Statistical Learning

Homework 3

Part 1: Conceptual Questions

Problem 1. Consider a regression of Y; against a constant and X;. Let Bg, Bl, and s? denote
the estimated intercept, estimated slope parameter, and estimator of the variance of errors
from that regression. Let T denote the t-statistic for testing Hy that the slope parameter is
zero in that regression. Let pval be the corresponding p-value. Now, let ¢; and ¢y be two
constants (c2 # 0). Define a new dependent variable and a new regressor as

Y = CIY;ZJ
X' = CQXZ‘.

Let B[’;, Bf , and s2 denote the estimated intercept, estimated slope parameter, and estimator
of the variance of errors from the regression of Y;* against a constant and X. Let 7™ denote
the t-statistic for testing H, that the slope parameter in the regression of Y;" against a
constant and X is zero. Let pval* be the corresponding p-value.

1. Find an expression for Bf in terms of Bl, c1, and cs.
2. Find an expression for BS in terms of Bo and ¢q.

3. Find an expression for s? in terms of s and c;.

4. What is the relationship between 1" and 177

5. What is the relationship between pval and pval*?

Solution.

e 2 (Xr=XN)Yr  S(eeXi—eaX)a;  ciead(Xi—X)Ys ¢ A
(a) ﬁl T =X T YieXi—eX)? T gYy,(xX-X)2 T éﬁl

(c) First, Uy =Y — 35 — BiX; = 1Y — c1ffy — %BlCQXi =Y — c.1fy — afiXi = Ui
N2 N2
Next, s2 = 5537, (Uz*) = i (Cle’) = cis®.



(d) For Hy : g =0, we have

- Bf/\/sz/DX: - xop

- _51/\/01 2/2 2 Xi — 2 X)?
:_51/\/ ¢1/cs)” 2/ZX X)2
_ Bl/\/ﬁ/;oﬁ g

=T.

Note that T is the test statistic for testing Hy : 5; = 0.

(e) Since T' = T* and df’s are the same in both cases, pval = pvalx. Thus, rescaling the
dependent variable and regressor has no effect on testing for significance of the slope
parameter.

Problem 2. ISL (2nd edition) Page 219, Question 1.
Solution. Compute
Var[aX + (1 —a)Y] = Var[aX]|+ Var[(1 —a)Y]+2Cov[aX, (1 —a)Y]

o?Var [X] + (1 — a) Var [Y] + 2a (1 — a) Cov [X, Y]
0o+ 02 (1—a)’ +20xy (—a*+a).

Take derivative:
d
d—Var [aX + (1 —a)Y] =2a0% + 207 (1 —a) (=1) +20xy (—2a +1).
«
The solution to p
0= @Var aX +(1—-a)Y]
is )
Oy —O0Xxy
0% + 0% —20xy

Problem 3. ISL (2nd edition) Page 284, Question 5.

o=

Solution. (a) According to this setting (x1; = x10 = x1 and z9; = x99 = ), the ridge
regression seeks to minimize

(yl - blxl — b2x1)2 + (yg — blxg — b2$2)2 + A (b% + b%) .
(b) By taking the derivative with respect to (by,bs):

by (27 + 23 + A) + by (27 + 73) = y121 + 1o
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and
by (xf + x%) + by (ﬁ + x% + /\) = nT1 + Y2To.

The solution (Bl, Bg> to the above equations satisfy Bl = Bg.
(c¢) The LASSO optimization problem seeks to minimize
(3/1 — bz — 1921'1)2 + (yz — biwy — 172513'2)2 + A <|bl‘ + ‘b2|) .
(d) Use the alternate form of the LASSO optimization problem: minimize
(y1 — b1y — bowy)? 4 (Y2 — b1y — byws)? subject to |by| + |by] < s.
Substitute x; + x5 = 0 and y; + y» = 0 into the objective function to get

2 (yl — <b1 + bg) £E1>2 > 0.

The unconstrained solution <Bl, Bz) must satisfy Bl + Bg = y1/x1. The constrained solution

of
Enian (1 — (b1 + bo) 21)” subject to |by| + |bs] < s
1,02

must be on the edges of the diamond of the constraints. The set of solutions must be either
of the two entire edges:

{(b1,b2) : by > 0,b9 > 0,by + by = s} (1)

and
{(bl,bg) Zb1 §07b2§07b1+b2:_8}. (2)

Finding the solutions boils down to comparing (y; — s-x1)> and (y; +s-x1)>. In case
of (y1 —s-x1)> > (y1+s-21)°, (2) is the set of solutions. In case of (g —s-21)° <
(y1 +s-21)°, (1) is the set of solutions. The constrained minimizer cannot occur at the
interior of the other two edges

{(bl,bg) : b1 Z O,bQ S O,bl — b2 = 8}
and
{(bhbg) . b1 S O,bQ Z 0, —bl +b2 = S} .

Suppose that by > 0,by < 0,b; —by = s. Then, substitute by — by = s into (y; — (by + b2) xl)z
to get (y; — (s + 2by) 7). Now choose by € [—s,0] to minimize it. It is clear that the
minimizer must be on the boundary, since the objective (y; — (s + 2by) 21)” is monotone in
by.

Problem 4. ISL (2nd edition) Page 285, Question 7. Read “Bayesian Interpretation for
Ridge Regression and the Lasso” on Page 248.

Solution.



(a) The likelihood:

" ( (iﬁOZ§1Bszj>2)
fY|X,B8) = H exp

202
-1

_ (ﬁ)ne}(p ( - Z ( — B - Z@@z) |

(b) The posterior distribution:

p(BIX,Y) e f(Y | X, B)p(B)

2
1 \" 1 <« & 1 Ei
- ( 2%) exp (fﬂ - <yl — B~ ;@%) ) {Q_beXp (_T)] ;

i=

where 3] = S0, |51
(c) Rearrange:

FOV | X,8)p(8) = (ﬁ) (%) exp (2%22 <y - Zﬁx> - %) |

Take log:

log (f (Y | X, 8)p(P))

1 \"/1 1 & z i 1B
zlog(< 27m) (%))(@ 2 (yi—ﬁo—;ﬁjfcij> +5 |

The posterior mode is

n P 2
argmaxlog (/ (V | X, 8)p () = argmin (% > <yi ~B- Y ﬁjx,-j) " %)

B i=1 j=1

2
= arg;nin (Z (yz 50 - Z/B] z]) 20b|6)

n 2 p
= arg;nin (Z <yi — o — Zﬁjxij) + )\Z |5j) ,
j=1 Jj=1

=1

where A = 20%/b. The posterior mode is equal to the LASSO estimator with penalty
A = 20%/b.



(c) The posterior distribution:

p(BIX,Y) e f(Y|X,8)p(B)
1 n 1 n p 2 1 p 1 p )
:( 27“7) exp —F;<yi_ﬁo_;ﬁszj> (—Tﬂc) exp <—%JZIBJ>
2
1 \"/ 1\ 1 < - 1 ¢

=1

(d) The posterior mode is

n

P 2 P
arglﬁnaxlog (fY | X, 8)p(B)) = arg?in% Z <yi — By — Zﬁjxij) + 2lc ZBJQ
=1 j=1

=1
n p 2 p
a3 (1= 3 ) 23057
i=1 j=1 j=1

where A = 0% /c. The posterior mode is equal to the ridge estimator with penalty A\ = o2/b.
The posterior distribution is normal. Therefore, the mode is equal to the mean.

Problem 5. Another resampling method is called jackknife, which is similar to LOOCV.
Suppose that 6 = ¢, (Z1, Zs, ..., Z,) is the estimator of an parameter §. Denote 0_; =
On-1 (21, Zj_1,Zj41, ... Zy). 0_; is an estimator obtained by removing the j-th obser-

vation from the entire sample. The variation in {é,j 1 =1,.. n} should be informative

about the population variance of 0,. Denote 6 = n~! Z?Zl é_j. The Jackknife standard
error is

n

e TS ()

J=1

2

An approximate 95% confidence interval is [én — 2 5ej, 0, +2 - sAejk} . Consider the follow-
ing simple example: for i.i.d. random variables X1, X5, ..., X,,, where X; ~ N (6,0?), 0, =
n~! 37" | X, is an estimator of . Argue that when n is large, Pr [én —2-5e;, <0< 0, + 2 5,

is approximately 95% by showing that (n — 1) Z;;l

alnce.

~ =\ 2
(H,j — (9) is equal to the sample vari-

Solution. Easy to compute

~ 1 _
b = — (X X))
1 o - 1 S —
Eze_j — —n(n_l)Z(nX—Xj):X.
Jj=1 j=1



For this simple case,

. = — 1
We have
LN =\ 2 1 < _
(=1 (0-0) = —=>" (X, -X)".
j=1 j=1

which is the sample variance that is a consistent and unbiased estimator for 2. Therefore,

R 1 J— —

7j=1
and .
6, —0

S€jk

~ tp_1

and it is approximately normally distributed when n is large.

Part 2: Applied Questions
Problem 6. ISL (2nd edition) Page 220, Question 5.

Problem 7. ISL (2nd edition) Page 221, Question 6.

( )
Problem 8. ISL (2nd edition) Page 285, Question 8.
Problem 9. ISL (2nd edition) Page 286, Question 9 (a,b,c,d).



