Homework 1

Problem 1. Consider the tossing a coin experiment. Suppose that Pr(H) = Pr(T) = 1/2. Define random
variables X and Y as follows: X(H) =1, X(T)=2,Y(H) =2,Y(T) = 1. Find CDFs of X and Y. Are X
and Y equal in distribution (do they have the same CDFs.)? What is Pr (X =Y)?

Solution. Two random variables, X and Y, are defined as follows:
1 ifw=H;
X(w) = { 2 ifw="T.
1 ifw=T,

Yiw) = { 2 ifw=H.

Therefore, the CDF of X is:

0 if x < 1;
Fx(z)=Pr(X <z)=<¢ 1/2 ifzxe]l,2),
1 if x > 2.
Similarly, the CDF of Y is
0 ify < 1;
Fy(y) =Pr(Y <y) =4 1/2 ifye[1,2);
1 if y > 2.

Thus, X and Y have the same distribution. However, Pr(w € Q : X(w) = Y (w)) = Pr(f) = 0.

Problem 2. Suppose that the average distance between a random variable X and a constant ¢ is measured
by the function E (X — ¢)°.

1. Show that E (X — ¢)> = E(X — E(X))* + (E(X) — ¢)*.
2. What value of ¢ does minimize E (X — ¢)*?
Solution. For part 1:

BE(X-¢)? = E(X-EX+EX—c)?
E(X —EX)*+ (EX —¢)* +2(EX — ¢)E(X — EX)
E(X —EX)*+ (EX —¢)?,

where the last equality holds because E(X — EX) = 0. For part 2, Since E(X — EX)? does not depend on
¢, min.(E(X — EX)? + (EX — ¢)?) is equivalent to min.(EX — ¢)2. Since (EX —¢)? > 0 for all ¢ € R, and
(EX — ¢)? =0 when ¢ = FX, it follows that ¢ = EX minimizes the whole expression.

Problem 3. Let X and Y be two continuously distributed random variables with the joint PDF given by
fxy(@y) =10 <y <z <V2),
where 1(A) is the so-called indicator function:

1(4) = 1, if condition A is true,
~ 10, if condition A is false.

Thus,
1, if0<y<az<V2,
0, otherwise.

1(0<y<m<\/§)={



4.
9.

Show that fxy is a PDF. Hint: Start by plotting the support of the distribution (the region where
the PDF is non-zero).

Are X and Y statistically independent?
Find the marginal PDF of X.
Find the marginal PDF of Y.
Find the conditional PDF of Y given X.

Solution.

1.

First, fx,y(z,y) > 0 for all 2’s and y’s. Second, [ [%  fx v (z,y)dxdy = foﬂ Jy dyda = foﬁ zdx =
1. Hence, it is a PDF.

Since fx y(z,y) cannot be written as fx(x)fy (y), X and Y are not independent.

For z € (0,v2), fx(z) = [7_ fx.y(z,y)dy = [ dy = 2. Hence, fx(z) =2z x 1(0 <z < V2).

For y € (0,v2), fy(y) = [72, fxy(z,y)de = fyﬁdﬂi = (V2 —y). Hence, fy(y) = (V2 —y) x 1(0 <
y<V2).

For z € (0,v/2) and y € (0,x), Ivixwlz) = fxy(@,y)/fx(x) = 1/z. Hence, for x € (0, V2),
frix(yle) =271 x 10 <y < 2).

Problem 4. Let X, Y, and Z be random vectors. Show that:

1. Var (X) = E (XX') - E(X)E (X').
2. Cov (X,Y) = (Cov(Y, X)) .
3. Var (X 4+ Y) = Var(X)+ Var(Y) + Cov (X,Y) 4+ Cov (Y, X).
4. Var(a + I'X) = I'Var(X)I", where X is a random n-vector, a is a non-random k-vector, and T is a
non-random k X n matrix.
5. Cov(AX + BY,CZ) = A(Cov(X, Z))C' + B(Cov(Y, Z))C’, where A, B, and C are non-random
matrices.
Solution.
1.
Var(X) = E(X -EX))(X - E(X))
= E(XX' -X-B(X')-EX)X'+EX)E(X")
= B(XX')- E(X)E(X')— E(X)E(X') + E(X)E(X)
= BE(XX')-E(X)E(X).
2.
Cov(X,Y) = E(XY')-EX)E(Y')

using conclusion in part (1)
— [B(YX) - EX)E(X)
= Cov(Y,X).



3) Var(X+Y) = EX+Y)(X+Y)-EX+Y)E(X+Y)
using conclusion in part (1)
= EXX'+XY'+YX' +YY') - EX)E(
“B(X)E(Y') — E(Y)E(X') — E(Y)E(Y')
= [B(XX') - E(X)E(X')]+[E(YY') - E(Y)E(Y')]
HE(XY') - B(X)E(Y)) + [E(Y X') - E(Y)E(X)]
= Var(X)+Var(Y)+Cov(X,Y)+ Cov(Y, X).

X')

Var(a+T'X) = FEla+TX - E(a+TX)|][a+TX —E(a+TX)/
= E[IX - E(IX)|[CX — E(TX)]
— ET(X - EX)[I(X - EX)]
= TE[(X - EX)(X - EX)’}P’
= I'Var(X)I'

Cov(AX +BY,CZ)

E[(AX +BY)Z'C'| - E(AX +BY)E(Z'C')

E(AXZ'C')-E(AX)E(Z'C')+ E(BYZ'C') - E(BY)E(Z'C')

= A[E(XZ')-E(X)E(Z"|C'+BIE(YZ') - E(Y)E(Z"))C’
because A, B and C are non-random

= A(Cow(X,Z))C' +B(Cov(Y,Z))C'.

Problem 5. Suppose that you had a new battery for your camera, and the life of the battery is a random

variable X, with PDF
fx (x) =k xexp <Z> ,

where x > 0 and [ is a parameter. Assume now that ¢ and s are non-negative real numbers.
(a). Use the properties of a PDF to determine the value of k.
(b). Find an expression for Pr (X > t).

(¢c). Find an expression for the conditional probability: Pr (X >¢+ s | X > s). Hint: Use Pr(A | B) =
Pr(ANB)
Pr(B) -

(d). Suppose that your battery has already lasted for s weeks without dying. Based on your above

answers, are you more concerned that the battery is about to die than you were when you first put it in the

camera?

Solution.
(a) We know that the PDF must integrate to 1:

/Ooofx(x)dm:/oookxexp(—z> dz
1 k/oooexp (g) dx

1 2\ |
p= e (-5)

0



k=-.

(b) This expression is straightforward now that we have the integration constant, k:

P(X>t)= /tOo %exp (—=/p) dx

which can be simplified to
P(X > 1) = exp(=1/3).

(c)

exp (—(t+s)/p)
exp (—+/s)

(d) If my batteries have lasted s weeks without dying, based on my answer to part 3, I should be just as

worried as I was before, since survival of the battery tells me nothing new about its likelihood of dying. The

exponential distribution (which this is) has this very special property, that no matter how long something

has lasted, its rate/probability of failure is constant at any given time.

P(X>t+s|X >s)= =exp (—/p).

Problem 6. If A is a symmetric positive definite k X k& matrix, then I — A is positive definite if and only if
A~!—Tis positive definite, where I is the k x k identity matrix. Prove this result by considering the quadratic
form x’' (I — A) x and expressing  as R™'z, where R is a symmetric matrix such that A = R?. Then,
extend this result to show that if A and B are symmetric positive definite matrices of the same dimensions,
then A — B is positive definite if and only if B~! — A~! is positive definite. Hint: A is symmetric and
positive definite, and therefore it can be written as A = CAC’, where A is the diagonal matrix composed of
the positive eigenvalues, C is the matrix of eigenvectors, and C'C = I. Now, one can write A = RR, where
R = CA'/2C’. Furthermore, A~! = R"'R~!.

Solution. (a) A is a symmetric positive definite n X n matrix.

Claim: I — A is positive definite & A~! —1I is positive definite.

First, we need to show that I — A is positive definite = A~ —1I is positive definite. Since A is symmetric
and positive definite, A can be written as A = CAC’ where A is a diagonal matrix of positive eigenvalues,
CC’ = C'C =1 and C is the matrix of eigenvectors. One can write A = RR, where R = CA'/?C’. Also,
A2 = CAYV2C, A"/2=CAV2C, A" =CATIC' and C' = C L.

I — A positive definite means that for any € R”,  # 0, '(I — A)x > 0. Let = R~'2 = A~1/22

li
where z € R", z # 0. Notice that A~1/2 = (A‘l/Q)’ since A7Y2 = (Afl/z) (A is a diagonal matrix).
Then, /(I — A)x = 2/ (A~1/2) (1 - A)A=1/2z = 2/ A~1/2(1— A)A~1/2z = 2/(A~' —T)z > 0. Since z is
an arbitrary vector, where z € R™, z # 0, the result follows.

Second, we need to show that A~! — I positive definite =I — A is positive definite. A~! — I positive
definite means that for any y € R”, y # 0, y'(A~" —I)y > 0. Let y = Rw = A'Y/?w where w € R", w #

I
0. Notice that A'/2 = (A1/2), since AY? = (AI/Q) (A is a diagonal matrix). Then, y'(I — A)y =

w’ (A1/2)/ (A™' —T)AY2w = w' AV2(A"! —T)A'/?2w = w'(I — A)w > 0. Since w is an arbitrary vector,
where w € R™, w # 0, the result follows.

(b) A and B are symmetric positive definite matrices of the same dimension.

Claim: A — B is positive definite & B~! — A~! is positive definite.

First, we need to show that A — B is positive definite == B~! — A~ is positive definite. A — B positive
definite means that for any x € R”, & # 0, '(A —B)x > 0. Let € = R™ 'z = A~'/22 where z € R", z # 0.
Then, 2/(A — B)z = 2/ (A~1/2)" (A —=B)A~1/2z = 2/ A~ Y/2(A —B)A /22 = 2/(T— A~'/2BA~1/2)z > 0.
This means that I-A~*/2BA ~1/2 is positive definite, or, by the result of (a), (A’l/zBAfl/z) . g positive
definite. Therefore, for any g € R",q # 0, q’ ((A‘l/QBA_1/2)71 - I) g > 0. Notice that since A and B

. s . . .. . -1
are symmetric positive definite matrices, thus their inverse exists, (A*1/2BA*1/2) = A/2B-1A1/2,



Therefore, for any ¢ € R, q # 0, ¢’ (AY/?B71AY2 —1) g > 0. Since this last inequality is valid for any
q € R", q # 0, it must hold for ¢ = A~'/2z, where z € R", z # 0. Thus, ¢ (Al/QB’lAl/2 —I) q =
ZATV2(AVPBTIAYZ 1) A7 2z =2/ (B7' — A1) 2 > 0, 50 B™! — A~ is positive definite.

Second, we need to show that B~! — A~! is positive definite = A — B is positive definite. B~! —
A~ positive definite means that for any p € R, p # 0, p'(B~' — A~1)p > 0. Let p = B2y, where
y € R,y # 0, then p’(B~! — A~ V)p = yBY/2(B~! — A~")B'/?y = ¢/(I - B/2A"'BY/?)y > 0. This
means that T — B/2A~'B'/2 is positive definite, or, by the result of (a), (B1/2A_1B1/2)71 — I is positive
definite. Therefore, for any q € R*,q # 0, q’ ((Bl/zA’lBl/Q)_1 - I) g > 0. Notice that since A and

B are symmetric positive definite matrices, thus their inverse exists, (B1/2A_1B1/2)71 = B 1/2AB-1/2,
Therefore, for any g € R, q # 0, ¢/ (B"/2AB~1/2 —1)q > 0. Since this last inequality is valid for any
q € R",q # 0, it must hold for p = B'/?y, where y € R", y # 0. Thus, ¢ (B"/2AB~1/2-1)q =
y'BY/2 (B~Y/2AB~Y/2 1) B2y = ¢/ (A — B) y > 0, so A — B is positive definite.

Problem 7. Let A be a symmetric matrix.
1. Show that the determinant of A is equal to the product of its eigenvalues.
2. Show that the trace of A is equal to the sum of its eigenvalues.

3. Show that A is positive definite (positive semidefinite) if and only if all its eigenvalues are positive
(non-negative).

Solution.

1. Theorem: If A is a real symmetric n X n matrix, then there exists an orthogonal matrix P such that
D = P !AP = P’AP where i) P is obtained by normalizing a basis of orthogonal eigenvectors of A
and ii) the diagonal elements of D are the n eigenvalues A1, Az, ...\, of A. Therefore, D = P"1AP =
A =PDP!. det(A) = det(PDP~!) = det(P)det(D)det(P~!) = det(D) = [\, \i.

2. tr(A) = tr(PDP~!) = tr(P7'PD) = tr(D) = >, \i.

3. First, we want to prove that if A is positive definite, then all its eigenvalues are positive (necessary
part). A is positive definite = @’ Ax > 0 or all vectors & # 0. We can write: *’Axz = 2'P'DPzx =
v'Dv = Y7, A\jv? > 0 where v = Px. The result follows as we choose z = P~ le;, i = 1,...,n,
where {e; : i =1,...,n} are unit vectors (e.g., e; = (1,0, ...,0)). Second, we want to prove that if all
the eigenvalues of A are positive, then A is positive definite (sufficiency part). If all eigenvalues are
positive, then #’Az = 2’P'DPz = v'Dv = ;" | \;v? > 0 for all vectors  # 0. So A is positive
definite. Same idea to show that A is positive semidefinite.

Problem 8. Let B be a symmetric and idempotent n X n matrix: B’ = B and BB = B. Let A1,... )\, be
the eigenvalues of B.

1. Show that the eigenvalues of B are zeros and/or ones.

2. Show that rank (B) = Y | \; = tr (B).

3. Show that B is positive semidefinite.

4. Show that I,, — B is also symmetric and idempotent.
Solution.

1. B is idempotent = BB = B. Let A be an eigenvalue of B and v be the corresponding eigenvector.
Then, = A =Bv =B?v =B(Bv) =B(\v) =ABv=XNv =N =\A=A=1or0.



. We can write B = PDP~!. Then, rank(B) = rank(PDP~!) = rank(D) since P and P~ are invertible

matrices. And rank(D) = tr(D) = the number of linearly independent columns (rows) in D which is
equal to the number of non-zero eigenvalues in D.

. Since all the eigenvalues of B are either zeros or ones, it is clear that B is positive semidefinite.

. Symmetric: (I-B)’ =1'—=B’ = I-B. Idempotent: (I-B)(I-B) =I-B-B+B? =1-2B+B = I-B.



