categorical outcomes. Journal of Econometrics 201 (1), 1-18.

Xu, K.-L. (2018). A semi-nonparametric estimator of regression discontinuity design with discrete duration

outcomes. Journal of Econometrics 206(1), 258-278.

Zhang, B. (2018). Empirical likelihood inference in randomized clinical trials. Statistical Methods in Medical
Research 27(12), 3770-3784.

29



Table 1: Sharp RD with covariates: robust corrected EL (RCEL) inference using ROT and CCFT bandwidths
(h) and CCFT Wald-type inference using the coverage optimal bandwidth, dz = the number of covariates,
p = the order of local polynomial moment conditions, 1 — 7 = nominal coverage probability, n = sample size.

1-7=0.99 1—-7=0.95 1-7=0.90
dz Methods h n =500 1,000 2,000 500 1,000 2,000 500 1,000 2,000
1 RCEL,p=1 ROT 9805 9825 .9840 9265 9430 9450 8750  .8795  .8900
RCEL,p=1 CCFT 9825 9850 9865 9350 9420 .9505 8765 .8905  .9000
RCEL,p=2 ROT 9880 9865 9885 9400 .9500  .9475 8870  .8960  .8960
RCEL,p=2 CCFT .9885 .9900 .9900 9490  .9495 9580 .8960 .8980  .9080
CCFT,p=1 CCFT 9760 9825 .9905 9315 9420 9535 8815  .9005 .9130
CCFT,p=2 CCFT 9740 9760 9890 9265 9340 9525 8745 .8925  .9015
3 RCEL,p=1 ROT 9780 9680 9745 9155 9090 9250 8560  .8470  .8780
RCEL,p=1 CCFT 9785 9740  .9830 9195 9195 .9360 8680  .8660  .8905
RCEL,p=2 ROT .9840 9765 9825 9325 9290 9395 8730 .8715  .8835
RCEL,p=2 CCFT .9870 .9790 .9865 9450 9310  .9430 .8925 .8735 .8925
CCFT,p=1 CCFT 9670 9767 9860 9130 .9320 .9500 8580  .8695 .9015
CCFT,p=2 CCFT 9640 9750  .9850 9130 9240 9430 8520  .8695 .8985
5 RCEL,p=1 ROT .9645 9720 .9765 9035 9145 9125 8525 .8515  .8510
RCEL,p=1 CCFT 9730 9690 .9820 9150 9125 .9200 8665  .8515  .8495
RCEL,p=2 ROT .9800 9810  .9810 9185  .9320 9180 8620  .8655  .8675
RCEL,p=2 CCFT 9775 9815  .9815 19245 .9320 .9270 8710 8745  .8630
CCFT,p=1 CCFT 9590 9740 9795 8960 9245 .9345 8420 .8820 .8805
CCFT,p=2 CCFT 9630 9690  .9760 9060 9185  .9295 8475 8745  .8745
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Figure 1: Coverage rates when the balance condition violates by §, n = sample size.
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Table 2: Incumbency Advantage in Finnish Municipal Election: 6y = RD Treatment Effect, h = the band-

width value.

Methods Bandwidth selector 6y  p-value 95% CI CI length A
RD with covariates
n = 154,543 RCEL ROT -.003 .896 [-.054, .047] 101 .406
RCEL CCFT -.007 .807 [-.059 .046] 105 391
RCEL CCFT-rescaled -.066  .587  [-.319, .171] 490 144
CCFT CCFT -.012 671 [-.068, .044] 111 391
Experiment benchmark -.010  .516 [-.060, .040] .100

(Hyytinen et al. (2018))
n=1,351

Figure 2: Robust corrected EL inference applied to Finnish municipal election: 95% uniform (solid) and

pointwise (dotted) confidence bands as function of the bandwidth in the range [0.12,0.72].

Bandwidth

snooping critical value = 2.4132. Vertical lines indicate bandwidth choices used in Table 2: ROT bandwidth
h1 = 0.406, CCFT bandwidth hy = 0.391, and rescaled CCFT bandwidth hs = 0.144.
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Appendix A Proofs of Theorems 1 and 2

0.7

For a sequence of classes of R-valued functions §, defined on . (a compact set in a finite-dimensional

Euclidean space), let ||f|,, = ([ f2dQ)

1/2

and N (s,&n, Mg 2) denote the e-covering number, i.e., the

smallest integer m such that there are m balls of radius € > 0 (with respect to ||-[|5 ,) centered at points in
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§r» whose union covers §,. A function Fg, :.¥ — Ry is an envelope of §,, if SUP ez, |f| < F3,. We say
that §,, is a (uniform) Vapnik—Chervonenkis-type (VC-type) class with respect to the envelope F, (see, e.g.,

Chernozhukov et al., 2014b, Definition 2.1) if there exist some positive constants (VC characteristics) Az, > e

IN

and Vz, > 1 that are independent of the sample size n such that supQGQf;N (s ||F3n||Q,2 S, ||HQ2)
Az [e)Von ve € 0, 1] where Q%2 denotes the collection of all finitely discrete probability measures on .. <
%’n y

denotes an inequality up to a universal constant that does not depend on the sample size or the population.

o0

1, we denote b,, x a,, if b,, = c- a, for some constant ¢ > 0.

For a real sequence {a, }

Lemma 1. Let V denote a random variable and {Vi,...,V,} are i.i.d. copies of V. Let B(0) denote an
open neighborhood of 0. Suppose that (ﬁ, E) satisfy h = o(1). Y (s,k) € {—,+} x N, the following re-
sults hold uniformly in h € H: (a) if gv is Lipschitz continuous on B(0), for k > 2, E [h_lwzﬁsV} =
wv’swg;’f + O (E); (b) if gv is (p+ 1)-times continuously differentiable with Lipschitz continuous g$+1)
on B(0), E[h'WyV] = ¢y + w1 et/ (p+ 1)+ 0 (E”“) and B [h Wi V] = vy +
o (ﬁp+2),' (c) if gy~ is bounded on B(0) for some integer r > 2, (nh)fl/2 S (WEVi—E[WEV]) =

Op (Viog (] +1og (m) { (nh) " / (nh) /2 } ).

Proof. (a) follows from LIE and change of variables. (b) is a straightforward extension of Bickel and Dok-
sum (2015, Proposition 11.3.1), which follows from LIE and (p+ 1)-th order Taylor expansion. For (c),
denote ¢ (V,X | h) = h='/?WEV and Q = {G(-| h) : h € H}. Denote P} f :=n="'3, f(Vi, X;), PV f =
E[f (V. X) and GY = /i (P} —PV). Then we have ||GY || = supjcs |(nh) /> 3, (Wk_ Vi — B [WI’;SV])‘.
Let 0'% = SuprQ]P’sz. It follows from LIE and change of variables that 0)25 = supp el [h’lwg;’;gw (X)] =
O (1). Assume s = + without loss of generality. By definition and the assumption that K is supported
on [-1,1], g(v,z | h) = K (z/h) h=1/21(0 < x < h)v. Since Assumption 3 also implies that Ky has
bounded variation Vk € N. By Giné and Nickl (2015, Proposition 3.6.12), {z — le;_ (z/h) :h € ]HI} is VC-
type with respect to a constant envelope and its VC characteristics are independent of n. By Kosorok
(2007, Lemma 9.6), {(z,v)+— h~Y?1(0 <z <h)v:h € H} is VC-subgraph with an envelope (z,v)
h %1 (0 <z < h)|v| and VC index being at most 3. By Kosorok (2007, Theorem 9.3) and Chernozhukov
et al. (2014b, Corollary A.1), 9 is VC-type with respect to an envelope Fg (v,z) h Y21 (0 <z <h)vl.
By Chen and Kato (2020, Corollary 5.5), E [||G,‘f I Q] < oq+/log (n) +log (n) (PY |Fq|")"/" nV/7//n, where
PV |Fs|" =0 (E/ h'/ 2). (c) follows from Markov’s inequality. |

Let 0y x denote the J x K matrix in which all elements are zeros. Let Ix denote the K x K identity
matrix. Let 0; denote the .J-dimensional vector in which all elements are zeros. Let G; = 9U; (9) /00T =

7
{ Go,i Gty }, where Gg; = { D; 0; } and Gy; = 14,. (G,Go,G+) are defined by the same formulae
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with D; replaced by D. Denote U; (0) = W,; ® U; (f) and U = Wy @ U (ﬁp). Let U; == Wp; @ Uy,
G = Wy ®Gi, Go;j = Wp; ® Go,; and Gy; = Wy, ® Gy,;. (U,G,Go,G;) are defined similarly. Let
Dy := Wp,sD. Denote Ay = E [h7'W,] and Ay := E [h7'A] for a random variable/vector/matrix A. Let
Ay = (nh) " U Dy = (nh)™H S, Ul and Ag = (nh) ' Y2, Gi. Let U == (nh)™ ">, U; and
U= (nh)"*S, U

Denote S (A, 6) =23, log (1 +ATU; (6)) and 9, == I, (Jp). Note that the dual form of the EL criterion
function is £, (6 | k) = supye £(g)S (A, 0), where £ (0) == {X € R** : XTY; (§) > —1, Vi}. max; is understood
as maxj<j<p. For square matrices A and B, diag (A, B) denotes the block diagonal matrix. ||A|| is understood
as the spectral norm of A and gpin (A) denotes the smallest eigenvalue of A. In the remaining proofs in
Appendix A, whenever applied to quantities that depend on h, O, (-), 0, (-), O (-) and o(-) notations are
understood as being uniform in h € H. For notational simplicity, denote @ := nh, n = nh, N = 51, —
and 7, = 51, — ;. “With probability approaching one” is abbreviated as “wpal”. The proof of the following
lemma follows the arguments in Newey and Smith (2004).

Lemma 2. Suppose that Assumptions 1, 2 and 3 hold. Suppose that (ﬁ,ﬁ) satisfy nho = O (1) and

log (n) (ﬁ1/12/@1/2) = 0(1). Then, the following results hold uniformly in h € H: (a) vVnhij, = O, ( log (n)) ;
(b) Xp = argmax/\eﬂ(lgp)S (A,3p> exists wpal and vVnh, = O ( log (n)), (¢) Vnhi, = O, (\/log (n)),
(d) Xp = argmax)\eﬁ(ﬁoﬁp)s (A,ﬁo,gp) exists wpal and \/nth =0, ( log (n))

Proof. Let £L; = {)\ € R%du : ||\]| < log(n) /M} By max; U] /vVnh < max;1 (| X;| < R)||Us]| / /2@,
max;1 (|X;| < h) U] < (ZZ 1(|X;] <h) ||Ui||12) e and Markov’s inequality, we have max; ||U;]| /v/nh =
O, (7' /nt/?). 1t follows that max;sup e, |ATU;| = O, (log (n) (m'/12/n/2)) and mMax;SupP e, ATU;| <
1/2 Yh € H wpal. Therefore, £y C L(¥), Yh € H wpal. Since S (-,9) is continuous and L4 is compact,

Ag = argmaxycp, S (A, ) exists Vh € H wpal. By the definition of A; and second-order Taylor expansion,

025(02%,19)gS(Aﬁ,ﬂ):2(\/ﬁAﬁ)Tﬁ—(MAﬁ)T nlhz(l”;;)? (Vahay)
i + Ay Ui

<2 ||vah | ] - (Vi) | -3 il | (Vi) .y

i (1 + max;supyeg, |)\TZ/IZ-|>

where }\ﬁ is the mean value that lies on the line joining 024, and Ay. Since max;supPyer, |)\TL{¢| <1/2VheH

wpal, by (11),

0< 8 (A, 0) <2 H\/%AuH ]| - g (\/@Aﬁ)T (B — D) (MAu) - % (\/%Aﬁ)T At (\/%Au) ,
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Vh € H wpal and therefore,

[vam| < 3 [Vama] 171 + B — v | |[Viing]|

Omin (Beasr) (12)
Vh € H wpal. Since U = (nh)"*/? S (Ui — E[U]) + VnhAy, it follows from Lemma 1 that U] =
O, ( log (n)) It also follows from Lemma 1 that Ay — Aygr = O, (\/W—l— log (n) (ﬁ1/6/ﬂ)

and Ay = diag (Yypr 4, Yuur,—) +O (h). Since diag (YT 4+, YyyT ) is positive definite, omin (Ager)
\/ﬁ)\ﬁH < log (n). It follows from
these results and (12) that vnh)y = O, ( log (n)) By this result, Pr [\/ﬁ)\ﬁ <log(n)/2,Vh € H} — land

is bounded away from zero when n is sufficiently large. By assumption,

therefore, wpal, Vh € H, A4 is in the interior of Ly and the first-order condition is satisfied: 9.5 (A, ) /8)\|)\:)\ﬁ =
024, . Since S (+,7) is concave, Ay attains supyep(9)S (A, ¥) Vh € H wpal and therefore, supye5)S (A, 9) =
S (A, 0) < 2 H\/?%)\ﬁ” U] = Oy (log (n)). Denote A, = \/le/ HZ/A{H It can be shown by us-
Z:{\i /\/17 =0, (ﬁ1/12/ﬂ1/2)' By

ing similar arguments, boundedness of © and Z:{\Z = U; — G;7)p that max;

second-order Taylor expansion,

$ (e dy) =2 (Vi) " (vam) [ 2 AL (v,

> (Vamn) - (vain) | B3 Uiy (VaRx). (3)

where ).‘h is the mean value that lies on the line joining 024, and Ay. Then, y/log (n) HZ:[\H <S5 ()‘h75p> +
2 ()" %,

(nh)il >
Since sup ez 9)S (A, ) = O, (log (n)), it follows that U= O, ( log (n)) Since U = U — Ag Vnhi),, then,

Us

2 .
> log (n), Vh € H, wpal. By U; = U; — G;7j,, Lemma 1 and boundedness of ©, we have

U

2 ~ ~ ~
= O, (1). By the definition of ¥,, S ()\h,ﬁp> < sup)\eﬁ(gp)s ()\,19P> < suprep()S (A, 9).

| e (5552) = [ < ]« . m

By Lemma 1, Ag = [ W ul }T + O, (\/W—f—ﬁ). { WL ul }T has full column rank,
if up.+ # pp,—. By using the fact that |opin (A) — Onin (B)| < [|A — BJ|, Onin (Z;Zg) is bounded away
from zero Vh € H, wpal. (a) follows easily from this result, (14) and the fact that HZ/Al H and HHH are both
Op( log (n)) By max; /Vnh = O, (ﬁ1/12/@1/2) and the definition of Ly, max;supyc,, ’/\TLAQ

O, (log (n) ('/*?/n'/2)) and therefore max;supy ez, ‘)\TZZ

Us

< 1/2 Vh € H wpal. Therefore, £y C L (1%),
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Vh € H wpal. Since S (~,1§p) is continuous and Ly is compact, Xﬁ = argmaerLuS (A,@,,) exists Vh € H
v
meﬁu. Since Ayt — Dyer = (nh) "L, {GA,UT +UATGT + Giil 67 1, it
follows from Lemma 1 and (a) that Ayyr — Aggr = O, (\/m) and therefore, Ayym — Ayt =
Oy (V108 () . +log () (7/°/n) ). Since |[vnfd,

that vnhAy = O, (x/log (n)) Wpal, Vh € H, :\\ﬁ is in the interior of £y and the first-order condition

wpal. By the definition of Xﬁ and similar arguments used to show (12), we have gmin (Ayy7)

N

‘ < log (n) by construction, it follows from these results

is satisfied: 0S (x\,i/9\p> /8)\‘)\ 5 = 024,. It follows from the concavity of S (~,1/9\p) that :\\ﬁ also attains
=A¢
sup)\eﬁ(gp)s ()\,51,) Vh € H wpal. Then (b) follows from setting Xp = Xﬁ. (c) and (d) follow from similar

arguments. |

Denote O = (AZA L Ag) ", N = AL AgO and Q = AL — NAJA L. Let (04,N;, Q) be

defined by the same formulae with Ag replaced by Ag,.

Lemma 3. Suppose that the same assumptions as Lemma 2 hold. Then, the following results hold uniformly
inh e He (o) vih (A7) =" { Q N } 0, (v}): ) vah (3.77) =T { o N ] L0, (),
where v}, == log (n) /\/n + log (n)*/? (/% /n).

Proof. It is shown in the proof of Lemma 2 that Xp satisfies the first-order condition which can be written
JVnh = 0, (ﬁ1/12/ﬂl/2) and
= 0,(1). By &Z = U; — G;iNp, Lemma 1 and bounded-
. O, (1 +1log (n) (ﬁl/g/@)).

~ o~ ~ o~ 2 ~
It follows from these result, Lemma 2 and simple algebra that (nh)™" S UUT) (1 +A) L{i) = Ayyr +

as »; ﬁz/ (1 —i—//\\;ﬁz) = 0zq4, Vh € H wpal. We also showed that max; &l
\/mp = Op( log (n)) Therefore, max;

o O, (1 +log (n) (7*/*/n)) and (nh)~'S,

e
AU,

ness of ©, (nh)™* > U; U;

0p(1). Tt is shown in the proof of Lemma 2 that Ay = diag (Yyyr o, Yyu.—) + 0p(1). Therefore,
Onin ((nh)_1 > Uil / (1 + :\\;@)2> is bounded away from zero Yh € H, wpal. By the implicit function
theorem, wpal Vh € H, there exists a continuously differentiable function A (-) defined on some open neigh-
borhood B (5,,) of U, such that X, = A (@,) and (nh) "3, U; (0) / (1 A0 U, (9)) — 0y, VO € B (@).

Since S (-, 0) is concave, S (A (0) ,0) = supyc9)S (A, 0) and 5p = argmin )S (A (6),6). By the chain rule

0B (9,
and ), u;/ (1 + X;ﬁl) = 0aq4,, the first-order condition for 517 can be written as ), gJX,,/ (1 + X;ZZ) =

024, , which holds Vh € H wpal. By simple algebra we have

=0, (1), (nh)™" Do U . O, (1 +log (n) (7*/*/n)) and Lemma
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2, ()2, {ai (ﬁjxp)z} (14370 = 0, (uh) and (o) 5, {678, (Wat) ) / (14 37) =
O, (1), where v} = log (n) //7i + log (n)? (7'/*/n®/2). By these results and U; = U; — Gifjp, (15) can be
written as Ay vVnhp + Bgvnhil, = U+ 0, (v) and AgvnhA, = O, (log (n) //&). By Ay — Ayt =
0, (\/W +log (n) (ﬁl/ﬁ/@)), Ag—Ag =0, ( Tog (n) /@) and Lemma 2, we have

AuuT\/nth + AgVnhij, =U + O, (v;ﬂ) and AgVnth =0, (UIL) . (16)

-
Since it follows from Lemma 1 that A;q,m = diag ('lZJUUTH'_, '(/JUUT7_) +0 (E) and Ag = { 1e N ue } +
(@) (EP—H), Ay and AgA&g{TAg are invertible Vh € H, when n is sufficiently large. (a) follows from

—1

AL Odyxdy NT -0
and (16). (b) follows from similar arguments. [

Proof of Theorem 1. Let M, = Wy (M — 1), Zs = Wy (Z — 03), My == (nh) /23, Wi (M; — 91),
25 = (’/lh)_l/2 Zi Wp;sﬂ' (Zz — ’192) and YA = (AZ+Z+/A?|. —+ Ag_g_/AQ_)il (AZ+M+/A?~_ + AZ_M_/A2_)~
Also denote Us == W, U, Uy = (nh)_1/2 > i Whis,iUi, ®oo = AgoA;Z}{TAgm Doy = AgOAZ;Z}{TAgT, Dig =

<I>OTT, Oyy = A; AZ;Z}{TAQT and &y = Au+uI/A%r + Ay 47 /A% Then we have

— -1
YA = (e:iru,lq):l:ledu,l) = (AMi/Ai + AM2_ /A%) - (AM+ZI/A?F + AMfz'_l'/A27> 7N

= Ay zTa) A H A zraay/AL (D)

where the second equality follows from writing &+ as a block matrix and inverting and the third equality

follows from simple algebra. And similarly,
1 — — — — = T
e 1@t Uy /AL —U_JA) = {(M+/A+ ~M_JA) = (Z4/A4 —Z_/A_) 'YA} /XA (18)

-1
By simple algebra, (<I>00 — CI)OT(I)TT(I)TO) = XA/ (AD+ /AL — Ap_ /A,)Q. Then, by this result, writing

A—QFA;{Z}{TAQ as a block matrix and inverting,

_ _ ) —SpA Qo+
(AFAZL AG) ™ = (Ap, /Ay — Ap_JA_)7 N AT

uuT (19)

-1 —1 -1 —1
=P ProXa Py + O Pyl Do Oy
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By straightforward algebraic calculation,
(Ago - @OT%IA&) AT = (Ap, JAL —Ap A Yey (&7 (U /Ay —U_JA ). (20)
Then, by this result, (18) and (19),

ed9 1 (Ag AuuTAg)_l (Ag AuuTu) = (AD+/A+ —Ap_ /A*)_z XA (Ago - (I)OT(I)ﬁlA—grf) Aublﬁu

My /A M JA) = (Z4/A —zf/Af)TWA (21)
= Ap, JA; — Ap JA_ '

It follows from Lemma 1 with i = h = h that ya = 7a¢j+O (h), Ap, = p+0 (hP11) and Ay = p+0 (RPT1)
Vs. By Lemma 1 with o = h = h and Markov’s inequality, Ms = O, (1) and Z5 = O, (1) Vs. Then, it follows
from Lemma 3 with h = h = h and these results that

Vih (Do = 90) = el 1 (AFA ) (AFALLT) + 0, (1)

{(My = Z7a4) = (M- = Z_7a4) } / WD+ —¥p,—) + 0, (1)
= nh 1/22 Pt p—?)(ei *.us)/(wD& 7wD,—)+Op (1)a (22)

where ¢; := M; — Z Vadj- Let & == (Wp4i — Wy ;) (6, — pe) and € be defined similarly. Then,

Vil (B0 =t = 525 ) = ) (L -[Z|) /e —vorram @

follows from subtracting both sides of (22) by vVnhAg/ (¥p + —¥p,—). By Lemma 1 with h = h = h, Ag =
(Cpit — Cpi—) RPTH/ (p+ 1)1 + O (hPT2) and Ag2 = wg;’i Yse{ot1 Yie—py2s + O (). 1t follows from simple

algebraic calculations that 3 o 4y ¥, 2= 0245- Then, Var {S/f] Agz—hAZ = wp +Uang0—|—O (h).
By LIE and change of variables, Ags = O (1). Then,
4
> E EVih B[R] || aeriag ;=0 ((nh)), (24)

i Var [5/\/5} - (nh) (Var [8/\/5})

where the inequality follows from Loéve’s ¢, inequality and the equality follows from Var [5 / \/E] = wg;’iafdjg@—k
O (h), Aga = O(1) and Ag = O (hPT1). (24) verifies Lyapunov’s condition. By Lyapunov’s central limit

theorem, ", (5 /vnh —E [5/\/ D /+/ Var {5/\[} —a N(0,1). The conclusion follows from this result,
(23), Var [E/I} = wg iafdjgo + O (h) and Slutsky’s lemma. [
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The following lemma shows that {LR, (Yo | h) : h € H} can be approximated by the square of an empirical
process indexed by h € H. Denote P} f :==n"' Y, f(T;, X;), P f = E[f (T, X)] and G| := \/n (P} —PT),

where T, == (Y;, D;,Z]) " (similarly, T == (¥, D,27)"). Denote |Fllpr, = (P |F|")"/". Let & () =

r

B[(e—p)” | 1X] =] and q(- | k) be defined by q(T;, X; | h) i= h=2€:/\[€ (1Xi]) fix) (1X]) bt where
fix| denotes the PDF of | X].

Lemma 4. Suppose that the assumptions of Lemma 2 hold. Then, uniformly in h € H, LR, (9o | h) =
2 7 —
{6Ta (- | W} + 0, (log ()] + log (n)/? (@/12/n1/2) ).

SN ~ - N2
Proof. By Taylor expansion, S ()\p,ﬁp> is equal to the sum of 2)\; (ZZ L{Z-) > ()\;—Z/{Z-) and a remain-
3 A \3

/(1 - ’)\;Z/ﬁ ) . By using (nh)™" >

=0, ( log (n)vi) By these results and max;

o~ o~ 13
AU u| =

der term that is bounded up to a constant by ,
3

0, (1 + log (n) ("4 /n)) and Lemma 2, ",
0p (1), 8 (N, 0) = 27 (X.%) - 2 (W) zZ-)2 + 0, (Viog (n)u} ). Tt was shown in the proof of Lemma

3 that i = Ayyr (mp) + 0, (u}). 1t follows from these results, Lemma 2 and Aygr — Aygyr =
0, (VIog ) /. + log (n) (/5/m) ) that § (3,.3,) = (Vah3,) A (Vahd,) +0, (viog v} ). By
Lemma 3 and ¥ = O, (/log (0)), S (X, 3, ) = U QU+0, (v/log (v}, ). Similaly, we have (X, o, U, ) =
U' QiU+0, (\/MU;). By definition, LR, (Jo | h) = S (XW 9o, {9;,) S (Xp, 3,,). Therefore, LR, (0o | h) =
U' (Q—QU~+O0, (\/MU;). Then, by straightforward algebraic calculations,

T T
)\p L{i )\p ui

_ _ 1 _ -1 _
Q—Q = Ay {Ag (AgALAg)  Ag —Ag, (A; AZA;TAQT) Ag, } Ay

—1
—1 —1 —1 T —1AT —1
= AL (Ago ~ Ag, 5, @TO) (@OO — D7, @TO) (Ago — Doy Agf) AL (25)
-1
Then by this result, (18), (20) and (@00 - %T@ﬂl%) =%/ (Ap, /AL — Ap_JA_)

U (Qi-QU = {ef 03" Uy/Ay —U_JA )} S

_ {(ﬂ#m ~M_JA) = (Z4/A - Z/A,)TM}2 /A (26)

By using 7a = 7a¢+O (k) and (17), Sa = Ag2/0*+0 (h). By ||U|| = O, ( log (n)) and YA = Yadj+ O (h),
the numerator on the right hand side of the second equality in (26) is {(nh)_1/2 > &}2 40, (log (n) k). Let
G(T:, X; | h) == h~'/2&;/\/Ags and Q = {G(- | h) : h € H}. Then it is clear that {(mrl/2 ) &}2 /Ags =
{GIq(-| h)}2 and therefore, LR, (J | h) = {GLq(- | h)}2 + O, (log (n)h+ MUL). Also denote
Q= {q(|h):heH} and ©® = {q(- | h)—G(-| h): h € H}. By similar arguments as in the proof of

Lemma 1, Q and Q are both VC-type with respect to the envelopes (F{]7FQ) satisfying Fg (T3, X;) o
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K21 (X0 < B) lei — o] /v/renBes and Fa (T, Xi) o h=Y21 (1X,) < B) les — puel /JETRKT) T (D,
respectively. By change of variables, PTF 52 = IP’TFf]2 = O(E/QG). By Chernozhukov et al. (2014b,
Lemma A.6), © is VC-type with respect to the envelope Fp = Fg + Fn. Let 029 = suprQIP’Tf2 =
suppexF {(q (T,X | h) — G(T, X | h))“']. By LIE and the fact that (W, + Wy._)? = Kpes (IX] /R),

1 1
VBe e (1XI) fix (XD b2

= e 63 fm () 2
e G (A \/:Ti = 27

Note that Agz = [;°h™1Kp 4 (z/h)*€ (2) fix| (z)dz and therefore, it follows from mean value expansion

Bl(a(T X [0) = d(TX [P = By W + W) (e = pn)?

S

and (27) that o2 = O(EQ). By Chen and Kato (2020, Corollary 5.5), E[[|GZ]|5] < ooy/log(n) +
log () | Fio |z 1, n'/12//n and therefore, E [|GZ]| ] = O (\/m.m log (n) (nl/lz/ﬂlﬂ)). Let 02 =
sup o PT f? and 03 = sup;coPT 2. It is easy to see that PTf2 = 1,if f € Q or f € Q and therefore,
0% = 0% = 1. Similarly, E [|[63]|5] < 04+/10g () + log () | Falor ,, n/12/v/n and a similar inequality
with 9 replaced by 9 holds. Therefore, E [[|G1]|5] = E [[|6Z[|y| = O (VIog(n)). Then it follows from
Markov’s inequality that {GZg(-| h)}* — {GTq(-|n)}* = O, (1og (n) T + log (n)*/? (ﬁl/lz/@1/2)). The

conclusion follows from this result and LR, (9o | h) = {GZq (- | h)}2 +0, (log (n) h + /log (n)vL) [
Proof of Theorem 2. Denote Zg, = suprQiGz:f = ||(GZ||Q Since Fy is also an envelope of Q4 =

QU (-Q) (-9 = {—f: f€Q}) and the covering number of Q. is at most twice that of Q, Q4 is also
VC-type with respect to Fn. By standard calculus calculations (see, e.g., the proof of Chernozhukov et al.,
2014b, Corollary 5.1) and Chernozhukov et al. (2014b, Lemma 2.1), there exists a zero-mean Gaussian
process {GT (f) : f € Q4} that is a tight random element in £*° (Q4) and also satisfies E [GT (f) GT (9)] =
Cov [f(T,X),g(T,X)],Vf,g € Q+.% By Giné and Nickl (2015, Theorem 3.7.28), almost surely the sample
paths Q1 > f +— GT (f) are prelinear and therefore, almost surely, Vf € Q, GT (f) + GT (—f) = 0,
and supeq, GT (f) = HGTHQ. Let I'c (h) == GT (q(- | h)) and therefore, the zero-mean Gaussian process
{I'c (h):h e H} is a tight random element in > (H) and has the covariance structure E [I'; (k) I (W)] =
Cov[q(T,X | h),q(T,X | h)], V(h,h') € H2. By definition,

I_};HH = HGTHQ. By change of variables and
LIE, supfeQIF’T |f\3 = sup, eyl “q (T, X | h)ﬂ < h Y% and similarly supfeQ[P’T \f|4 < b7t Also, IP’TFSI2 <

h/h®. By Chernozhukov et al. (2016, Theorem 2.1) with B (f) =0, F = Qu, ¢ = 12, K,, = log (n), 0 = 1,

23Tightness of 9 is equivalent to the condition that 0 endowed with the intrinsic pseudo metric (f,g) = ||f — gllpr o =

1/2
(IF’T (f - g)2> is totally bounded and almost surely the sample paths f — G (f) are uniformly continuous with respect to
the intrinsic pseudo metric. By Kosorok (2007, Lemmas 7.2 and 7.4), {GT (f):fe Q} is also separable as a stochastic process.
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b< k™% and ~v = log (n)*l7 there exists Zgi =y suprDiGT (f) = ||GT||Q which satisfies Zg, — Zﬂi =
O, (v}), where “=4" is understood as being equal in distribution and v} = {log (n) (log (n) n)l/lz} /nt/? +
log (n) /n!/%. By Dudley’s entropy integral bound (Giné and Nickl, 2015, Theorem 2.3.7), Chen and Kato
(2020, Lemma A.2) and standard calculus calculations (see, e.g., calculations in the proof of Chernozhukov

et al., 2014b, Corollary 5.1),

plema) s [ s (3 (52 ) o
< (oa v 2| Fallr ) Vieg (1) = 0 (Vieg (n)) . (28)

By Lemma 4, sup, ey LR, (Vo | ) = HGZZH; + 0, (log (n) h + log (n)?’/2 (ﬁl/m/ﬂl/z)). By (28) and the fact
that E [HGZHQ} =0 ( log (n))7 we have Zg —Zéi =0, (\/log (n)vé) Therefore, sup,cy LR, (Vo | h) =
Zgi + 0, ( log (n)v;; + log (n) E). By Dudley (2002, Theorem 9.2.2) and sup,cyLR, (Yo | h) — Zéi =

supp,eg LRy (Vo | h) — Zéi‘ > e, /log (n)] <

op (log (n)_l), there exists a null sequence ¢,, | 0 such that Pr [

&, and by the fact that (a — b)® < la? — b?| Va,b >0,

o

It is easy to check that for random variables (V, W) and constants r1,79,¢ > 0 such that Pr[|V — W| > rq] <

VSuPhenl Ry (Do | 1) — Za,

> +/en/log (n)} < ep. (29)

T2,

[Pr[V <#] —Pr[W <t]| <Pr[|W —t| <r]+re. (30)

Then, by (29) and (30),

Pr [supheHLRp (o | h) < 21— (E/Q)Q} —Pr [Zéi <zi_, (E/ﬁ)q ‘

Za, — 211 (E/@)\ < \/en/log (n)} Y, (31)

§Pr{

Since Zgi =y HGTHQ and {GT (f): f € Q} is a centered Gaussian process with E [GT (f)z} =1, Vf, by

using the Gaussian anti-concentration inequality (Chernozhukov et al., 2014a, Corollary 2.1) and (28),

|

Za, =21+ (/)| < Ve g )] < Veullog () (E[|67]l4] +1) =0(/En).  (32)

It then follows from (31) and (32) that Pr [LRP (Do | h) <z1_- (ﬁ/h)z ,Vh e ]HI} =Pr [HFGHH <z (R/R)]+
o(1). Let N be an N(0,1) random variable that is independent of {I (h):h € H}. Let I'c(h) =
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I (h) +E[q(T,X | h)] - N. By change of variables, supy,cy [E [¢ (T, X | h)]| = (E”Q). {fG (h):heH}

is a zero-mean Gaussian process which satisfies ’F GH = ||F GHH + O, ( /2> and has the covariance
structure E [FG (h) Ia (h’)] = E[q(T,X | h)q(T,X | k)], ¥(h,h') € H2. By LIE and change of vari-
ables, E [q (T, X | h) q(T, X | )] = /R/W [;° Kpiy (2) Kpiv (R/R) )dz/w .Let I'g(s)=TIg(s-h),s¢c

[1,h/h]. Then it is easy to see that the zero-mean Gaussian process {I (s) : s € [1,h/h]} has a covariance

fGHH. By Dudley (2002, Theorem 9.2.2) and HFGHH — || Fally =

el el > 2] <5

T, < 51 (b/1)] = Pr[| Ty, < 51 (B/B)] = 0(1). By the def

structure given by (9) and ||FGH[1,E/Q} = ‘

Op (log (n)_1/2), there exists a null sequence &, | 0 such that Pr [

By similar arguments, we have Pr [

inition of zy_- (h/h) and HFGH[LE/Q] = HfGHH, PT{

‘fGHH < 21— (E/ﬁ)} = 1— 7. It then follows that
Pr [LRp(ﬁ0|h)§zl_T (E/@)Q,VheH} —1-7r40(1). m

Appendix B Proofs of Theorems 3 and 4

We denote 7 = nh for notational simplicity and write § = Oy (a,,) for some bounded sequence a, if there
exists some positive constants c1,co > 0 such that Pr[|§] > cia,] < ¢ (log (n) /n3/2). Tt is straightforward
to check that if 6, = Oy (a,) and dy = O} (by,), then 6,52 = O} (anb,) and 61 + 02 = O} (an + by), i-e., the
algebra of the O) notations carry over to Oy notations. We say that an event occurs wp* if its probability is

— O (log (n) /n3/?).

Lemma 5. Suppose that the same assumptions as Lemma 1 hold with h = h = h. If g5 is bounded on

B(0), n=/2 Y, (WE Vi — E [W}, ]):0;( 10g(n)),V(k,s)€Nx{—,+}.

D;S,%

Proof. Let 7, = \/n/log(n), V; = V;1(V; >r,), V, == V;1(V; <r,) and (K, V) be defined similarly.
Then write n=1/23", (WEVi—E[WEV]) =W+ W, where W = nl2y, (Wk . Vi—E[WEV]) and

pisyi pisyi
W=n"123 (W, V,—E [Wk V]). Let 03 = Var [.='2WE V]. By o}, < E[h~'W2iV?], LIE and
change of variables, aW =0(1 ’ p siV;—E [Wk ] | is bounded by an upper bound that is proportional
to r,. Let ¢ > 0 denote an arbitrary positive constant. By Giné and Nickl (2015, Theorem 3.1.7 and
Equation 3.24) with « = log (n°), Pr [\w\ > ( 2capy + c/3> log (n)] < 2n7° By o3y = O (1) and taking
c to be sufficiently large, W = Oy ( log (n)) By Markov’s inequality, the fact that v < v \V/ro|® and
change of variables, Pr UW| > /log (n)} <E [h—lwg;’gvz} /log (n) < E [h—lwg;’; |V|5} /(3 -log (n)) =

O (log (n) /n®/?) and therefore, W = O, ( log (n)) [ |

The following result is an analogue of Lemma 2. Its proof essentially follows similar arguments.
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Lemma 6. Suppose that the same assumptions as Theorem 3 hold. (a) /nfj, = O} ( log (n)), (b) :\\p
argmax, (5,5 (A9, ) exists wpt and VX, = 05 (Viog(m)); (¢) Viin, = 05 (Viog(®)): (@) X,
ArgMAX, ¢ £, 5;))5 ()\,190,5,,) exists wp* and ﬁXp =03 ( log (n))

Proof. By Markov’s inequality, Pr [ US> A + c] is bounded above by the fourth central mo-
ment of 7~ Y, ||t divided by ¢*, where ¢ > 0 is an arbitrary positive constant. By straightforward
calculation and change of variables, its fourth central moment is bounded above by 3n =2 (E [h_Q 1123 ||10] )2 +
n—3E [h*‘* ||U||2°] — O(n2). Therefore, n=' Y, U] = O3 (1) and by max; |t < (zi ||uz-||5)1/5,
max; |[U;]| = O, (n'/%). Then, by this result and the definition of Ly, Pr {maxisup)\e[:n INTU| > 1/2} is
bounded above by Pr[max; [t4;]| > (v#i/log(n)) /2] = O (7~2). Therefore, £4 C L£(9) wp* and Ny =
argmaxyc ., S (A, V) exists wp*. By using U=0; ( log (n)) and Ay — Ay = O ( log (n) /ﬁ), which
follow from Lemma 5, and repeating the steps in the proof of Lemma 2, \/ﬁ)\ﬂ =0, ( log (n)) Then,
Vi < log(n) /2 wp* and S ()\ﬁ, V) = supeg)S (A, 9) = Oy (log( )). By similar arguments, boundedness
of ©® and Z/I U; — Ginp, max;

Ui|| = O} (n 1/5) and n~ = O (1). By repeating the steps in the
2
proof of Lemma 2, /Iog (n) U] < supren)S (A, 9) +2 <n—1 |72 ) log (n) = 03 (log (). (a) follows

from (14), U = O} ( log (n)), U= Oy ( log (n)) and the fact that omin (Zng> is bounded away from

zero wp*, which follows from Lemmas 1 and 5. The proof of (b) parallels that of Lemma 2(b) and uses the

fact Ay — Mgy = Oy < log (n) /ﬁ) (c) and (d) follow from similar arguments. [

Consider the singular value decomposition of A

uuT

i}
2 (—0g): STA L (—Ag) T = [ A OM] , where

STS =1Iy4,, T'T =14, and A is a dy-dimensional diagonal matrix with the square roots of the eigenvalues

of AgA Ag being on its diagonal. We follow Chen and Cui (2007) to rotate the moment conditions by

uuT

I = STAM;/f so that results from Chen and Cui (2007); Ma (2017) can be applied. Let V; (0) := TUY; (6),

Vi =TU;, H; =T (-G;), H+; =T (—G;s;) (V,H,H; defined similarly) and V; == TU;. Denote Ayt =
n~tS ViV and Ay == 1Y, H;. Note that the EL criterion function is invariant to such a rotation,
ie., £, (0| h) =supy2,log (14 ATV;(6)). For notational simplicity, we still use :\\p and Xp to denote the

Lagrange multipliers. Clearly, (b) and (d) of Lemma 6 still hold. Let IT := AT ' and 2 := II"!. Then,
T

s
Apyt =1lag,, Ay =T (=Ag) = [ O7 04, xa. } and Ay, = F(—Agf) = { 1‘[;" 0 xd. } , where II; is

a dg x d; matrix collecting the last dy columns of II. Denote J := (HTTHT> ], P = I;J and M := —Iy, +P.

Then, by inverting the block matrices,

-1

“Apyr Ay AL+ AL Ay (A AWTAH) FALALL A

YT Ay (A A

Al Ody xdy (A, AVVT Ay) ATAV%)T (A, Ava Ay)

An)

VVT VVT
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Odyxdy Odpxa. QT 3 3
T —@n)7tert (@) 7N
= Oa,xay —la, Oaxay | = (33)

—NT-! O
Q Ody xd., Q0T
and
-1 M Odgxdz JT _1 _1
Ayt Ay _ |- (FT) QTF_l - (FT) N; .
. = | Odoxay —la. Oa.xa; | = S - (34)
A’HT Odf de _NT F_ O.‘_

J Od]\xdz JJT

By similar arguments as in the proof of Lemma 3, the first order conditions ), 171 / (1 +A
> H, :\\p / (1 + X;ﬁ,) = 0 hold wp*. Expanding the left hand sides yields

4

2 3 Vi

s o sy, (%)

0 = Zv L=+ (W) = (W) +1:X;9i

. ()
_ Ty NTY. NETA

0 = zi:%i X 1—Apvl+(Apvl) o (- (35)
By Lemma 6 and max; ||If; =0O; (ﬁ1/5),maxi //\\;]71» < Xp (maxi v, )zO; (\/M/ﬁ‘g/lo). There-

— V!
fore, max; )\;—Vi < 1/2 wp*. By this result, Lemma 6 and 2~ ), |Its|| = O} (1), which follows from bound-

edness of ©, Markov’s inequality and 7, = Us— Gy, 3 (X;ﬁ,f / (1 + 5] 12) — 0z (1og (n)? /ﬁ). Similarly,
SUHTA, (X; 171.)3/ (1 +AT 172-) -0 (1og (n)? /ﬁ). By Vi = Vi+H,7), and Lemma 6, 3>, X Vi = 35, AT Vi+
S A iy, 32 (AF 12)2 - (" vi)Q +3. (% Hiﬁp)z +23%, (V) (A i) and 3, (X;ﬁif -
> (X;V,-)S +3Y, (Xg Vi)2 (X; Hiﬁp) +0; (1og (n)/? /ﬁ3/2). By plugging these results into the right
hand side of (35),

A R Ay = -2 Y VeSS () - 1 S (3) - 23w (3 ()
= Z v (3] v:)?’ +2 Y (3] v) £ 3, (X; Moy
—% Z Haiiy (3 Vz-)2 + (ZAWT —Ayyr) Ay - EAH = Aa0) iy + 0 ((log (m) /m)°)
% = 2 Zlajxp () + = ST h, () — = SRS, (W)

i i

— (B3 - 24) %, + 05 ((0g () /)?) (36)

>
2

>
3

Il
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By fifth-order Taylor expansion and max; ;\\g 171-

=0; (\/W/ﬁg/lo), Ly (5,, | h) can be written as the

5 ~
Zi Vi

> (X;ﬁ,) =3, (X;V¢)4 + 05 <log (n)®/? /ﬁ3/2> and therefore,

|5 e 5 .
a constant by >, ‘)\;—Vi < H)\p =0, (log (n)5/2 /T_L3/2> wp*. By V; = V; + M7, and Lemma 6,

2

i (5 10) = 2R 2 S N -2 S (W) 2 Y () -2 (A w) ()

+ %% > (X;vi)g + % > (% 14-)2 (Ao i) — % > (% vl-)4 +0; (log () /5?) . (37)

A stochastic expansion (e.g., Newey and Smith, 2004) is understood as an approximation that is a poly-
nomial of centered sample averages and has an approximation error of desired order of magnitude. We
use (33) to invert (36) and get higher-order approximations for (Xp,ﬁp). We then replace all sample
averages except 71>, V; which is approximately centered (||Ay| = O (hP*')) with the sums of their
population means and their centered versions. By iteratively replacing (Xp,ﬁp) on the right hand side
of (36) with the approximations, using Lemmas 5 and 6 and dropping terms that are O} ((log (n) /ﬁ)z),
we get cubic stochastic expansions of (Xp,ﬁp). By the same steps and plugging stochastic expansions
of (Xp,ﬁp) into the right hand side of (37), we have a stochastic expansion of 71/, (5,, | h) so that
n=1e, (51, | h) =0+ Oy <log (n)5/2 /ﬁ5/2), where the leading term r*is a quartic polynomial of centered
sample averages. Similarly, by using Lemmas 5 and 6, the first-order conditions and (34), we get cubic stochas-
tic expansions of (Xp, ﬁp) and a quartic stochastic expansion of ¢, (190, 517 | h) so that n=14, (190, 5}, | h) =
o+ o, (log (n)‘r’/2 /T_L5/2>. The same algebraic calculations have been done in Chen and Cui (2007); Ma
(2017) so that we use them directly here. We switch to coordinate notations and apply the calculations
from Chen and Cui (2007); Ma (2017). In the rest of the proofs, summation over repeated indices is
taken implicitly with the “>” notation suppressed and ranges of indices fixed: k,I,m,n,o0,v,q = 1,...,dy,
k,l,m,n,o,v=1,...,2d,,u,w=1,...,ds,a,b,c,d,e,f =1,...,2d, s,t,a,b,c,de =1,...,d, and u,w = 1, ..., d,,.

— ko ki,
= Apwpoypmypm, Y = Agymy, ¥

klmn

kl . ki . —
Let o = Av(k)v(n, a’'™ = Av(k)v(l)v(m), o no= AV(k)H(In),

’yk;l?m’” = Av(k)v(|)H(mn), ’yk’n;l’o = AH(kn)H(Io), Ak = 71 Zi Vi(k), A = 1 Zi Vi(k)Vi(l) — Ozkl, Akim .
at Do Vi(k)Vi(l)Vi(m) —okm Ckm =l Do Hgkn) —Akm and CKI = 1 > Vi(k)HEln) —~kln By Lemma
5, 7—171 Zl Vz(k)vz(l)vz(m)vl(n) _ aklmn7 ,ﬁfl Zi vz(k)vz(l)HEmn) _ ,yk;l;m,n and ’/_7,71 Zi Hl(»kn),}‘ll(»lo) _ ,yk,n;l,o are all
o, ( log (n) / ﬁ) We can show that (:\\p, ﬁp) and 710, (51) | h) admit stochastic expansions with lead-

ing terms that are polynomials of (AX, A AKm Ckn Ckln) with coefficients given by (oM, aXm, akmn)

)

kilmn yknilho) and Q. Formally, their expressions are the same as those given in the special case

(Yo, b,y Y

of Chen and Cui (2007) (see (2.6) and (2.8) therein) when the moment restrictions are linear in parameters
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and terms that depend on the second and third derivatives of the moment restrictions are removed. Similar
stochastic expansions of (Xp,ﬁp) and n14, (190,1;,) | h) that are polynomials of (Ak, AR AKIm Ckon C’k?"")
can also be obtained. Formally, their expressions are the same as those given in the special case of Ma (2017)

when the moment restrictions and the null restrictions are both linear in parameters and hence omitted. See

Ma (2017, (C.4)). Let LR* =7 (Z* - Z*) so that LR, (0 | h) = LR* + O (1og (n)°/? /ﬁ3/2).

Let (Tk', rkim Tk'm”) be defined by the same formulae as those of (ak', ak'm,ak""") with V replaced by
U. Let (r?“,r?'v“,rﬁ*'m“,rﬁv“;'vw) be defined by the formulae of (ykm, ykln yklmn jknido) with (V%)
replaced by (U,G;:). Denote U (03) == Z — 0y, U == U (¥2) and G = —9U (02) /00, = 1. Also let
UB) =W, U (62), U =W,®U, G:=W,®G and (U; (02),U;,G;) be defined by the same formulae
with (X, Z) replaced by (X;, Z;). Let (C),N, Q) be defined by the formulae of (O,N,Q) with (AyyT,Ag)
replaced by (AgyT,Ag). Let (Tab,Tabc,Tade) and (fa*s,f‘a?bvs,fa?b?cvs,favs?b*t) be defined by the formu-
lae of (ak',ak'm,ak'm") and (vk’”,’yk?"",vk*'?m’",'yk*”?"") with (V,H) replaced by (L?,Q). Let T* :== Ay
and T? = Ayw. Let ) = QMTRY, 7l = THmQUIQi™ 2, 7T, = —TkmQIW QL Q™) rrov /3,

AI/T

k;l;m, kw | . k,u;l,w ~ (kI uw
(fy = arismuNkeIgim ang oyt = el o) Leg (%i yi oyt oyt oyt ) be defined by

v’ “p,1> "p,2y “p,37 “pd

n-t Z?Zl (”/J I 7/;‘ j) denote the pre-asymptotic coverage error.

Lemma 7. Suppose that the same assumptions as Theorem 3 hold. Then, Pr[LR* < x] = F. (z) —
G (n,h) xfyz (1) +0 (vh), where v = (log (n) | Au])) /v +1og ()™ /0?2 4 | Agyl| +n7" 72 [| A" +

— 3
A

Proof. A decomposition LR* =7 (R% + 2R1R2 + 2R1R3 + R%) can be derived. Rk is a homogeneous k-th
order polynomial of (A%, A¥, AKm Ckn Ckln) 5o that R, = (@) ( log (n) /ﬁ), Ry = Oy, (log (n) /n) and
Rg = O; ((log (n)/ T_L)B/ 2). —M is a projection matrix onto the orthogonal complement of the column space
of IL;. Let @ be a vector spanning the one-dimensional orthogonal complement of the column space of II; so
that —M = wyg (wOTwo)fl wOT. Let w := wo/\/m. Then, w'w =1 and —M = ww . The expressions
of (Rl, R, Rg) can be readily obtained in a special case of Ma (2017). Algebraic calculations in Ma (2017)

show that by setting Ry := w®) A,

RZ — %M(mk)w(n)AmnAk—w(n)Andﬁ+aAdl9+a+ {;avmnM(vl)M(mk))w(n) _ A/vaOQ(O”)P(nk)M(ml)w(v)}

% AlAk + {(,yd19+a;v,m[d19 + a,v]) Q(mo)P(ok)w(v) 7 avmd19+aM(vk)w(m)} AkAd,nga o Q(kO)P(Om)w(l)

% Cl,k:Am + {au dg-l—adp-&-bw(v) _ ,Yd,g+a;d,l9+b,mQ(mn)w(n)} Ad"9+aAd"9+b + Q(k?ﬂ)wﬁn)cdﬁﬁ-a,kAdﬁ-l-a’ (38)
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where y%+@v [y + a,v] denotes 40 TaVm 4 Avidotam and Rs to be given by the formula provided in
Ma (2017, Appendix D.3), we have LR* = 7 (R% +2R Ry + 2R Ry + R%) (38) is formally the same as
Ma (2017, (D.2)) with terms that depend on the second derivatives removed. The expression of Rj is also
essentially the same as that of Rg in Ma (2017, Appendix D.3) with terms that depend on the higher-order

derivatives removed and hence omitted for brevity.

Let ok = Ay and Ak = Ak — ok, By replacing A% with Ak + o, we have R, = Ry + Rll, where
Rio = w®ak and Ry1 = w® AF. Similarly, we replace A with A%+ o to decompose Ry = R+ Ra1 + Rag

so that Ry, is a homogeneous (2 — k) —th order polynomial of o', ..., a2%:

]:?21 — EM(mk)w(n)Amnak_w(n)And19+aad19+a+gavmnM(vl)M(mk)w(n)Alak_,Ym;U,OQ(on)P(nk)M(ml)w(v)
2 3
« (/ﬂllak[l, k]) + {(,ydﬂ*i’a;v,m[dﬂ +a, v]) Qmo)plok) o (v) _ avmdﬂ+aM(Uk)w(m)} (Ozk/oldﬁJra[k,dﬂ + a])
_ Q(ko)P(om)w(l)Ol,kam + {av dy+a d19+bw('u) _ ,yd19+a;d19+b,mQ(mn)w(n)} (adg-i-alid,,g-&-b[dﬁ +a,dg + b])

4 Qkm) (m) odo+a,k dy +a7 (39)

Rss is defined by the right hand side of (38) with A* replaced by AR and Rog == Ry — Rog— Roy = O (||Au|\2)
Let Ry == Rm + Rgo, Ry = ]:211 + ]:221 and Ry = Rgg. We decompose ]:23 = 1:233 + 1:232 + ]:231 + 1:230 in
a similar manner and let Ry == Rs3. Rj is given by the formula of R; with AX replaced by Ak, Then,
let R == Ry + Ry + Rs. By Lemma 5, Ry + Ry + Rs = Ry + R + O, (| Ayl/1log (n) /7) and therefore,
LR* =7 (Ry + R)* + O3 (o}).

Let F = (Wp ®@ U, Wy, (W;Jr, WZ?;,)T ® (U,U?%), (VV;’;Jr7 W;’;,)T ® U3). F is defined analogously and
let dy denote the dimension of . It can be shown that /iR = h,, (F), where F :=n~ /2" (F; — E[F]) and
hn is a cubic polynomial. B.g., v/aw® AF = {ETA;;/TQ (n=12%, (U; — E[U])), where &7 := S [ @' 0] ]T.
It can be shown that other terms on the right hand side of (39) can also be written as linear functions
of F. Similarly, it can be shown by tedious algebra that /7R and y/fR3 are homogenous quadratic
and cubic polynomials of F. A more lucid proof of this fact uses the observation that ¢, (51, | h) =
infg,sup,,2 >, log (1 + AU (92)). Let M, (60,61) = Wy, @ (Y; —6oD; — 01). By rearranging the mo-
ment conditions, £, (317 | h) = infg,.0,,0,5UDx, 2,2 ;108 (1 4+ A M; (60,01) + A3 Ui (62)). Let W (0) =
(Mi (0o, 61) ,U; (92)). ﬁp and \ = (Xh Xz) satisfy the first-order conditions wp*:

_ t (Up2) (Wi (Di1) & i
C1Aw(9,) b ;1+XTV\/¢ (%) P Z 1p+ AW (3,) o Z 1+XTW;(5p) e
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The third condition implies that A, = 0, wp*. Therefore, £, ( N h) =23 log (1 + AU ( N 2)) and the
second and fourth conditions are >, U; (3:,,72) / (1 + MU (19,,,2>) — 094 and 3, G/ Ao/ (1 +MU (ﬁp 2)) =
04, , which coincide with the first-order conditions of infg,sup,, >, log (1 4+ Aj U; (62)). Therefore, we have
. (5,, \ h) = infg,sup,,2 >, log (1 + Xolf; (62)). By expansion and Lemma 6, we get approximations for No,
U, and £, (1/9\1, \ h) which are similar to (36) and (37). Then it is clear that by replacing sample averages
with sums of their centered versions and population counterparts we can get further approximations which
are polynomials in 7~1/2 > (.7?Z —E []?] ), where (.7:"1', .7:") are defined by the formulae of (F;, F) with (U;, U)

replaced by (l_]i, U ) Similarly, the stochastic expansion of ¢, (190, 5,, | h) should involve only terms in F.

Let x; (V') denote the j-th cumulant of a random variable V. We follow arguments in the proof of Calonico
et al. (2018a, Theorem S.1) and apply Skovgaard (1986, Theorem 3.4) with s = 4 to S,, := B~'/2F where
B := Var [F| /h. For any t € R% with [|t|| = 1, by change of variables and calculation of the moments (see,
e.g., DiCiccio et al., 1988, Page 12), k3 (tTSn) =E [(tTSn)g} o (’ 1/2), K4 (tTSn) =E [(tTSn)ﬂ -
3 (E [(tTSn)zbz =0 (n7') and ps, (t) = max{’/ig (t7Sn)| /3!, Ik (t75y)] /4!} = O (n~Y/?), uniformly
in t. Condition I and IT of Skovgaard (1986, Theorem 3.4) are satisfied by taking a,, (t) o< v/n and ¢, = n~3/2.
Let Wy (t) = E [exp (itTV)] denote the characteristic function of a random vector V, where i := /—1.
Let Fy = (WpiU, Wyis, W2, (U, U?) ,W2,U?), s € {—,+}. Then, ¥r(t) = E[exp (it] Fy) 1(X > 0)] +
E [exp (itj]-'_) 1(X < O)], where (t_,t;) denote corresponding coordinates of ¢. By change of variables,
E [exp (it] F4) 1(X > 0)] = h(fx (0) E4 (t4) + O (h)) +Pr[X > h], where E, is the characteristic function
of Kpey (V) (U, 1), Kpiy (V)? (U,U?), Kpit (V) U3, where (V,U) has the joint density given by (v,u) —
1(0<v<1) fyx (w]0). A similar result holds for E [exp (it F_) 1 (X < 0)] with E_ ({_) defined similarly.
Therefore, Ur (t) = 1—Pr[—h < X < h]+hfx (0) (E; (ty) + E_ (t_))+O (h?). By Assumption 5, the vector-
valued functions (v, u) (1, (ICpH_ W), Kpes (0),Kpey (v)g) ® (1,u,u2,u3)) are linearly independent. By
invoking the same arguments as in the proof of Calonico et al. (2018a, Lemma S.9), Ve > 0, 3¢ > 0 such that

SUp|¢>e | B+ (t+)] <1 —ce. A similar result holds for £_. Then by these results, Ve > 0, Jc. > 0 such that

Ur (t)‘ < 1—-c.h, when n is sufficiently large. It follows from this result and arguments in the proof
s, (1)) < (1= csh)"

, when n is sufficiently

SUP|j¢|>¢

of Calonico et al. (2018a, Theorem S.1)

when n is sufficiently large. It is also easy to see that V§ > 0, (1 — csh)" < edf/2+2

large. Therefore, Condition III7 of Skovgaard (1986, Theorem 3.4 and Remark 3.5) is satisfied with o = 1.
Verification of Condition IV of Skovgaard (1986, Theorem 3.4) follows from essentially the same calculations
and arguments in the proof of Calonico et al. (2018a, Theorem S.1). Now all conditions for Skovgaard (1986,
Theorem 3.4) are verified. It shows that S,, admits a valid Edgeworth expansion, i.e., conditions (3.1), (3.2)

and (3.3) of Skovgaard (1981) are satisfied with U,, = S,,, s = 4, Bs,, = "' and the Edgeworth expansion
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holds uniformly over the class of all convex sets in R% . Note that we can write /AR = h, (BI/QSn). Then
we apply Skovgaard (1981) to show that the Edgeworth expansion is preserved by smooth transformations.
Condition (3.4) of Skovgaard (1981) is satisfied with g, taken to be x + h, (BY/?z) whose the gradient
at zero Vg, (0) is given by Vg, (0) = B/2 ( A_;TQ,Odfddu)T + O (J|]Ay||) by the chain rule. Then we
apply Skovgaard (1981, Theorem 3.2) to f, (Sn) = B;'gn (Sn), where B2 = Vg, (0)" Vg, (0). Then, B2 =
= TAZ;;/TQ (Var [U] /h) ;21/72 o+ 0 (|Ayll) = 1+0 (||Ayl)- Condition I of Skovgaard (1981, Assumption 3.1)
is satisfied with p = 4. Condition II of Skovgaard (1981, Assumption 3.1) is satisfied with \, = O (R~'/2) so
that A2~! = 0 (n™!). Now all conditions for Skovgaard (1981, Theorem 3.2) are verified. It is left to compute

the approximate cumulants.

Then we calculate the formal cumulants of f, (S,) = B,, 1y/nR. In the calculations, we repeatedly use
formulae for moments of products of sample averages (e.g., DiCiccio et al., 1988, Page 12) and Lemma 1. By
definition, E [R;] = 0. We calculate E [Ry], let the remainder term absorb the terms that involve a?, ..., a2
and get E[Ry] = 2~ %1 + O (| Ayl /n) where & = a"*M k) (7) /6 — Qo) plom) (D ymibk - By formulae
for third moments and Lemma 1, E[Rs] = O (7~2). Therefore, r1 (VRR) = f1,+0 (R™Y2 || Ayl h 4+ n=3/2)
with %1 ,, := 2~ /2%, . For the second cumulant, by definition, x5 (R) = E [R?] —(E [R])* and by formulae for
fifth and sixth moments and Lemma 1, E [R?] = E [R}] +2-E[R1Ry]+2-E[R1Rs]+ E [R3] + O (n™?). By
Ry = Ry + Ray and caleulation, E [R?] = E [R%l} 12.E [Rm}?ll} i) (ﬁ_l ||Au||2), E[RyRy] +E[RiRs] =
E [Rlle} +E [RHR?,} + O (n7?||Ayl]). Then by calculation, E {fl%l} =n1+0 (||Au||2/n) and 2 -
E [ém}én} Y G (||Au||2 /n), where fig1 p 1= a™OMTONR) o /3 9nlidat+akQkm)\[(m) g do+a,
Then, E [R] = a~" (1 4 R21,,) 4O (ﬁ_l ||Au||2). Calculation of 2-E |:é11R2:| +2-E |:R11R3} +E [R3] follows

from replication of calculations in Ma (2017) and we can directly use the results therein. By calculations in

Ma (2017), we have
8
2B [RiRp| +2- B[R Rs| +E [R] = Zr-% +0 (A2 | Ayl h+77%),

for some bounded constants Ray, ..., Rog, €.8., Ka1 = a”m"M(”o)M(ml)M(”k)ozklo/?)foz”m dy+apf(vo)\f(mn) gondotay
andotadotbypnm)gmdotadstb and the O (72 ||Ay|lh+72~%) remainder collects terms that depend on

a', ..., a?® and higher-order terms from the fourth moment calculation. The expressions of Roa, ..., Rog are also
easily obtained from Ma (2017) and hence omitted. Therefore, k3 (VAR) = R n+0 (||A1,{||2 + a7t | Ayl + ﬁ’2),
where fon = 1+ Rt + Fag and figa = 171 (X5 oy — 7). By definition, s (R) = B [RY] - 3.
E([R]E [R?] +2(E[R])’ and by E[R] = E[Ry] + O (i~2), E[Ro] = O (7™"), E[R?] = E [R}] + O (7?) and
E[R}] =E[R}] +3-E [R2R}] + O (n?), which follows from formulae for higher moments, we have x5 (R) =
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[R}] —3 (E [R2R}] —E[R]E [R}]) + 0O (n~3). It is easy to check that E [R}] = E {R‘r{’l} +0 (72| Aul),
[

{R:{’l} -3 (E [RQR%I} —E[Ry]E {Q%D +0 (73 + 12| Ayl|). Calculation and expansion of E [R:fl} -

E
E[RyR2] = E [RQR%} +0 (72| Ayll). By these results and E [R?] = E [R{l} +0 (AL Ayl)), k3 (R) =
E

3 (E [Rgf%%l] —E[R]E [R%ID follows from replication of calculations in Ma (2017). For example, by cal-

culation using formulae for moments (DiCiccio et al., 1988),
. 3 3
E |:R£131i| _ n—2 (E |:(h—1w(k‘)v(k') _ w(k)ak) :|) — TL—2E [(h_lw(k)v(k)) :| + 0] (,FL—Q ||AZ/{H h) )

and the O (™2 | Ay|| h) remainder collects all terms in the expansion of the third moment which depend
on o', ...,a?%. Note that we can write E [hil (w(’“)V(k))ﬂ = wW Mok in coordinate notations.
Similarly, we calculate E [RQR%1:| —E[R:]E {R%l} . We note that coefficients of terms of order n=2 in E [Rifl} —
3 (E [RQR%] —E[R:]E [R%D are formally the same as those of the leading terms in the calculation of the
formal third cumulant in Ma (2017). Calculations in Ma (2017) show that the sum of these coefficients
are exactly zero and therefore, the leading term vanishes so that r3 (vVaR) = O (||[Ay| /vA +7~%/2). By
this result, the fact that x4 (R) = E[R*] — 3(E [RQ])Q —4-E[R]x3(R) +2(E[R)*, E[R] = O (n™1),

R = Rn + Rgl + Ry 4+ R3 and standard calculations,

o (B) = B[R] 3 (B [#2])" + 0 (- 8wl +%) = {B[24] -3 (2 [#2])]
+4 {E |:R2R:131i| —-3-E |:R2R11:| E [Ril} } +6 {E [Rgéﬂ} —-E [R%] E {Ril} }

44 {E {RQR‘;’I} _3.E [RQRH} E {R%J } +0 (n7? Ayl +n7) . (40)

And by standard calculations,

E [1:2‘111} -3 (E [R%DQ —n3 (E {(h—lwwy(k) _ w(k)&)j 3 (E [(h—lw(k)v(m _ w(k)ak)2]>2>
—p? (E {(hlw(k)v(k)Y] _3 (E {(hlw(k)y(k)f])) £ O (5 Aullh)

and the O (R™% || Ayl h) remainder collects all terms that depend on o', ..., a2

. Similarly, we also calcu-
late E {Rﬂ%ﬁl} ~3.E [RQRH} E [R%l}, E [R%R%l} ~E[RYE [R%l} and E [RQRH ~3.E [RQRH} E [R%l}
on the right hand side of the second equality in (40), ignore small-order terms that depend on a!, ooy 020
and take the sum of the leading terms. We do not need to rework on the calculations since they are
formally the same as those done in Ma (2017). Calculations in Ma (2017) show that the sum of the lead-

ing terms on the right hand side of (40) is exactly zero so that it follows from this result and (40) that
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k4 (VAR) = O (' || Ayl + 772). By previous calculations and B,, = 1+ O (||Ay]|), we get the approxi-
mate cumulants for f,, (S,): k1 (fn (Sn)) = By tfin + O (Y2 | Ayl h +77%/2), ko (fn (Sn)) = By 2Ra,n +
O (18wl + 0~ [ Al + 772, 5 (fu (Su)) = O (18l /W7 + 77 /2) and g (f (S)) = O (7 || Aeel] +7072).

Let ¢ ( | e, 02) denote the PDF of N (p, 02). By applying Skovgaard (1981, Theorem 3.2) to f, (S,) =
B, 'ViR,

Pr {ﬁ(RwR)Q < 33} _/
|t+(VARo)/Bn|<vE/Bn

O (t ] By Fun, By o) dt + O (| Aull Vi +7792) , (41)

uniformly in # > 0. By using the recurrence properties of non-central y? (Cohen, 1988) and mean value
expansion, we have OF (z | A) /OA,_x = —zfyz2 (z) + O (X). By this result, B2 =1+ O (||Ay||), change of
variables and mean value expansion,

6 (t| By fyp, By o) dt = / P (t | (\/ﬁRo n rﬂ,n) N 1) dt

[t1<y/2/R2,n
) =Fy (x) — T fy2 (x) ((\/ﬁém + 'E‘-/l,n)Q + K21 + ffzz,n) +0 (Vg) . (42)

/t+(x/ﬁRo)/Bn|Sx/5/Bn
:F< a (VAiRo + Fo1,n)”

R2.n R2.n

By (41) and (42),
Pr [ (Ro + B)® < o] = Fyg (2) = €5 (n.h) wfy () + O (vh). (43)

where (f;fre (n,h) = AR}y + 2V/AR0k1n + Fo1m + 7! Z§:1 Roj. By tedious and lengthy algebra, we
. - 8 _ 4 — ~

can directly show that Rf, = 2} — %} and D=1 R = 2 (%TJ - “//;j) + O (h) and 2v/AR10R1, +

Ro1n = O (h||Ayl|). By calculating E[LR*] with arguments used repeatedly in previous proofs, we find

that ‘éfre (n,h) is just the leading term in the expansion E[LR*] — 1 = %;g”e (n,h) 4+ o (’UEL), where v =

Ayl + 7 || Ay|* + 2. We use the fact that £, (31, | h) = infg,sup,,2 >, log (1 + AJ U; (A2)) and an alter-

native expression for LR* = n (Z* — Z*) to get a more lucid proof.

-
We consider the singular value decomposition of AZ;;/TQ (—Ag) such that STA&;/TQ (-Ag)T = [ A 04 xa. ]

where STS = Iy, T'T = I;. and A is a d.-dimensional diagonal matrix. We apply the rotation by
Vi (02) = TU; (65) where T = STA&Ll—/TQ so that £, (1/9\10 | h) = infg,sup,, 2", log (1+ AJ V; (62)) and calcu-

lations from Matsushita and Otsu (2013) can be applied. Also denote V; == I'l;, H; =T (—G;) (V and H

51



defined similarly) and € = (ATT)A. Then it follows that Apyr = Iog, x24. and

-t Od.xd. Odoxa. €7 - I
—Appr Ay B | -@h) et — ()N w
= Oa.xd, Lo, Og,xa, | = o _ . (44)
A;-[L Odzxdz —NTI1 O

Q  Opxa. QQT

Let (A;,A;b,Azbc,C’;S,C?b’s), (a%,a%b,agbc,aibc‘j) and (*y;’s,wi;b’s,7§’S;b’t,y?b;c’s) be defined by the same
formulae as those of (Ak,Ak',Ak'm,Ck’",C’k?""), (ak,ak',ak'm,ak'm") and (’yk’”,’yk?"",Wk’"?"o,’yk?'?m*"), with
(V,H,V;, H;) replaced by (]7,7—2, Vi,’}—zi). The leading terms in the stochastic expansion of 714, (@ | h)
is given by n~10* = Rgf+a}~3gf+a + QRngrangJr“ + 2R§f+al~%§§+a + RgngangJr“, where the expressions of
(Rfera, R§§+a, R?§+a) are readily obtained in a special case of Matsushita and Otsu (2013) when the moment
conditions are linear in parameters. E.g., f%gf+a = A‘iiz*“7

Rt i _%Agz+bA§lz+a dotb %a?zﬂz dobbderbe gds kb gdobe _ Qo0 Gt s AL 4 Q(o0)deaidsts gdutd gt

and the expression of E?§+a is omitted for brevity (see Matsushita and Otsu, 2013, A.1). Let A; = Af — of.
We again replace A3 by A; + af to obtain Rf{+“ = Rf{fa + R?fé‘a, Rf;"’a = Rg;;a + R_fg;f‘“ + R‘f;g’“
and Rg§+a = ng;a + ng;a + Rggf‘a + R%g’“. Then by standard calculations, E [ﬁ’lz\*] is equal to
the sum of Rf5 RS, RGTE (R | B [ RGTRET | B [RGTRf| and 2B (RGO RYe | +2-
E [Rfﬂ" aéfg; “} +E [Rgg; aéf;; “} with an o (v%) remainder term. By inverting using the second equality
of (44), Rf{&'“é?f&'a = ag”“a‘f”“ = QEPY2YP. By calculation and Apyr = oy, x24., B [Rgff'“}?gffa] =
ntd, + O (||Au||2 /n) It is easy to calculate that E [ng;“} = —ﬁ’langr“ detbdatb /g Q(St)y?dﬁa’s +

O (Al /). Then by (44),
~ ~ 1_- _ _ _ - _ _
RngaE |:Rg§;ra:| — —ﬁ_l (GTabCQ(ab)Q(Cd)Td + Fa,b,sN(as)Q(bc)Tc> +o (Ufl/ﬁ) )

By calculation and using (44), E [Rfff“ﬁggr“] = p1TeQE QT /6 + o (vfl/ﬁ) By calculation in

Matsushita and Otsu (2013, A.4),
) ) ) ) ) } 8
2B R Rl + 2 B RETRES| + B[ REFRES| =272 Ryay + 0 (vE/0),
j=1
where the constants are defined by

1_- ~ ~ 1 = _ ~ -
(Rt21, Ri22, Ri23, Rio4, Rios, Ri26, Rior, Fi2g) = (QTadeQ(ab)Q(Cd), —gTach(ad)Q(be)Q(d)Tdef,
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2fa;b;c,sN(as)Q(bc)7 _f\a;b,sQ(ac)Q(bd)N(es)Tcde, _f\a,s;b,tQ(ab)o(st)

fa;c,sQ(ab)Q(cd)o(st)fb;d,t’ 7f‘a;c,sN(at)Q(cd)N(bs)fwb;d,t, fwa;c,sN(as)Q(cd)N(bt)fb;d,t) )

Note that (RT21, Ki22, K123, /%125) = ("f/p 1 "//1,12, Af/pig, %14) Therefore,

8
E {ﬁﬁ*} = d. +n#} — T NCIQPIT 4 =1 Y “Fppj + 0 (0F) .
j=1

(Ry21, Rioz, Ri23, Ras) = (”I/p 1 ”//Jz, ”//J3, ”//J4) By following the same steps, we get a similar expansion for

E {7‘1@*] And, then we have E [FL (6* - Z*)} —-1= ‘Jiﬁ"e (n,h) + o (vh)
B 8
%ppre (n’ h) - (%;E . @5) . FIJ;;I,uN](Lku)Q](LIm)Tm + fa;b,sN(as)Q(bc)Tc +7 1 Z Riaj — HIQJ
j=1

It is easy to see that by Lemma 1, Fk’l’“ = T'#bs = O (h). Therefore, Fk’l’“N(ku Q(Im Tm = T2bsN(@s) Qbe) e —
O (| Aull h), Fioa < Riaa = O (h) and Riag < Rior X Rtas < Rioe < Ryar < Ryos = O (h?). It follows from
these results that ‘5;5"5 (n,h) =€P(n,h) + O (|| Ayl h +n7t).
It is easily seen that the result (41) with the weak inequality replaced by a strict inequality still holds
(see Skovgaard, 1981, Theorem 3.2). By LR* = i (Ry + R)* + 0} (v}) and the fact (30),

Pr[LR* < z]—Pr |7 (Ro + R)* < x} ‘ <Pr Hﬁ(Ro + R’ — x‘ < clvi} + e <log (n) /ﬁ3/2> =0 (v}),
(45)

where the equality follows from (41) and boundedness of ¢ (- | &1, k2,n). The conclusion follows from (43),

(45) and €' (n,h) = €2 (n,h) + O (|| Ayl b+ n71). |

_ Q1 Q2 o o1

Proof of Theorem 3. By simple algebra, Qi = , where Q11 == A °®L", Qo = AT P,
Q21 Qpo2

.
Q12 = Qo1 == —~ATTATI®T!, O = <A2 A7 1m +AZA! m) and Ny = [ NT, N, ] , where Nj; =

AL A O; and Ny :== A_A

uuT " uTOT' For simplicity, denote IIY = Aw“)u ur and I = Aw“)ug“usup

s € {—,+}. First, write Tk'm“QTkl erm”) = QJ(rkl)tr (QtAywymyym). Then it is easy to check that

THQRQM™ = QY (QuaTIY) + Q5 tr (QraaTT)

THmQIM QI Q™™ = QU tr (Qpua I Qi) + Qloy tr (QpolT” QpaalI¥ ) + 2Q51 tr (Qi1211" Qo I1Y)
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F;f;l;m,wNSrkw)Qngm) = tr (QTllAWP;+M+L{INT1> + tr (QTQQAWP;_M_MINT2>

F?,u;l,ngkl)O](Luw) = tr (AW;_*_QTUOT) + tr (AW;_QTQQOT) .

By Lemma 1, Qt11 = E /(gowp+) + O (h), Q2 = = /((pwp+) + O (h), Q1 = —E1/ (gpwp+> + O (h),
O; = (wgf_/cp) Z2 4+ O(h), Ny = uz,rle’JrEg/cp + O (h) and Ny = /JUUT 7H2/g0 + O (h). It follows that
"//p]:l = ((wg;’i wg 3_) (”W)\II“W> /(Qprg.’i) +0 (h), "//p]:Q = (— (wg;’i w02 E “W)\IJ“""> 3gpwp+ +0 (h),
7/171:3 = (4woj§’rtr (=4 Eg)) / (gowp +) + O (h) and A//pt4 = (—nggitr (Elug)) /o + O (h). Similar results hold
for (”f/pil, ”//p 9 7/1, 3 Yy 4) By tedious algebra, it can be verified that 2} = Q (DrkY! By (25) and simple

algebra,

B -2 = { (A D4 = D /D) = (Bz, /Ay~ Az /A)] ’yA}Q [Sa = (BERY)? JHELO (n20F0)

(46)
It follows that €2 (n, h) = €, (n, h)+O (n 1 Au]? 7+ nfl) and Pr[LR* < 2] = Fy (2) =%, (n,h) o fy2 (2)+
0 (ug+ﬁ||Au||2h). By LR, (¥ | h) = LR* + O (log (n)/? /n3/2) and (45) with (LR*,ﬁ(R0+R)2)
replaced by (LR, (Yo | h),LR*), we get the first conclusion. The second conclusion follows from the first
one, Pr[LRS (9g | h) < z] = Pr[LR, (¥y | h) < x (14 %, (n,h))] and Taylor expansion. |

Proof of Theorem 4. We redefine some notations for notational simplicity: 6 = (6, 61,02,03), ¥ =
(90, 91,92, 03), Us (8) = (pr < (00,0,,05) " W, iU .(90,91,93)T)T and Uy = Us (9) (U defined simi-
larly). Terms that depend on (V; (0),V;,V) are redefined accordingly. As in the proof of Theorem 3, we
apply the rotation by I' so that £, (6 | h) = supy2_,log (L + ATV (6)). Let Vs; == V; (Yo, 91,02,92). It is
easy to check that Lemma 6 still holds under .7 = dl,,. (36) and (37) with V; replaced by Vs ; under Iz = dl,,.
Similarly, (36) and (37) with (V;, H;) replaced by (Vs., H+,:) hold for (Xp,ﬁp) and 114, (190,{% | h) un-
der 97 = 6l,. Let (f%‘f,]%g) be defined by the formulae of (Rl,f%g) in the proof of Lemma 7 with V;
replaced by Vs;. By arguments as in the proof of Lemma 7 and calculations in Ma (2017), LR, (J¢ | h) =
n (R‘f + ]:35)2—1—0* (log (n)? /ﬁ) under Iz = 6l,,. Let AX :=n~"1>", Vé,ki) and A =n"1>.V (k) (I) . Let
H; = 0V; (0) /907 and let (Ckm gom Chibm 7k, m) be defined by the formulae of (Ck’”vk’",Ck;"”,yk”’")
with (H;,H) replaced by (?—li,%). Denote 6, == (p 4+ — pip,—) 01, for simplicity. It is easy to see that
Ak = Ak 5@ (Ck dota 4 sk, dg-ﬁ-a) and A¥ = AK 4 5(@) (C’k;hdﬂ"l‘a _i_,?k;l,dﬁ-i-a) [k, 1405 (i2). By using these
results and replacing A* with Akt ok, we decompose R‘f = R‘fl —i—R‘fO, where R‘fl =l (Ak + (57(51)6"“"1‘9*‘“)
and R‘S = wk)zk d*""aé(a . Note that by Lemma 1, o* = e;'—du’kFAu =0 (n‘l). Similarly, we write

R} = R} + RSy + Ry + O (log (n) I2), where
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Rgo — {;w(m)M(nl) (,Vn;"hdw-‘ra[Tn7 nD ,-‘?lvdﬂ"!‘b _ w("),?";dﬁ+C,dro+b,?dro+c7d0+a
+ <;w(k)M(mv)M(nl)akmn _ w(n)M(mv)P(ol),ym;ka(k:o)> ,?v7d19+a,?l7d19+b

((,Ydﬁ+C;U,m[d19 + ¢, 'U]) Q(mo)P(ok)w(U) — '™ dx9+CM(Uk)w(m)) :yhdv?*b:ydﬂchvdﬁ*‘a} 67(:1)67(:7), (47)

RS, is defined by the sum of c(™M®*) (ymin-do+a[m p) Ak§i® j2 — () (ytotandotbdy + a, n]) Ado+as)
and the right hand side of (39) with X replaced by 7<% +25{") and Ry is defined in the proof of Lemma 7. Let
R} i= R+ Ry, RY = Ry, + R, and R® = RY+ Ry so that LR, (o | h) =7 (R + R*)*+0; (log (n)*/ 12).
Denote gl = —MFDFbdotagh.dotb g0 . ’Rgbéff)é,(«bb) and 67 == Ya/ (up,+ — 1p.—)°. By (33) and (34),

(vA0)°

2
Tp

,—igb(;%a)(;%b) = (up+ — ,UD,—)Q (Qt — Q)(dwa dy+b) 5(d19+a)5(d,9+b)A2_l721 _ (48)

T T
and 62 = ¥F- + O (k). By (33), (34), the fact QP = [ 0q, J ] , tedious algebra and Lemma 1, (R8)2 =
keS8 4 Rebesi 66 + o (12) where

R({bc — _2amnkM(kl)M(mv)M(no);yv,d19+a;yo,d19+b:yl,d19+c + 20" d@—‘rdM(m’U)M(’ILO);}'/’U,dqg—‘ra;}'/o,dg—‘rb,fydg—‘rd,dg—‘rc
_ zak dy+e dg+de:l,$/d,[9+e,d79+a,?d19+d,d19+b;}~/l,d,g+c.
Let Rg — amnkM(km)M(nl),?l,dg-i-a/S’ Rg — _2,}/1;d19+b,kQ(km)M(ml),?d19+b7d19+a7 ngn =14 (FE%-’-FL%) 57(za)

and K} = 2ol Q) plvo)\[(nk) 3k.dvta By calculation using arguments in the proof of Lemma 7, we have
K1 (\/ﬁR‘s) = Rin+0(ln), K2 (\/ﬁR‘S) = fig’n +o(l,) and k3 (\/ﬁR‘S) = 0o(l,), where i1, is defined in the
proof of Lemma 7. Then, 2v/nR371 ,, = (—&$ + RS) 5 +0 (12). By arguments used to show (41) and (42)
(i.e., Skovgaard, 1981 with s =p=¢ =3, s, =1, and A\, = O (l,,)),

2
Pr [ﬁ (R +R%)® < :17] —F <x/ag7n | (\/%Rg + an) /gg,n> +o(ly). (49)
Then by Taylor expansion,

P (/| (VAR + 70) (78,0) = F 0/ 50)

+ {ARgeoD D8 — 55 (g + 5) 01 + (—§ +74) 60 } FO (2| B3) + o0 (L) (50)

Let f(-|7n) denote the x? (n) PDF. By using the recurrence properties of non-central y? (Cohen, 1988),
1
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—xf (x| n)=20F® (x| n)+ (n+1) FY (x| ). By these results and Taylor expansion,

F 2/, | 8,) = F (x| B,) +f (] 5) (/R — 1) + O (1) = F (x| 5y)
+ (285 (R + R5) 01 ) FO) (2| B7) + (B3 (5 + 75) 04 + (=5 + 75) 84 ) FO (2| 83) +0(la) . (51)

By arguments as in the proof of Lemma 7 and Lemma 1,
(RE + & )5(‘1) = (up+ — pp.—) A_ ( Fk I uN(ku Q(I dy+a) + fa;b,sN(as)Q(bdz+a)) 5@, =0 (Inh),
and similarly, Rg&(ﬁ) = O (I,h). It then follows from these results, (50) and (51) that

Pr [ (R)+ B)' < = F (| 85) + (mR606060) FO) (x| 52) + (283360 ) F® (o | 82) + 0 1),

(52)
By (33), (34), algebra, we can find constants #;9%° and J#¢ such that aze2e5{ 50 5() = abes(@s® s, 4
O (I,h) and RS6SY = 261, + O (h). The conclusion with 2, (§) = #2555 and P, (5) =
2Hy )75 5 5(5®5( /7 follows from these results, (48) and (52). u
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