Econometrics

Homework 6

Problem 1. Consider a simple regression model (with an intercept):
Y = Po+ 5 Xi + Ui,
and the IV estimator of f:

Bl _ Z?:1 (Zi B ?)
Y (Zi- Z)

Z == 7’L—1 i Zl
i=1

Suppose that Z; is a dummy variable. Show that Bl can be written as

Bl = ¥_71 - Y—O )

X1 — Xo

where X andﬁ% are the sample averages of X; and Y; over the part of the sample with
Z; = 0, and X; and Y; are the sample averages of X; and Y; over the part of the sample
with Z; = 1, by following the steps below. Let n; be the number of observations in the part
of the sample with Z; = 1. Let ng be the number of observations in the part of the sample
with 7Zi = 0. Hint: ny = Z?:l Zia Ng =N — Z?:l ZZ = Z?:l (1 - Zz) }/1 = Z?:l Zle/nl
and Yo = > 7, (1= Z;) Yi/no

(i) Show that >0 (Z; = 2)Yi=>1  Z (Vi = Y).
(ii) Show that Yr | Z; (Vi —Y) =ny (Y; = V).
(iii) Show that Y = (niY; + neYp) /n.
(iv) Show that n, (Y; —Y) = (ning/n) (Y1 — Yo).

Y;
X’

where

(v) Show how (i)-(iv) imply that 3; = (V1 —Yo) /(X1 — Xo).

Solution. 1.

S (4= = Y (4= 2) (= +¥)
i _ %(ZZ—Z)(K-—Y)Jr?i(Zz—Z)
_ %zl(my)Zi<K11Y)



since . (Zi—Z) =1, (Y;-Y) =0.

2.
ZZ (Y; - Y) ZZY YZanlYl—nlY
=1

3.

Vit Yo = Y ZYit) (1-Z)Y
S {zYi+(1-2)Yi}
=1
>v
=1
4.
ny (Yi_y) = n {Yl— (nlyl‘i‘no?o) /n}
= n1{(no/n) Y1 — (no/n) Yo}
= (nlno/n)( YO)
5.
B . Z?:l(zi_Z>Y;
L =

S 7)
(mano/n) (Y1 —Yp)
(nino/n) (X1 — Xo)

_ h-Y
X X,
Problem 2. Consider the model
Y = Bo + 51X + Ba Xy + Ui, (1)

where X7; is an exogenous regressor and Xo; is an endogenous regressor. Assume that data
are iid and conditions required for LLNs hold. For each of the following statements, indicate
true or false, and explain your answer.

(i) Let By denote the estimated coefficient on X; in the OLS regression of Y against a
constant, X7, and X,. Since X; is exogenous, ; consistently estimates ;.

(ii) Let B denote the estimated coefficient on X1 in the OLS regression of Y against a
constant and X;. If Cov(Xy;, Xo;) = 0, then (; consistently estimates /.

(iii) Consider the following IV estimator of /3, that uses X; as an IV:

b, = > i (X — 321)39 |
Yo (X — X1) Xy,

If Cov(Xy4, Xoi) # 0 and f; = 0, then Bg consistently estimates [.
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Solution.

(i) False. If X; and X, are correlated, Bl is inconsistent. Let Xu denote fitted residuals
in the regression of X; against a constant and Xs:

Xli = Xli - :YO - ’A)/lX2i7

where 4’s denote the OLS estimators.

b= 2T
IR
_ g Xl
nt Y XP

Next,

n! Z X, Ui=n"" Z XU — 4on~! Z Ui —An~" Z Xo;U;.

Since X7y; is exogenous,

n Y XU =, 0.

nil Z Ul —p 0.

However, since Xs; is endogenous,

nil ZXQzUz —p EXQZUz % 0.

We can also expect that

Note also that

LT (X — X)Xy . Cov(Xai, X1)
M= n_l Z(XZz — X2)2 P VCLT(XQZ‘) .

Hence, if X; and X5 are correlated, then Bl will be inconsistent.
(ii) True. Write
Yi = bo+ 65X+ Vi,
Vi = B Xo+ Ui

We have Cov(X1y;, Vi) = B2Cov(Xyi, Xoi) + Cov(Xy,, Us). Since X is exogenous in the
original model, Cov(Xy;,U;) = 0. If Cov(Xy;, Xo;) = 0, then X is uncorrelated with
V' in the new regression equation and, therefore, exogenous. Hence, Bl is a consistent
estimator.

(iii) True. Since f; = 0, X; is excluded from the structural equation. By the assumption,
X1 and U are uncorrelated. Since X; and X, are correlated, X; is a valid IV.

Problem 3. Suppose that the linear model
PS = 5y + pfiFunds + SoRisk + U

satisfies E[U] = E[U - Funds| = E[U - Risk] = 0. PS is the percentage of a person’s savings
invested in the stock market, Funds is the number of mutual funds that the person can
choose from, and Risk is some measure of risk tolerance (larger Risk means the person has
a higher tolerance for risk).



(i) If Funds and Risk are positively correlated, does the slope coefficient in the simple
regression of PS on Funds overestimate or underestimate (3, in large samples?

(ii) We are unable to observe Risk directly, but we have data on the amount of life insurance
a worker has, Insurance. Assume that Insurance is noisy measure of Risk, Insurance =
Risk + e, with E [e] = E [Risk - e] = E[Funds - ¢] = E [eU] = 0. Will the OLS estimate
of the coefficient on Funds in a regression of PS on Funds and Insurance be a consistent
estimate of 17

(iii) Suppose we also have data on how often a worker gambles, Gamble. Assume that
Gamble is an independent noisy measure of Risk, Gamble = Risk + v, with E[v] =
E[vU] = E[ve] = E[Risk - v] = E[Funds-v] = 0. Explain how we can consistently
estimate [; using our data on PS, Funds, Insurance, and Gamble.

Solution.

(i) The slope coefficient in the simple regression of PS on Funds converges in probability

to 3 +ﬁ2%. We expect 85 > 0. Therefore, the slope coefficient in the simple

regression overestimates [3;.
(ii) No. Insurance is endogenous, due to measurement error.
(iii) Run an IV regression, using Gamble as an instrument for Insurance.

Problem 4. Aggregate demand ()p for a certain commodity is determined by its price P,
aggregate income Y, and population, POP,

QD:51+62P+B3Y+64POP+UD
and aggregate supply is given by
Qs = a1 +apP +U®

where Up and Ug are independently distributed error terms: Up and Ug are independent
from all other variables and they are also independent from each other. Remember that the
quantity and the price are determined simultaneously in the equilibrium Qg = Qp = Q). We
observe only the equilibrium values ) so that the observed price must satisfy the equation
(demand = supply):

By + BoP + B3Y + B4 POP + UP = oy + anP + U”.

(i) Show that the OLS (ordinary least squares) estimator of a will be inconsistent if OLS
is used to fit the supply equation.

(ii) Show that a consistent estimator of ay is

~ _ Z?:l (Yi _7) (Qi _@)
Z?:l (Yi _?) (Pi _?) '

(? =n~t Z?:l Yi, @ =n"! Z?:l Qi, P=n" Z?:l P.)
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Solution.

(i) The reduced form equation (which expresses P as a function of the explanatory vari-
ables and the error terms) for P is

ju 1
Oéz—ﬁz

(81— o1+ BsY + BLPOP + U —U®).

Therefore in the supply equation
Qs = o +042P+US7
P is correlated with U°. The OLS estimator is
QoL _Z?:l (Pi - P) (Qi B G)
2 = " p—
Zi:l (Pi - P)
Y, (P P) (U5 -T°)

Z?:l (Pi o F)Q
Cov (P, U?)
Var (P;)

=Q9 +

—rpQio +

and

Cov (P, U?) =Cov ( (B1 — a1 + BsY; + ByPOP, + UP = U Uf)

042—52

= ! Var (Uis)

a2_/82

£0

assuming that Y and POP are exogenous and so Cov (US, Y) = Cov (US, POP) = 0.
We are told that U® and U” are distributed independently, so that Cov (U S b ) =0.

(ii) The instrument variable estimator is
atv :Z?:l (Yi — ?) (Qi _Q)
Die1 (K;—Y) (Pi_P)
Y (i -Y) (Us-T°)

> (Yi=Y) (P = P)
Cov (Y;, UF)
Cov (P,Y;)

:a2 —|—
—pQl2 +

The desired result follows from the assumptions Cov (Y;, U) = 0 and Cov (P, Y;) # 0.

Problem 5. Consider the following linear model:
Y=0+66X+U.
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Suppose E[U] = 0 and E[XU] # 0, but you have two valid instruments, Z; and Z
(E[Z,U] = E[Z,U] = 0). Write the first-stage regression as

X =nf + 72y 4+ 5 Zy + e, (2)
where E [¢] = E [eZ;] = E [eZ,] = 0.
(i) Explain how you compute the 2SLS estimator of ;.
(ii) Also write the linear regression of Y on Z; and Z, as
Y =mny +7) Zy + 73 Zy+ v, (3)

where E[v] = E[vZ)] = E[vZ,] = 0. Let #* and 7} denote the OLS estimators of the
regressions (2) and (3). Show that

%
AILS1 T
1 7A_‘_X

is a consistent estimator of 5. You may take as given that #;* —, 77* and 7] —, 77 .

(iii) Using the coefficients on 7, instead of Z;, we define

~Y
sILS2  To
1 = =X
T2
L AILS1  HILS2 . : .
Like 5,777, B; is a consistent estimator of ;. In some data, suppose we find
AILS1 _ HILS2 . : e :
L7 = B1777 is large. What might this indicate about our instruments?

Solution.

(i) First stage: regress X on 7y, Z5 and a constant and get fitted value X. Second stage:
regress Y on X and a constant. The OLS coefficient for X is the 2SLS estimate for Bi.

(ii) Plug X =7 + 72y + 15 Zy + e into Y = By + /1 X + U:

Y = Bo+Bi(ny +mZi+75Z+€)+U
= (Bo+Bimy) + B Zy + Bims Zo + (Bre + U) .

V = Bie + U satisfies E[VZ,] = E[VZ,] = E[V] = 0. Therefore, 7} = Bi7y%,
e = 60+617TO and ) = fimy . 7} consistently estimates ] = Bﬂrl : frf( consistently

estimates ¥, Therefore, 315> = #Y /4 consistently estimates 7} /7 = 8.

(iii) If both instruments are valid, BILSl 3152 should converge in probability to zero

and we should find that 3/~ — i 31592 s small. If we find 315" — 1592 is large, this
indicates that one of the instruments could be invalid: E [Z,U] # 0 or E [Z,U] # 0.

Problem 6. In an econometric model, we say that a parameter is identified if we can
recover its value perfectly given the joint distribution of the observable variables. Suppose
that (Y, X) is the observable variables and U is the unobservable variable.
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(i) Suppose that Y = 5y + /1 X + U and E [U] = E[XU] = 0. Show that 3; is identified.
Le., if you know the joint distribution of (Y, X), how do you determine the value of
the parameter ;7

(ii) Suppose that Y is binary and Y = 1(8y+ /1 X > U) and U is a standard normal
(N (0,1)) random variable that is independent of X. If you know the joint distribution
of (Y, X), how do you determine the value of the parameter ;7 Hint: E[Y | X| =
E[1(Bo+ /X >U) | X]| = (B + /1X), where ® is the standard normal CDF.

Solution. Take
Cov|Y, X] = Cov [fy+ /1 X + U, X| = Cov [/1 X + U, X] =
p1Cov [ X, X] + Cov [U, X] = p; Var [X].

Therefore, 8, = Cov [V, X| /Var [X]. This quantity can be recovered if you know the joint
distribution of (Y, X).

Similarly, E[Y | X] = @ (By + 51 X) gives By + 51X = &1 (E[Y | X]), where & ! is the
inverse function of ® (& is strictly increasing). Then,

Cov [@~'(E[Y | X]), X] = Cov [B + /1 X, X] = ,Var [X].

Therefore, 8, = Cov [® ' (E[Y | X]), X] /Var [X]. This quantity can be recovered if you
know the joint distribution of (Y, X).

Problem 7. Let (X;,Y;), i =1,...,n be an i.i.d. random sample where Y; > 0 and X; > 0
is a discrete random variable for all 7. The conditional density of Y given X belong to the

family:
Aexp (=Ay) (A\y)”
x!

fYIX (y|.l’, /\) =

y =0, A >0, i.e., the conditional density of Y given X is fy|x (-|-, As) for some A, > 0. Write
the likelihood function for estimating A,. Provide the maximum likelihood estimator for A,
as a solution of an equation. Give the asymptotic distribution for the maximum likelihood
estimator, i.e. find the asymptotic variance Vy; of

)

\/ﬁ <5\ML - >\*> —q N (OijL) .
Suggest a consistent estimator of V.

Solution. The log likelihood function is

()= log (Aexp Sl ) = 3" {log () ~ AY; + Xiog (W) ~ log ()}

Take derivative with respect to A:

N

ot

=1



The maximum likelihood estimator is the solution to the first order condition

N

Z{%—K—l—%}:o.

i=1

Solving this gives
A N+ Zfil Xi
ML= "N o -
iz Yi

To derive the asymptotic distribution of AMEP | take

SRACYNIND I Ep ¢
dA2 A2 '

The asymptotic variance V,,y, is

~1
a2 (\) . SV 14 \2
=—-N|E =-N|E|l-&=__"" = —
v == (2[5 ) 2 [TE[X]
A consistent estimator is just R
Abir
N
L+ % i1 Xi

Since the sample is i.i.d. + SV X; —, E[X)]. Tt follows from this result, consistency of
A v, and Slutsky’s lemma that

Problem 8. Define a density function
1-20
e ) = (1+%52)z7 2€(0,1)
0 z ¢ (0,1),

where 0 < 6 < 1 is a parameter. Xi,..., X, is an independent and identically distributed
sample with true density f (- | 6,) for some ..

(i) Show that f (- | @) is a probability density function, for all 0 < 6 < 1.

(ii) Show that 0, = fol xf (x| 0,)dz. Le., in this parametrization, 6, is also the population
mean.

Solution.

(i) Compute

! 120\ [' 12 120 1 L 120
/Of(:L’W)dx:(l—i- 9_1>/0 x@—ldx:(l—l— 9_1> 1+%x+a—1

Therefore, f (z | §) > 0 and fol f(z]0)de=1.
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(ii) Compute

! 1—260 Lo, 1—260 1
xf (x| 0,)de = (1—1— *>/ z-x0-1dy = (1—1— *)
/0 (x]6.) .-1) ), b.—1)1- =

The method of moment estimator: n=' > | X;.

e The log-maximum likelihood function is

0 1—20 ¢
logL (0; X1, ..., X,,) :nlog(l_e) + 7 Zlog(Xi).

Differentiating with respect to 6:

OlogL n 1
o0 _9(1_0)—'_(1_0)2;1(%()(1)‘

Solving the first order condition, the maximum likelihood estimator is
n

n— > i log (Xi)’

which is different from the method of moments estimator.

0 =




