Econometrics

Homework 7

Problem 1. that (Y;, X;, Z;), i = 1,...,n is a sequence of i.i.d. discrete random vectors and
Y € {O, 1,2}, Z; € {0, 1} and X; € {0, 1}

(i) Show that for any a € {0,1}, we have
E[Y)|Xi = a] =E[Y|X; = a,Z; = 0] P [Z; = 0| X; = q]
YEYXi=a,Z =1P[Z =1|X; = d].
(i) Show E[Z,Xi] =P[Z = 1,X, = 1].
(iii) Show E[E[Z;|X; = 1] X;] = E[Z;X]].
(iv) Show that 6 = ?” is a consistent estimator of § = P [Z; = 1|X; = 1].

(v) Find a formula for ¢? such that
Vi (6-0) +aN (0,0

Solution.

(i) By LIE, we have E[Y|X] = E[E[Y]|X, Z]|X]. Notice that E[Y|X, Z] is a function
of (X,Z). Once we know X = a, the randomness of E[Y|X = a, Z] is due to the
randomness of Z solely. We now have

E[Y|X =a|=P[Z=1|X=aE[Y|X =0, Z=1]+P[Z=0|X =aE[Y|X =a,Z =0].

E[ZX]=P[X=1,Z=1]-14P[X=1,Z2=0]-0
+P[X=0,Z=1]-0+P[X =0,Z = 0]
“PX=12=1].

(iii) Notice that E[Z|X = 1] is a constant.

BIB[ZIX = 1]X] ~B[Z1X ~ JELX
—P[Z=1|X =1|P[X = 1]
—P[Z=1X=1]
—E[2X],

where the last equality follows from Part (ii).
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(iv) By Slutsky’s lemma and Part (iii), we have

0 — Dim1 ZiXi _ o Qi ZiXi . E[ZX]
Y Xe iYL X 7 EX]

—PZ=1X=1].

(v) Denote ¢; = Z; — E[Z|X = 1]. Now we have

. " Z.X, " (EZIX =1]4+¢) X, 1 €6 X
9221?1 22121( [ ‘n ]+6) :E[Zlel]_‘_ZzElE
Zi:l Xi Zi:l Xi Zi:l Xi

which gives

1 n
i (4~ 6) _ =X
%Z?:lXi

By LLN, £ 3" | X; —, E[X]. By Part (iii),

By CLT, 5= 3" &;X; —a N (0, E [¢2X?]). By Slutsky’s lemma and the lemma on Page

Jn
7 of Lecture 17, we have

Vi (5-0) =ax (05550

Problem 2. Let {(Y;, X;,D;)}_, be a sequence of i.i.d. observations. D; is a dummy
variable. Consider the following binary choice model:

Yi =16+ 51X+ 5 X;D; > U;),

where the conditional CDF of U; is given by

exp (1)

(i) Define and derive the expression of the log-likelihood function for the i.i.d. observations
{(Yi, Xi, Di) Hey.

(ii) Derive the average derivative (or average partial effect) with respect to X; in terms of
the observations and the parameters.

(iii) Let the MLE’s for 8y, 81 and B2 be denoted by BO, Bl and Bg. Provide an estimator of
the average derivative in (ii).

Solution.

(i) Define



Then by the chain rule for differentiation, we have

_dG (1) exp ()
1= T Uren )

By construction of the model, we have

PlY; = 1|X;, D] =P [Bo + B1.Xi + B2 XiD; > U;| X5, D]
__exp (Bo + B1Xi + B2 XiD;)
L+ exp (Bo + f1.Xi + 2 X D;)
=G (Bo + B1Xi + B2 X, D;)

and
P[Y; =0|X;, Di] =1 -G (Bo + 51.X; + 52X D;) -
Denote Z = {(Y;, X;, D;)};_, for simplicity. The likelihood function is

n

L (by,by,by; Z) = H G (bo + b1 X; + b2 X;D;)" (1 — G (Bo + B1X; + BoXiDy)) ™"

=1

and the corresponding log-likelihood function is

é (bo, bl, bg; Z) = Z {Y;log (G (bo + lez + b2X1D1)> + (1 — Y;) log (1 — G (bo + lez + bQXlDl))}
i=1

(ii)
ox N ox
=g (Bo + Brx + Parxd) (B1 + Bad) .

The average derivative is
Elg (Bo + £1.X; + 52X D;) (51 + B2D;)] (1)

(iii) The “sample analogue” of (1) estimator is
I~ (5 5 - S
o Z g (@0 + b1 Xi + 52XiDi) <51 + 52Di) ,
i=1

Problem 3. In this question, you will derive the asymptotic distribution of the OLS es-
timator under endogeneity. Consider the usual linear regression model (without intercept)
Y; = BX; + U;. Assume, however, that X; is endogenous:

E(X;U;) = p #0,

where p is unknown. Let Bn denote the OLS estimator of 5. Make the following additional
assumptions:

A1l. Data are iid.

A2. 0<Q=F(X?) < oo.

A3. 0< E(U; —6X;) X? < 0o, where § = Q' pu.
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(i) Find the probability limit of 3,.
(ii) Re-write the model as Y; = (8 + §)X; + (U; — 6X;) and find E (X;(U; — §X,)).

(iii) Using the result in (ii), derive the asymptotic distribution of B, and find its asymptotic
variance. Explain how this result differs from the asymptotic normality of OLS with
€X0genous regressors.

(iv) Can f, and its asymptotic distribution be used for constructing a confidence interval
about 87 Explain why or why not.

(v) Suppose that the errors U;’s are homoskedastic:
E (U?|X;) = 0* = constant.

Consider the usual estimator of the asymptotic variance of OLS designed for a model
with homoskedastic errors and exogenous regressors:

Is it consistent for the asymptotic variance of the OLS estimator if X;’s are in fact
endogenous? Explain why or why not.

Solution.
(i) Write
. LS~ XU,
n =1 “*1~1
B = B+ Iy ox7
n =1 7
—p B+Q 7'
= B+,

where convergence of n™'Y " | X2 —, Q and n7' > | X;U; —, E(X;U;) = p hold
by the WLLN.

(i)
E(X;(Ui—6X;)) = E(X,U)—E(X2)Q '

= u—QQ '
= 0.
(iii) Write
R 1 Zn Xi€
Bn_(5+5):n Z:1 )
%Zi:l X7;2
where



and uncorrelated with X; by the result in (ii). Furthermore, X;¢; satisfies the assump-
tions of the CLT. Hence, this is a regression with all the usual assumptions, however,
it has a new regression coefficient 8 4+ § and new errors ¢;’'s. We have:

Vit (B = (B+0)) = N (0.Q 7B (Ui — X, X?)

Comparing to the case with exogenous regressors, the center of the asymptotic dis-
tribution is shifted by . Also, the asymptotic variance depends on §X; through
E(U; —6X;)* X2

Asymptotic inference about g based on the OLS estimator will be invalid since the
asymptotic distribution of the OLS estimator is centered at 5+ 0. The OLS estimator
can be only used for testing hypotheses about 5 + 9.

First, we need to describe the probability limit of the estimator proposed. Write:

nt - (Yi—BnX¢>2 = n! - ((Ui—(SXi)+(5+6—Bn)Xi>2

i—1 —
_ - A 2
= n1;<€i+<ﬁ+5_6n>Xi> )

where
In view of the result in (i), 84 & — 3, —, 0, and therefore

n

n-! Z (y; — BHXZ)Q —p E(€}).

=1

Hence, the proposed estimator converges in probability to F (U; — 5XZ~)2 Q1. This
would be the same as the asymptotic variance in (iii) if the errors ¢; = U; — X[ were
homoskedastic. It is given that U,;’s are homoskedastic. However, even if U;’s are
homoskedastic, ¢; = U; — § X; would be heteroskedastic:

E(e|X;) =0 + (5X¢)2 — 2F (U;| X;) 0X; # constant,

unless E (U;|X;) = 0.56X;. Since § = Q ', and p = E (X;U;), the law of iterated
expectation implies that if £ (U;|X;) = 0.50X;, then
po= EXU)

= E(X; x0.50X;)

= 0.5Q9¢

= 0.5Q xQ 'u

= 0.5u.
However, the only solution to 4 = 0.5u is ¢ = 0, which contradicts the assumption

that E (X;U;) # 0. It follows therefore that ¢; = U; — 0.X; are heteroskedastic. Hence,
the estimator would be inconsistent for the asymptotic variance of the OLS estimator.
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Problem 4. Consider the model
Y: = Bo + 51Xqi + BoXoi + Ui, (2)

where X7; is an exogenous regressor and Xo; is an endogenous regressor. Assume that data
are iid and conditions required for LLNs hold. For each of the following statements, indicate
true or false, and explain your answer.

(i) Let f3; denote the estimated coefficient on X in the OLS regression of Y against a
constant, X7, and X,. Since X; is exogenous, f; consistently estimates ;.

(ii) Let By denote the estimated coefficient on X; in the OLS regression of Y against a
constant and X;. If Cov(Xy,, Xo;) = 0, then (3 consistently estimates ;.

(iii) Consider the following IV estimator of 35 that uses X; as an IV:

b, = > i (X1 — {(1)3@. |
Yo (X — X0) Xy,

If Cov(Xy4, Xoi) # 0 and f; = 0, then ,@2 consistently estimates (3.

Solution.

(i) False. If X; and X, are correlated, Bl is inconsistent. Let Xu denote fitted residuals
in the regression of X; against a constant and X5:

X1 = X1 — % — X,

where 4’s denote the OLS estimators.

b= &2U5
> AT
S JESTA
nt Y XY

Next,
nt Z XuU;=n"" Z X1, Ui — qon~ Z U —Ain~ Z Xo;Us.

Since X7; is exogenous,

nil ZXllUl —p 0.

nil Z Ul —p 0.

We can also expect that

However, since Xs; is endogenous,
nil ZXQzUz —p EX5U; % 0.

Note also that _
T Y (X — Xo) X Cov(Xa;, X1;)

= = —
m n_l Z(Xgl — X2)2 P Va/T(XQi)

Hence, if X; and X5 are correlated, then Bl will be inconsistent.
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(ii) True. Write

Yi = Bo+5Xu+V,
Vi = [eXoi+ Ui

We have Cov(Xy;, Vi) = B2Cov(Xyi, Xo;) + Cov(Xy,, U;). Since X is exogenous in the
original model, Cov(Xy;,U;) = 0. If Cov(Xy;, Xo;) = 0, then X is uncorrelated with
V' in the new regression equation and, therefore, exogenous. Hence, Bl is a consistent
estimator.

(iii) True. Since B; = 0, X; is excluded from the structural equation. By the assumption,
X1 and U are uncorrelated. Since X; and X, are correlated, X; is a valid IV.



