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S1 Proofs of Lemmas 2, 3, 4 and 5

Proof of Lemma 2. Let I14,, (y) == Pr[Y <y,D=d,Z=2,X =z| and ﬁdm (y) = n" 3" Dazw Wiy y),
where Dy (Wiyy) = 1(Y; <y, Ds =d, Zi = 2, X; = ). Let Iy = Fy(gmc) Xz = [g dx,ydx]. It follows from
Kosorok (2007, Lemmas 9.7(iv) and 9.8) that the class ® := {Dg.. (-, y) : y € Lan } is VC-subgraph with VC index be-
ing at most 2. Then it follows from Giné and Nickl (2016, Theorem 3.6.9) that © is VC-type with respect to the con-
stant envelope Fp = 1. It follows from Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3, with F = D,
oc=b=Fp =1 and t = log(n)) that HG,VLVH@ =0, ( log (n)) Note that Hﬁdm — I, = n—1/2 HGKVH,D

L= Oy ( log (n) /n) It is shown in the proof of Theorem 1 of FVX that
da

and therefore, ﬁdm — Iy

Doz Piz Doz Pix

o, (q%x (y)) B a1, (quz (y)) n (ﬁd’()z () Mo (y)) =¢ (S1)

with an error term that satisfies §, = O} (n_l). Note that ¢4, (y) satisfies

(Hd()a: (¢d:r (y)) _ Hdla: (¢da: (y))) + (Hd’()w (y) _ Hd’lw (y)) =0 (SQ)
Doz D1z Doz D1z .
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Lemma 2.1 and Theorem 3.1 of Abadie (2003) imply that

7 ( )_Pr[YSy,D:d|Z:l,X:x]—Pr[YSy,D:d\Z:O,X:J:}
dzl G \Y) = PrD=dZ=1X=a]-Pr|[D=d|Z=0,X =]

Then it is clear that Caz (y) = I3y, (¥) /P1a — o, (Y) /Poz- By Assumption 1(c,h), ¢, = infyer,, [Caz (y)| > 0. It
follows from Hoeffding’s inequality that p., — p.. = O, ( log (n) / n) and it is easy to check that this also implies

Prs — P = O} ( log (n) /n) Note that by construction, ¢gq (y) € Igz. By (S1) and (S2),

(Hdo:s (dix (y)) e (Q/b\dz (y)>) - (Hde (bar (4)  Mars (du (y))>

Pozx Piz Pozx Piz

¢, s (y) _ gy (y) _ (Hd’Oz (y) Has (y))
" ﬁOJ; ﬁla: Doz DPix

B { (Hdogc (;ngz (y)) - g1z ((gdr (y))) ~ (HdO:c (fgdr (y)) B s (égdz (l/))) }
@

ﬁOx Zb\la: Pozx Piz
0. (@x (y)) g1, <<$d:c (y)) 40, <<$d:c (y)) Mo (bax (y))
ﬁOaj ﬁlw ﬁOw Ala: '
Then it follows from this result, ||Ig.e — .z L= o3 ( log (n) /n), Prw — P = O} ( log (n) /n) and also
dx

gd:z: > 0 that Hadw — Qdx

. =03 ( log (n) /n), i.e., for some constant C7, Co,

S Cl log (n)‘| > 1 _ C2n71. (SS)

Id’:c n

Pr [Hfgdx — Qdz
Decompose
Maze (a0 (4)) = iz (b0 ) = { Tz (a0 1)) = Haza (D00 ) } + { Hatze (P ) = Mtz (G0 ()}

And by this result, (S3) and Hﬁd” — 1y,

L= O, (y/log (n) /n), we also have Hﬁd” 0 bay — Mgy 0 e
dx

d'x
Oy ( log (n) /n) By using this result, (S1), (S2), Moy — .y L= o, ( log (n) /n) and the equality
a_a a(-—c a(b—rc)?
b ¢ 2 T e (54)
we have
m@wﬂzlwwmw_mmw@>_f%@mw_mmm@>
P n Pox Pox P1z Pix
ﬁ 10z H/ z ﬁ/ T H v H x T ~ H x T ~
+< os (¥) m<m>_< e (¥) m<w>_ wr Gae @) oy e G @) 5
Pox Pox Diz Piz Pos Pix
I 404 N Iz .
M0 W) gy T W ) ()
pOw plw
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We will later show that

Haer (3 @) ~ Haze (B0 0)) = T (D ) — Hass (600 ) + O} ((k’gn(”) ) 3/4> S s0)

uniformly in y € Iy,. By a second-order Taylor expansion,

(Hdlo; (¢7dz (y)) - a0 ((de (?ﬁ)) B (Hdlw (9dz (v))  Haow (¢ds (y)))

Pix Pozx Pix Doz

~ 1
Gaa e ) (B () = 00 ) + 03 (“E) o)
uniformly in y € Iy,. Note that if X =z,

1(Y <¢ar(y),D=d)+1(Y <y,D=d) = 1(g9(dz,¢) <¢a:(y),D=d)+1(g(d,z,¢) <y,D=d)
= 1(g(d,z,e)<vy). (S8)

Since Z is conditionally independent of € given X, Vz € {0,1},

Rd’z(y) = E[]]-(Y§¢dm(y)’D:d)+l(Y§yaD:d/) |X:$,Z:Z]
Hdzr (¢dr (y)) + Hd’z:c (y)

Pzx Dzx
= Fg(d’,z,e)\X (y | JJ) ; (89)

where Fy(q 2. x (y | ) :=Pr[g(d',z,e) <y | X = z]. Combining (S5), (S6) and (S7) and then using (S9), we have

Cto (Dua (1)) (Pua () — b0 () =

Haos (br W) _ Mot Gas W) | Auros @) _ Hare) _pp - Pow o Fla o <<1og (n))” ) _

Pozx D1z Pozx Pix Doz Pix

i=1

n 3/4
%Z (1(Y; < 4w (y) . Di = d) + 1(Yi < y, Dy = d') — Raro (y)) 7 (Zi, Xi) + O} ((logn(”)) ) :

The assertion follows from this result. It remains to show (S6).

Denote /szm (y,y') = ﬁdm (y) — ﬁdm (') and Agzo (y,9") = Hgee (y) — Hgze (¥'). In view of (S3), denote
€ == C14/log (n) /n. For & > 0, denote P} (Wi, y, &) = 1 (dax (y) < Yi < ¢aw (y) + & Di =d, Z; = 2, X; = x) and
Prow Wiy, &) = 1(¢aw (y) =€ <Yi < baw (y) . Di = d, Z; = 2, X; = ). By Kosorok (2007, Lemmas 9.7(iv) and
9.8), the function class BT = {PL, (y,€) 1y € Lyz, & € (0,€]} is VC-subgraph with VC index being at most 3,
Vn, and by Giné and Nickl (2016, Theorem 3.6.9), B+ is uniformly VC-type with respect to the constant envelope
Fyp+ = 1. P~ is defined similarly. Then,

yz[lgm {ﬁdzw ($d1 (y)> - ﬁdzz (¢dl (y))} - {Hdzx <$d1 (y)> - Hdza: ((Z)da: (y))}‘ S
sup e ‘//l\dzw (d)dx, (y) + 57 ¢d-'L' (y)) - Adzw (deuL (y) + 57 ¢d$ (y))’ <
(y,€) €Ly, x[~E.E]
HPTVLV o IPJWHf,;3+ + HPrVLV - PWHf,p— . (510)
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where the first inequality holds with probability at least 1 — Con~!, in view of (S3). fy|pzx is bounded under

Assumption 1. By calculation, we have

B[Pr, Wy e = B[(1(Y 0w @)+ - 1(Y < 6w @)’ 1(D=dZ=2X=2))|
$az(y)+€
= (/ fY|DZX(y/|d7Z7$)dy'> PriD=d,Z =2, X = x]
Pax(y)
and
ohe= s P = s B[Py, (W] =0 ( e () <“>> .
Feyr (¥.6) €41, % (0.€] n

Then we apply Talagrand’s inequality (the version given by Chernozhukov et al., 2016, Lemma 6.3) with F = R+,
b= Fp+ =1, 0 = op+ Vby/Vyp+log(n) /n and t = log(n). It is straightforward to check that cr?43+ < g2 <
b2, no?/b* > log(n) and no?/b? > Vi+log (Ap+b/o), when n is large enough so that Vig+log(n)/n < 1 and
n/log (n) > Agﬁ. Therefore, the conditions of Chernozhukov et al. (2016, Lemma 6.3) are satisfied when n is
sufficiently large and by Talagrand’s inequality, we have ||G7‘;V||q3+ =0, (10g (n)3/4 /n1/4) and ||]P’ZV — }}DWHq3+ =
n~1/2 H(G,VLVHSI§+ =0; ((log (n) /n)3/4). A similar result holds for HGZVqu and ||P)Y — PWHm—' (S6) follows from
these results and (S10). [

Proof of Lemma 3. By mean value expansion,

1 n

fAX (v, x;b) —fAX (v,2;0) = fzb%K’ (Aib_v> (A\l —Ai> 1(X; =x)

n
N AN R & o

where Ai denotes the mean value that lies between AAZ» and A; so that

the proof of Lemma 2 that (S3) also holds for Zsfi;“ (y) uniformly in ¢ = 1, ..., n. Therefore,

‘A\i_Ai =1(D ‘qﬁ( D(Y;) = ox, (Vi) +1(D ‘qﬁ( D (Y;) = dix, (Vi)
and by (S3),
A= l:nll)ax’n 1(X;=2)=0, < lOngn)> . (S12)

In view of Pr [Z > C1+/log (n) /n} < Cyn~t, we have

1—Cyn ' <Pr
n

A< log(”)] <Pr[A<h],

when n is sufficiently large, since \/log (n) /n = o (h) under the assumption that log (n) / (nh3) | 0. By the triangle

inequality, |A; —v| < A, —v‘ <A+ ‘Ai — v, K" ((Al —v) /b)’ <

if X; = x. Therefore, since

K" 1 (‘Az — v’ < b), for some constant Cs > 0,

1-Cynt<Pr[A<h] <
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Pr

A —v
K// ?

where we denote 1; (v;b) = 1 (]A; — v| < 2b). Denote Lax (v,2;b) == (nb) ™" > 1 (v;b) 1(X; =x). By this

result and the triangle inequality,

L(X; =) <||K"|| L (v;0) 1(X; =), V(i,v,b) € {1,...,n} x I, x H] , (S13)

1-Csn ' <

2

Pr sup (S14)

(v,b)€l; xH

S{ sup b_zhx(v,x;b)}ﬂ

(v,b)EL, xH

nzbs ( U) (AAi_Az)Q]l(Xi:x)

Let Z, (Us,v;b) = b1 (JA, (&) —v] £ 2b) 1(X; = z). Tt follows from Kosorok (2007, Lemmas 9.7(iv), 9.8 and
9.9(vii,viii)) that J = {Z, (-,v;b) : (v,b) € I, x H} is VC-subgraph with VC index being at most 3, Vh, and has
a constant envelope F; = h~'. By Giné and Nickl (2016, Theorem 3.6.9), J is uniformly VC-type with respect
to the constant envelope F5. It is easy to check that ||IP’UHj = O (1) and 03 := sup;,PYf? = O (h™!) follow
from change of variables. By Talagrand’s inequality (F = J, b = F5, 0 = o3 V by/Vslog(n) /n, t = log(n)),
Vn||PY — IP’UHj = HGgHj =0; ( log (n) /h) and therefore,

1Lax G5l e = P2 [l < 1P =BV + BVl = 05 ). (S15)

By this result, (S12) and (S14), we have

le1_,(Ai—v ~ )2 v e [log(n)
ﬁ;ﬁK ( ; )(Al—Al) ]l(XZ—m)—Op( s ) (S16)

Z;K,<Aibv)(1—Di){¢gx( i) — d1x, (Vi )}]l(Xizx). (S17)

Write

1 n 1 v Ai*’l) o B ~(=4) - | 71 n 1 / Aifz) . -
n;(ﬁK( ; )I(Dzd,Xlx){dw (Yz)ffbdr(Yz)}fﬁ;ij — 1D =d. X, =)

1=1

i 1
X{n_lz?;»cdm W]7Y)+¢d$)( z)_d)dm()/;)_n_l — (W]7K)}
J7F J#i

It is easy to see from the proof of Lemma 2 that (38) also holds for 5&;“ (y) and the remainder term is uniform in
i=1,...,n. By Lemma 2, |K’' ((4; —v) /b)| < ||K'||, 1; (v;b) and (S15),

1D, =d, X = ) LS ) b — o (e
(Di=d', X; =x) ¢dx (Vi) - (bda:(i)_mz az (W5, Yi) ¢ = Oy ST

i

I1~1_,/A
e
i=1

uniformly in (v,b) € I, x H, and therefore

S5



-, )2
121)12K/(A1b >{(1—Di)£1x(Wj,Y) DiLos (W}, Yi)} 1 (X, _x)+0*<loizg/4)h>:

ZQ (Wi, Wj,0;b) + OF log (n)*/* (S18)
- xr 1 7v Y2 )
(2) ( ) J n3/4h

uniformly in (v,b) € I, x H. The conclusion follows from this result, (S11), (S16) and (S17). |

Proof of Lemma 4. By definition, we have

Hg”wi,v;b):{ e (B e a0 - Faxe |w}de}m<ZmX>

=x

where
feDX (8,0,11,‘) feDX (67 1,.1‘)

Pe () = gL ae))  Con(9(0,70))"

Since ¢ is independent of Z given X,

=x

B[l (U,00)] = [{/ b%K/ (Am(z)—”> pe(€) {1 (e <€) - Fyx (e x)}de} X =2

1(Z=1 1(Z=0)2
XE{ ( ) _ U 0)} |X:m1pw. (S19)
Piz Pozx
Note that
1(Z=1 1(Z=0 _ _
B { : - )} |X:x1px:p1;+1)o§~ (520)
Pizx Pox
Then,

B [{/ blsz (A(eb)—”> pe(€) {1(c < ¢)— Fyx (e ;U)}de}2 X =2
E H/ # () e de}2 X - ] —{/ w5 () @ Fax e d}

(S21)

b4 / / K <Aﬂ” (‘;) - ”) K <A”” (e;) - ”) Fux (e A | 3) s (€) pr (¢') dede’ =

bt i/ o < )”>K' <A(eb)”> Fux (e A | 2) s (€) pu (¢) dede’.  (S22)

k:lj:l €x k—1 Y Exr j—1
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If j > k, since €31 < €451,

/::1 /:Jil K (W) K (Am(i)_v) Fox (eN€' | x)ps(€) po (¢) dede’ =
{/ﬁ:lcl K’ <Am(ebl)_v> Fox (€' 2) pa (e’)de’} {/:” K’ (AI(Z)_”> ps (€) de}. ($23)

x,j—1

Note that A is strictly monotonic on [e; j_1, €, ;]. We assume without loss of generality that the restriction A, ; is
strictly increasing. Since I, is an inner closed sub-interval of A, ; ((€z,j-1,€2,5)) = (Az (€x,j-1) , Az (€2,5)), v € I
is an interior point of (A (€z,j-1), Az (€2,5)). Let ¢y ; () == pa (A;;- () (A;j-)/ (t). By change of variables and
mean value expansion,

Az (ep,j)=v
b

/ K <Am(?_v) pale)de = lfl/w K’ (u) pr (A7 (bu+ ) (A7) (bu+ v) du

€x,j—1

Ag (elj) v

= b / u) {¢uj (v) + ¢, ; (0) bu} du, (S24)

where the mean value © depends on u and satisfies [0 — v| < b|u|. Note that [ K’ (u)du = 0, K’ is supported on

[—1,1] and therefore, f((AA,%((:,I’,-JE:)?x/b K’ (u)du =0, ¥ (v,b) € I, x H, when h is sufficiently small. Therefore,

/ beK’ (A‘” (? _“) po () de| <

~
z,j—1

sup [vn @), (S25)
te[Ag(€x,i—1),A% (€x,5)]

uniformly in (v,b) € I, x H, when h is sufficiently small. Denote x,,; (t) = F.x (4, ( ) | ©) ¥z,; (¢). Similarly,

€a,k Az (e —wv
/ b—2K’ ((b)) Fox (€' | ) ps (¢') de’
€ k—1

uniformly in (v,b) € I, x H, when h is sufficiently small. Then, it follows that

E {‘/G:I;K' (W)pm(e)]l(ege)de}2|X:x =

b 42/ / ( ?* )K’(A‘T(ebl)v)Fex(e/\e'|x)px(e)px(e’)dede'—FO(l), (s27)

€x i1

sup X (8)] (526)

te[A (€x,k—1)A4 (€x,1)]

uniformly in (v,b) € I, x H. By change of variables,

b 4/61 / ( ‘2)’ )K’(A‘T(e[;)U)Fex(e/\e'|x)px(e)px(e’)dede’:
Az (

-1
f?]) v A,,(sagd) v

bp2 /Az(€x7j_l)7v . K’ (u) K' (w) Fox (A;§ (bu +v) A A;& (bw +v) | x) Yz (bu+v) 1y ; (bw + v) dudw
b b

= 2h2 /K’ (W) g,j (bw + v) {/_7:0 K' (u) Xz,j (bu +v) du} dw, (S28)
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where the second equality follows from symmetry and holds when h is sufficiently small. By integration by parts,

/_w K' (u) Xa,j (bu +v) du = K (w) x4,; (bw + v) — b/_w K (u) X (bu +v) du. (S529)

50 [ K (@) K () (g (04 ) 0y (0 +0) = oy (0) s ()
= (W (00 (0) + g (00 () )} o = [ B 00) B () { (05 9 () + s ()01, )
= (W ()Xo (0) g (0) s, () o = 0 1), (830)

where the mean value ¢ depends on w and satisfies [0 — v| < b|w| and the second equality holds uniformly in
(v,b) € I, x H. Similarly,

J 8 e o 0) ([ K @y Gt o)) =y (006, ) [ ) ([ K () o

= [ R @K @) gy G 0) 0L G 0) = () s, (0}t = 0 (1), (531)

— 00

the second equality holds uniformly in (v,b) € I, x H. By integration by parts, [ K’ (w) (f_woo K (u) du) dw =

— [ K (u)’du and [ K’ (w) K (w) wdw = (— [ K (u)? du) /2. Now it follows from these equalities, (S28), (S29),
(S30), (S31) and [ K’ (w) K (w) dw = 0 that

63// ( (c) = )K’(W)Fex(e/\e’|x)px(e)px(e’)dede':

2 (w/w,j (U) Xz,j (U) + w‘l/ _7 X;E ] /K’ wdw
2y 0y @) [ K0 ([ 0 0) Qo 1) = (5 )1y (0= v 0) s 0) [ K 0 ko),
(532)
uniformly in (v, b) € I, x H. Note that

Yaj (V) X 5 (0) = V5 5 (V) Xaj (V)

[ Jox (A5 0).0.0)  feox (Af @) 10) T
= {(11 (g (17337A;j- (v>)) Coa; (g (071_’ A;; (U)))} felX (Am,j( ) | ) ((Az,j) ( )) .

Now it follows from this equality, (S19), (S20), (S21), (522), (S23), (S27) and (S32) that
B[#) (U0:0)%) =07 Wiy (v,2) +0 (7).

uniformly in (v,b) € I, x H. Denote $) := {H, (-,v;b) : (v,b) € I, x H} and $!! { W o) : (0,b) €I, x H}
Therefore, we have 05[1] = supfeﬁmIP =0 ( ) By LIE,

E [%w Uy, Us,v;b)?| =

S8



1K/(Am(e)v>2{]l(D—0,X—x) 1(D=1,X =)

Foe (el o) (L= Fax (e 2)) | (pre + 70
e @(Le0P | Galg (02,0 } x (el @) (1= Fox (e | @) | (i +pod)

O (h™?), (S33)

uniformly in (v,b) € I, x H. Therefore, 03 = sup;cE [f (U1,U2)2} =0 (h73).

Since ||K"||,, < oo, K’ is of bounded variation. There exists a decomposition K’ = K; — K5, where K;
and K, are non-decreasing and bounded. It follows from Kosorok (2007, Lemma 9.6) that the function class
{(Az (") = v) /b: (v,b) € I, x H} is VC-subgraph with VC index being at most 4. Then, by Kosorok (2007, Lemma
9.9(viii)), € = { K% ((Az (-) = v) /b) : (v,b) € I, x H} is VC-subgraph with VC index being at most 4. By Giné and
Nickl (2016, Theorem 3.6.9) and Chernozhukov et al. (2014a, Lemma B.2), € := { K’ ((A, (-) — v) /b) : (v,b) € I, x H}
is uniformly VC-type with respect to a constant envelope || K| + |[K2| ., since € can be written as (a sub-class
of) the pointwise difference of €; and €;. By Kosorok (2007, Lemma 9.6), {b~2C, : b € H} is VC-subgraph with
VC index being at most 3 and by Giné and Nickl (2016, Theorem 3.6.9), it is uniformly VC-type with respect to a
constant envelope that is a multiple of A~2. By Chernozhukov et al. (2014a, Lemma B.2), $ is uniformly VC-type
with respect to a constant envelope Fg = O (h*2).

For a centered VC-type class § of functions defined on .7y with respect to an envelope Fz (PUf =0, Vf € ),
by standard calculations (see, e.g., the proof of Chernozhukov et al., 2014b, Corollary 5.1) and Chernozhukov et al.
(2014b, Lemma 2.1), there exists a zero-mean Gaussian process {GV (f) : f € §} that is a tight random element in
> (F) and has the same covariance structure as the empirical process {GY f : f € §} (i.e., E [GY (f1) GY (f2)] =
Cov [f1 (U), f2 (U)], Vf1, f2 € §). The tightness of {GY (f) : f € §} is equivalent to the condition that § (endowed

with the intrinsic pseudo metric § X § 3 (f1, f2) — \/E {(GU (f1)—GY (fz))2:| = ||f1 = fallpv o) is totally bounded

and almost surely the sample paths f — GY (f) are uniformly continuous with respect to the intrinsic pseudo metric
(therefore, Pr [HGUH3 < oo} =1). And {GY (f): f € §} is also separable as a stochastic process. See Kosorok
(2007, Lemmas 7.2 and 7.4). Since F% is also an envelope of §+ = § U (—F) and the covering number of §4 is at
most twice that of §, §+ is VC-type with respect to Fx and therefore, there exists a zero-mean Gaussian process
{GU (f):fe Si} that is a tight random element in ¢*° (F+) and has the same covariance structure as that of
{Ggf 1 fe Si}. Moreover, by Giné and Nickl (2016, Theorem 3.7.28), almost surely the sample paths §y > f —
GY (f) are prelinear and therefore, almost surely, Vf € §, GY (f) + GY (—f) = 0, and supfehGU (f) = HGUHg
In our first application, § = $H1, which is also uniformly VC-type (see Lemma A.3 of CK) with respect to the

constant envelope Fﬁm = Fy.

By the coupling theorem (CK Proposition 2.1 with H = $4, Gq = ogu, 0y = 05, bg = by = Fg, xn = 0,
L i) that satisfies the following
H

v = y/log(n)/(nh3) and ¢ = o0), one can construct a coupling (HU%Q)

conditions: Zg, =4 SUP . 1) GY (f) = HGUHmH’ where {GU (f):fe ﬁ[il]} has zero mean and the same covariance
+

structure as that of the (Héjek) empirical process {an :fe S’J[il] }, and (HU%Q) ’ ,Zﬁi) satisfies HUg)
9

-7z —
’5 Nt

Oy (\/log (n) /h, \/log (n) / (nh3)>. By Dudley’s entropy integral bound (Giné and Nickl, 2016, Theorem 2.3.7),
Lemma A.2 of CK, (36) and standard calculations (see, e.g., calculations in the proof of Chernozhukov et al., 2014b,
Corollary 5.1),

- %[11V”_1/2\|Fﬁ[11||w,2
B¢ y] < [ 14105 (N (2,90, [ ,) ) de
0
S DA S eo] [
F
< 4HF_§7J[1]H]P>U’2/ sl o 1+1log | sup N(6||F5[1]||Q’2,Y)[1]7||.HQ72) de
0 QeQl

U
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S (O'ﬁu] \Y n_1/2 ||F5[1] HIP’U,Q) \/Vy)mlog (4A~6[1]1’L1/2), (834)

when n is sufficiently large. By the Borell-Sudakov-Tsirelson inequality (Giné and Nickl, 2016, Theorem 2.5.8),
Pr [HGUHﬁ[l] >E [HGUHﬁm] + /2 log (n)aﬁm} < n~!. Therefore, since Zgs, =q4 HGUHme7 we have Zg, =

03 ( Tog (1) /h) and H[Un

5 Oy (\/log (n) /h, \/log (n) / (nh3)>. The assertion follows from these results. W

Proof of Lemma 5. Denote A" (u,v;0,h) = E[HE (U, u,v;b,h)], H° = {H: (-,v;b,h) : (v,b) € I, x H} and

ﬁA[l] = {HJA,[” (',’U; b7 h) : (’07 b) € I:L’ X H} Then7 512) ‘ = Sup(v b)el, xH ‘\/ﬁ (n(;% Z(z 7) H;% (Uza Ujﬂ); b7 h))‘
Ho ) x B

By the same arguments for showing that $j is uniformly VC-type, {\/5 “Hy (y030) : (v,b) € I, x ]HI} uniformly VC-

type with respect to a constant envelope that is O (h_g/z). By Chernozhukov et al. (2014a, Lemma B.2), $* is uni-
formly VC-type with respect to a constant envelope that is O (h_3/ 2). We now use different arguments to show that
$H* is uniformly VC-type with respect to a tighter envelope. Let L (u; b, h) = (h/b)l/2 K ((h/b)u)—K (u) and denote
L' (u;b, h) = OL (u;b,h) /Ou. Then it is clear that H2 (U;,U;,v;b,h) = h=3/2L" (A, (&) — v) /h; b, h) Co (Us, Uy).
Write L/ (u;b,h) = Ly (u;b, h) + Ly (u; b, h), where Lt (u3b, h) = ((h/b)3/2 - 1) K’ ((h/b)w) and Ly (u;b, h) =
K’ ((h/b)u) — K' (u). Then,

M (U Uy ) = 1722 (SR n) €, ) + 002 (B s 00)

= HI (U;,Uj,v;b,h) + HE (U, U;, 036, h) .

It follows from the fact that {\/E “Hy (v30) 1 (v,b) € I, x H} uniformly VC-type with respect to a constant enve-

lope that is O (h=3/2), Chernozhukov et al. (2014a, Lemma B.2) and sup,cy (b/h)s/2 ‘(h/b)?’/2 - 1’ = O (ey,) that
{HI (-,v;b,h) : (v,b) € I, x H} is uniformly VC-type with respect to a constant envelope that is O (g,/h%/?).
Denote U = {y+— L; ((y —v) /h;b,h) :beH,v € I} and B (b) = {y+— L; ((y—v) /h;b,h) : v € I} so that
U = Upew T (b). We have ||Ly (;b1,h) — Ly (5502, h)|| o < Ci |b1 — baf, where Cy,, == ||K"|| (E/ﬁ2). Clearly,
Cint(H) = O(ep). Let 4 = {ur— Li (u;b,h) : b€ H}. Then, N (Cyne, i) < N(e,H|-|) <1+ ¢(H)/e
and therefore, N (C ,¢ (H) e, 84, []-|| ) <147, By simple calculation, we have HL;r (5 h) ‘RxH < C2,nép, where
Com = |K"|/ (1 —=en)+CLp(l+en)/(1—¢,) and Cujp is the Lipschitz constant for K”. Therefore, the total
variation (see Giné and Nickl, 2016, Page 220 for the definition) of L; (-;b, h) is bounded by 2(1 +&,) Ca pnen,
uniformly in b € H. By Giné and Nickl (2016, Proposition 3.6.12), for each b € H,

Ag\"®
sup N (2(1 + &n) Conene, T (D), H'HQ’Q) < (m) ;
Qe €

where (Ay, Vyy) are independent of b, h and n. Now fix some finitely discrete probability measure @) on R.
Construct a minimal Cp ¢ (H)e-net (with respect to |||, ) {w— Li(u;b,h):be H°} for 4, where H° C H
and #H° < 1 + e~ !. For each b € H°, construct a minimal 2 (1 +¢,)Cs e e-net (with respect to [lg.2)
{y—= L;i ((y—v) /h;b,h) v e I3 (b)} for V(b), where I3 (b) C I, and #I; (b) < (Ag/e)"™. For any (v1,b;) and
(va, b2), by the triangle inequality,

(e

h) — Ly (y_hw;b27h)>262(dy) <|[Lg (5501,h) = Lt (502, R) |
i \// (Li (y‘h”l;bg,h) 1 (%}L”;bg,h))zcz(dy).

S10




Then, Upege {y — Lt ((y —v) /h;b,h) 1 v € I3 (b)} is a (Ch e (H) + 2 (1 + £,) C2,ney) e-net (with respect to ||+ )
for 2 and has a cardinality bounded by (Ag/c)"™ (1+e71). Note that Fy := Cy 5t (H)+2 (14 €,,) Conen = O (£5)
is also a constant envelope for 2. Therefore, ¥ is uniformly VC-type with respect to the constant envelope
Fy = O (g,). Then it is easy to see that {H% (-,v;b,h): (v,b) € I, x H} is uniformly VC-type with respect to a
constant envelope that is O (5n /h3/ 2). By Chernozhukov et al. (2014a, Lemma B.2), $* is uniformly VC-type with
respect to a constant envelope Fye = O (g, /h%/?).

By LIE, we have

=E h{/:EL’(Aw(;)_”;b,h)m(e){ﬂ(eSe)—FeX(em)}de} | X =] (P +Por)-

=x

E [Hﬁ[” (U, v: b, h)ﬂ
1
3

B h13{/:IL'(A“(jf‘”;b,h)pw<e>{1<eSe>—F€|X<e|m>}de}2|X=a: -
B hlg{/:L'(A’C(‘;)”’;byh)pﬂe)n(e@)de}gX=x

. {/ % (A(h)‘b h) pu (€) Fax (¢ | 2) d}

=z

By change of variables and mean value expansion,
€x i A ( ) 7Aw(63}“d)7u
@ z(e)—v g .
/61,].1 L' <h; b, h) Do (e) de = h /Ax(em,}]_l)v L (u; b, h) {1/)17j (U) + ﬂj;d (v) (hu)} du,

where v denotes the mean value that lies between v and v 4+ hu. It is easy to check by simple calculation that
Vb € H,

1+e, 3K
L' (u;b, h)| < <||K~||Do <(1 - gn)5/2> n (1”_ 61)3) enl (jul <1+¢,). (S35)

Then by these results and the fact [ L’ (u;b, h) du = 0, we have

[ 0 (207500 prte -0 o),

€x,j—1
uniformly in (v,b) € I, x H. Similarly,
€x,j A _
[ w (B ) @ ) (0 = 0 er?),
€x,j—1

uniformly in (v,b) € I, x H. Then by these results, we have

€.k €z,j A _ A AN
h—3/ / I/ (x(;)v;b, h) I/ (””(eh)v;b, h) Fyx (eNe' | z)py(€) po (€') dede’
€x,k—1 Y€z j—1

S11



uniformly in (v,b) € I, x H, if j < k. The same result holds if j > k. By change of variables,

~/em, 1/%, ) ( - bh) (sz(efl) bh) Fox (eN€' | x)ps(€) po (¢') dede’ =

ohp—1 /L/ (w; b, h) s j (hw +v) {/w L' (u;b,h) Xz ; (hu + v) du} dw.

— 00

By integration by parts,

/ L' (u;b,h) Xz,j (hu +v) du = L (w; b, h) Xz,; (hw + v) fb/ L (u;b, h) X;,j (hu 4 v) du.

— 00 — 00

By these results, we have

/ / . ( - =it h) L (Am(e;;)_v;bv@ Fix (eNe' | ) ps () po (') dede’ =

2hn~1 /L' (w; b, h) s j (hw +v) L (w; b, k) x4, (hw + v) dw

-2 / L' (w; b, h) ¢y j (hw + v)/ L (u; b, h) X, j (hu + v) dudw.  (S37)
It is easy to check by simple calculation that Vb € H,
1+e, K
|L (u;b, h)| < <||K’|| ( +§ ) + !'Lﬁf") enl (Jul <1+4¢,). (S38)

v (S35), (S38) and mean value expansion,

Bt /L’ (w; b, h) L (w; b, k) {3, (hw + v) Xu; (hw +v) — Py (V) Xz j (V)
— (V5 (0) Xaj () + Y j (V) X 5 () (hw>}dw=/L’ (w; b, B) L (w; b, h) w { (V5,5 (9) Xaj (0) + a5 (0) X5 5 (9))
— (5 (0) Xaj (V) + Y j (V) X5 5 (v) Jdw =0 (e7)

where v denotes the mean value that lies between v and v + hw and the second equality holds uniformly in
(v,b) € I, x H. Similarly,

/L’ (w; b, h) Wz j (hw + v) (/w L (u; b, h) X ; (hu +v) du) dw

— 00

— 00

g @y @) [ 2 st ([ Lt au
= // L' (w3 b, h) L (u; b, h) {0z ; (hw + v) X ; (hu 4 v) = g j (v) Xy ; (v) } dudw = O (5h),
where the second equality holds uniformly in (v,b) € I, x H. By integration by parts,

/L’(w;b,h)(/_:L(u;b,h)du>dw = —/L(u;b,h)2du

S12



L' (w;b,h) L (w; b, h) wdw = 1 L (u;b,h)* du
2

/L’ (w;b,h) L (w;b,h)dw = 0. (S39)

By using these calculations, (S37) and (S38), we have

h- // ( (e) = bh) (Aw(eh/)_v;b,h>Fe|X(e/\e’|m)px(e)px(e’)dede’:O(si).

Then it follows from this result and (S36) that

= sup PUf2= sup E [’Hﬁm (U, v;b, h)ﬂ =0 (e2).

U%A[l]
fenall (v,b)El, xH

By LIE,

E [Hﬁ (U17U2,v;b)2} =

1, (A0)—v, \[1(D=0X=2) 1(D=1X=au) ) (1 . P
h4L( h ’b7h> {Cu(g(l,x,é))Q + 412(9(07%6))2 }FeIX( | )(1 Fox (€| ))] (pu +p01)'

E

By change of variables and (S35), we have

ode = s B[/ (U1, Ua)"] = sup  E[M2 (U1, Un,0ib,h)°] = O (2/n%).
fens (v,b)€l, xH

By the coupling theorem (CK Proposition 2.1 with H = 9%, 04 = 0gan1, 0y = 0gs, bg = by = Fas, xn = 0,

v = /log (n) / (nh3) and g = o), there exists a random variable Zg» =4 HGUHm[ll such that HUn

Oy (En\/log (n), /log (n) / (nh3)). y (S34) with $H1) replaced by H211, E {HGU‘ 5A[1]} =0 (En log (n)) By
Ho01l >E U [ } + /2 -log (n)oy)m]} < n~!. Therefore,

fo ~ oy =

)
the Borell-Sudakov-Tsirelson inequality, Pr [ |GU’
HU,,, ‘; =0y <€n\/log (n),/log (n) / (nh?
)A

)
Let €2 (U, v;b,h) = Vb - & (Us,v;0) — Vh - &, (Us,v;h) and €° == {£2 (-, v;b,h) : (v,b) € I, x H}. Then we

have

The first assertion follows from this result.

sup ‘\/% (fo (v,2;0) — max (v,x;b)) —Vnh (fAX (v,2;h) —max (v, z; h))‘ =

(v,b) €T, xH

and we write £2 (U;,v;b,h) = h™Y2L((Ay (¢;) —v) /h;b,h) 1 (X; = z). Tt follows from similar arguments that
€2 is uniformly VC-type with respect to a constant envelope Fgs = O (En/h1/2). By LIE and (S38), 0%, =
supfeeAIP’Uf2 =0 (5%) By Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with F = €2, b = Fga,
o = ogs V by/Vgslog(n) /n, t = log(n)), (Gf{”eA =0, <5n\/M). The second assertion follows from this
result. |

S2 Proofs of Lemmas 6, 7, 8, 9 and Theorem Bl

Proof of Lemma 6. Denote 1y, (y) = 51, (y) + Hao. (y) and I, (y) = e (y) + aos (y). Then, Rurw (y) =
(de (¢dm (y)) + Iy, (y)) /D and Ryry (y) = (Hay (ax (v)) + Harw (y)) /. Part (a) follows from the following
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’Hd’m - Hd’m

facts: Hde 0 ¢ag — Hag © Gz s

= 0; (Viog () /n). = 0;(Vieg(n) /n) and B, — s =
d'z d'z
Oy (\/log (n) /n) Denote p,|, = Pr[Z =z| X =z]. Part (b) follows from similar arguments used to show

HfAX @) —max ( H =0, ( log (n) / (nh)) in the proof of Theorem A1, p |, —p.|. = O} ( log (n) /n),
Abadie (2003, Theorem 3.1) and standard arguments for the bias of kernel density estimators. |

Proof of Lemma 7. Denote

~ 2
. 11 A, —wv
Tax (v,z;b) = anK< 5 > 1(X; =x)

_ 11 (A —v\?
Tax (v,z;0) = anK< 5 v> 1(X; =1)

and rax (v,z;b) = E[Fax (v,z;b)]. Then, Vi (v,2;0) = Tax (v,2;b) — b - ]?AX (v,x;b)2 and Vi (v,2;b) =
rax (v,z;0) —b-max (v,x;b)Q. It follows from arguments used in previous proofs (see the proofs of Lemmas
3 and 4 and Theorem A1) that

[7ax (- @30) = Tax (- ')||Iz><]HI =0; (\/bi;(tn)’ \/IOS;E?))

and "ax (v,7;0) —rax (v, 2;0) = og (n n , uniformly in (v,0) € I, X H. And also, by using the fact
dr, b b) =0, (V! h iformly i b) € I, x H. And also, by using the f:

\/log \/log
LxH nh3

shown in the proofs of Lemmas 3 and 4 and Theorem Al that

HfAX (x;-) —max (- 2;)

Fax (v,2;0)> —max (v, 2;0)° = (fAX (v,2;0) —max (U,ﬂﬂ;b)) (]?AX (v,2;0) + max (U,m;b))

N log (n \/log
=0y (\/ nh3 )’

uniformly in (v,b) € I, x H. Therefore,

Hf/l (ra:) = Vi ()

log (n log (n
=05 (VR 2R, s

Denote
- 1 1 A —wv)\ Ap—v\ .
Vo (v,2;b,be) = —— b—gK' < ]b )q (W, Wisbe) K’ < kb )qx (Wi, Wisbe) 1 (X; =)
) (i.g.k)
. 1 1 AA - A\ —v
‘/2 (’U,ﬁ;b) = _ ng/ ( jb > 4z (WJ,WZ) KI <kb> qx (W}C,Wl) ]]_ (Xz = .T)
@) (i,3,k)
.. 1 1 A —wv A —v
Vo (v,m50) = —— 3K’< ]b )qw(Wj,Wi)K’( kb )qw(Wk,Wi)]l(Xi:w).
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Therefore, Vs (v,2;0,b¢) = Vs (v,2;b,b¢) Py ! (f??ml —1—1531,1). Then,

Va (v, 2;b) — Va (v, 2;b) =

5 (552 (oo (35 mmsi-ov (5)

"3) (i k)
(S41)

uniformly in (v,b) € I, x H, where the second equality follows from the triangle inequality, mean value expansion,

(S12), (S13) and (S15). By mean value expansion, the first term can be written as

2 1 Aj— ~ A —
—_— — K" 0 (Aj_Aj)Qz(WjaWi)Kl e 4w (Wi, Wi) 1(X; = )
neg) “— b b b
()(H,k’)
1 1 A — o A —o ~ A —v
LS g (B20) Dk (20 (A ) e W W) K (25T g (Wi W) 1 (X, =
+n(s>(wz'l~c)b4< ( b ) < b >>(] J)q' (W5, W) < b >q' (Wi, W) 1 %)

=:2-Ty (v;b) + T (v;b), (542)
where Aj is the mean value that lies between AA]- and A;. By using

A —v
" ?
pe o (45)

which follows from (S13), we have

1 1 A —w A — v
= ¥ 4 (e (30 e (22))
(i.4,k)

4,5,k

1(X; =x)(1—1;(v;b) =0,V (i,0,0) € {1,...,n} x [ xH| =1-0 (n7"), (S43)

Ak—v

x 15 (058) (4; = A5) a0 (W5, W) K < -

)qm (W Wi) 1 (X, = 7).

uniformly in (v,b) € I, x H, with probability at least 1 — O (nil). Then, by the triangle inequality, (S15) and
(s12),

_ _ _1\? —2 , (log(n
el < 7% (0 ) (65 +65.) Ly s 87 = 0 (1252, (s44)

By Lemma 2 and (S15),

1 1 A —v
Ty (v;b) = m Z ijH ( Jb ) Qe (W5, W) Tp (Zmy Xom) @ (W5, W5)
(

i,5,k,m)
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uniformly in (v,b) € I, x H and therefore, by (39),

1 1 Ag(e;) —v
Tiwb) = o~ > MK”((;)))wm<Uj>{1<em<ej>—Fe|X<ej|m>}m<zm,xm>
(i,3,k,m)

b

og (n)\ /4
x{ueis@f)F6|X<ek|z>}1<xi—:c>+o;((lgn”) h)

log (n) \*/*
> Ko (Ui, Uj,Ug, Uy v3b) + O} (n) 2, (S45)

(4) (2,3,k,m)

X Ty (U]) {]1 (Gi < 6]‘) — FE\X (Gj ‘ x)} K/ (Aw(ﬂg)—?}) Wy (Uk)

uniformly in (v,b) € I, X H, where the leading term is written as a U-statistic. Let

o 1
K (Ui, Uy, Up, Uy, v3b) = > Ky (Ui, Ujr,Upr, Uger, 03 b) (S46)
T (i, k" K" eperm{i,j,k,m}

denote the symmetrization of the kernel and then,

1 ) 1 3/4
Ty (b)) = — Y Ko (Ui, Uj,Up, Up,vsb) + O ( og (n)> h-?) . (847)
T(4) (ijok n
i,5,k,m)
uniformly in (v,b) € I, x H. Denote
KD (w0) = E[Ky (uw,U,Us, Us,v;)]
’€§;2> (U17U27’U;b) = E [’&I (ul,U27U17U2,’U;b):| .

It is easy to see that E [ICGE (Ul,U27U3,U4,’U;b):| = 0. Denote £ = {ICI (,v;0) : (v,b) € I, XH}, /0 =
{/&i” (-, v;0) : (v,b) € I, x H} and R?) = {I&ﬁ (-, v;0) : (v,b) € I, x H} . By similar arguments used in the
proof of Lemma 4, & is uniformly VC-type with respect to a constant envelope Fg = O (h_4). By Lemma A.3 of

CK, 81 and &® are also uniformly VC-type with respect to constant envelopes Fgay = Fgy = Fg. Since € is
independent of Z conditionally on X, E {/&ﬁ;” (U, v; b)Q] —-E {(E (K, (Uy, Us, Us, Uy, v: ) | U4])2] Therefore,

B[ (U, 6] [M{/ /1 ( Z)—U>ﬁx(e){]l(€ée)—F€x(e|$)}

x{Fyx(eNe |z)— Fx (e|z) Fyx (¢' | 2)} K’ <A$(2')—v) 0z (€)) de’de} | X = x] (pl_l.1 —I—po_l.l) , (S48)

where
feDX (670,.’,5) + feDX (6, 1,1’)

Pz (€) = Cra (g (1,%,6))2 Cox (g (0,1‘,6))2.

By the ¢, inequality,
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H/ / 1K"< ) ?v)ﬁf(e){]l(eée)ﬂx(ex)}

xga@Am@_amm@ﬂm@Mﬂ;K«AN??)%WNM%|X_4_

E{{,;/ezkl;K//(Ax(?_v)ﬁz(e){]l(6<e)—ﬂ|x | 2)} 0, (e,0;b) }|X_$

([ b (292 0500, om0

where 9, (e,v;0) = 37", ¥y j (e, v;b) and

<

» (549)

Yy 5 (e, 0;b) ::/fm blzK/(Am(eb/)_U> {Fyx(en€ |z)— Fyx (e| ) Fyx (€' | 2)} pu (') de’.

Ifk < j,

({1 e (2 s am e 1]
{/ s (A(b)_) P (€)1 (e <€) Fyx (e | 2) de}2 X = ]
Y {/ (1= Fox ([0} i (2222 0, <e/)de/}2_ s50)

€x,j—1

E

By change of variables and integration by parts,

/:i 1{1__FWX ¢ Wf} (Zh«i?__v)fh(g)de':

Az (e .Z,J) v A‘T(éw,j)7”

AA%anbA{%V®“+Uy5“J®U+w}K%wdu:_ﬂﬁu%fnw u) {45 (bu+v) = x5 (bu+0)} du

=— (Vr,; (V) = x5 ; () +0(1), (S51)

uniformly in (v,b) € I, x H. Let b, (t) = pa (A;é () (A;;)/ (t) and Xu; (t) = s (t) F, €| X (A (t) | z). By
similar arguments used to show (S32),

E[{liibﬂW(Azﬁ%ﬂvﬁ“@1k<eﬂlx@|@m%2LX:x

b// (S0 ke (2D B ene o) Fax (e 005 (0 Fo (¢2) s () deae
Jor elea)e

b
—9p—2 /AI(EMA)W /Ax(ez,k,l)—u 1(u<w) K" (u) K" (w) Fl x (A;}g (bu + v) | x) Xz, (DU + ) Xz (bw + v) dudw

b b

:%*%ﬂ(//nwngwwmemmoﬁﬁxgiw)@gmwf+om}:o@*y(%m
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uniformly in (v,b) € I, x H, where the last equality follows from

//]l(ugw)K”(u)K”(w)dudw:/K”(w)K'(w)dsz. (S53)

It follows from (S52), (S50) and (S51) that if k < 7,

2
fok 1 Ay (e) —v)\ _ -
E [{/ K <(b)) pr (€)1 (€ < €) Dy (e,v3b) de} | X :x] =0(h™), (554)
€x,k—1
uniformly in (v,b) € I, x H. If k > j, by similar arguments, we have
fok 1 A, (e) ’
@k () —v\ .
E [{/ beKN (b) pz(e)ﬂ(ege)ﬂl’d (em;b)de} ‘X:x
€x,k—1
ok ] A ’
. [{/ LK (f}‘“) P ()1 (e<e) (1—F€|X(e|x))de} |X =2
€. 1 A, (e ’
» { [ R o g (20 0 (e')de’} ,

/ . b% K (A(?—v> pe (¢)de’ = O (1)

€2,5-1

and

2
) [{/ ot (A(Z)U> pr(@)1(e<e) (1= Fyx (e] 2)) de} X =a|=0(h").

Therefore, (S54) also holds if k < j. If k = j, by change of variables, integration by parts and using the equality

Fae el {350 (2220 (40 )~ v (A )

+(1-Fyx (e | ) %K (h) Xa,j (Aa,; (€)) =0,
for e € (€z,j-1,€x,5),
Dagevsb) = Fx(e|a) { / T B (¢ 0) K (“2)‘“) o (e’)de'}

(1 Fax (e] 2) { [ g (S e de'}

€z,j—1

A”—'(Em,j)7“
= —Fyx(el|x) /Az(e)_v K (u) {1,0;] (bu +v) — X;,j (bu + v)} du
— (1= Fyx(e|x) / K (u) X (bu +v) du. (S55)

Let K (u) == [* K (w)dw and K (u) = K" (u) K (u). Then, 9, j (e,v;b) = U, (e,v;b) + O (h), uniformly in
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(e,v,b) € (€x,j—1,€,5) X Iz x H, where

Guglevit) = ~Fax(ela) (1- & (229=0)) @1, 0 -, )
(- Fp el ) & (297, 0

~Fue (e 1) (80 0) = Xy 0) + (P (e [0) 2, 0) = ey ) K (2= 5569

Then we have

E [{/ b%K” (A“’(?_“) B (€)1 (e < €)Ta (e,v;0) de }2|X:x

€x,j—1

/efi’ﬂ/:ﬂiK”(A“?‘”)ﬁ
/ / ( b) - “) B (€) Fux (e | 2) Fux (e Ae' | 2) K" (%)‘“) 7 (¢) Fux (¢ | 7) dede’
(0 ) =X ) =260, 0 s ) [ [ G (S @ R e
xFe|X<eAe| " K (A”C(?“)Me)( Fyx (&1 2), (0) = xb (0) dede’
A K (220 5,0 (P e 102, () = Xy (0) Fu (A€ 2)

x K (bv> Pz (€) (Fe\x (€| x)e 1] (v) — X;,j (v)) dede’ = I (v,b) + Iz (v,b) + I3 (v,b) . (S58)

(€)Da (evb)F€|X(e/\e’|:c)K”(Am(eb/)_U o () D (¢, v;b) dede’

It is shown by (S52) that I; (v,b) = O (h™'), uniformly in (v,b) € I, x H. Then,

Ag(eg,j)—v Az (eaj)—v
b b

Ir (v,b) = =202 (¢, ; (v) — Xy ; (V) /AI(%JA)?U /Az(em,l)w K" (4) Xa,j (bu +v)
b b

X Fopx (A3 (bu+v) A AZS (bw +0) | 2) K () (R (0w +0) 6 (0) = Gy (bw + ) X (0) dudu
Ax(e‘?j)f'u Al-(embyj)fv

= =272 (4}, (V) = b ; () {/<> ot 1S 0) K7 (@) % G 0) Fox (873 (b4 ) 2) K ()

Az(emﬁj)f'u Aw(?»,;,j)*v

o (R O 4+0) 5 (0) = Gy (bt 00y ) dudot [y 7 L w) K (@) e (bt o)

XFox (A7) (bw +0) [ @) K () (R (0w +0) 65 (0) =y (b +0) Xy g (0)) dudw | = <2572 (05 (0) = X 5 (v)
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{( [ [ dudw) (s (0) Fux (473 (0) | 2) (xw,mw ()~ wm,j<>x;,j<v>))+0<h>},

uniformly in (v,b) € I, xH. Then, it follows from this result and [ [ K" (u) K (w) dudw = 0 that I5 (v,b) = O (h™1).
Similarly,

Ag(eg j)—v Ag(eg,j)—v
b b

Bt = [0 o [ ) VPR @) (e (but 0) U (0) = iy (b 0) Xy 0)

X Fopx (A7 (bt v) A AZS (bw +0) | 2) K () (R (0w +0) 8 (0) = Gy (bw + ) X (0) dudu

([ [rw dudw)(Xxy(N) )= () 00)” P (4530 9) + 000}~ 0,

uniformly in (v,b) € I, x H, where the last equality follows from

/K du—/K”( ) K (u /K’ =0. (S59)

Then it follows from these results, (S57) and (S58) that

E[{/ b12Kﬂ<Am(eb)U>ﬁx(e)]l(e§e)19mJ(evb) }2|Xz =0 (h),

€x,j—1

uniformly in (v,b) € I, x H. It follows from this result, (S54), (S48) and (S49) that o2, = supeam PV f2 =
O (h_l). It follows from the ¢, inequality, change of variables and tedious but straightforward calculations,
B[KE (UL Us 030 € B [(BIKs (U1,Us, Us, Us,vid) | Us,Us))*| + E (B[, (Ur, Us, Us, Us,v;b) | Uz, Ual)®
+E [(B (K, (U1, Ua, Us, Us, 3 b) | Us, Ui])?]

O (h7?),

uniformly in (v,b) € I, x H. Therefore, 02, = supscgeE [f (U1,U2)2} = O (h™"). By the coupling theorem
(Proposition 2.1 of CK with H = R4, 54 = 0z, 0y = 02, by = by = Fg and ¢ = 00), when n is sufficiently large
so that Vg, -log (Aﬁi \Y, n) < n1/3 V1 € (0,1), there exists a random variable Za,y =d HGU , such that

/
>cl< log (n)*"___log (n) )] <Cy(m+nt).

R

Pr

[

n1/6h5/3,y11/3 nl/2Zhdny,

By the Borell-Sudakov-Tsirelson inequality, Pr [HGUHJQ<1> >E H ~<1>] + /2 - log (n)aﬁm] < n~!. By Dudley’s
entropy integral bound, E [HGUHmU] < (aﬁm VY2 || Faay H]P‘U,2> v/log (n). Therefore,

HU%‘”H~>01< log (n)** g (n) 1og<n>>

nl/6p5/341/% ~ nl/2hiy h

Pr < (Cy (’}/1 + nil) . (SGO)

It follows from this result, (S41), (S42), (S45) and (S44) that when n is sufficiently large, V1 € (0,1),

1 2/3 1
Pr > Gy ngsg) i3 T ngl(n)
I, xH (nh)*"* hyy nh*yy

HVQ(.,Q;;.) V()

<Cy(m+nt). (S61)
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Next,

%(U7x7babC) _‘/2<’U,.’L',b) =

2 1 A — Ay —
i K S0 0, (W, Wik K[ ZEE ) qn (Wi, Wi) (X = 2)
g 2 b3 b b
) (i,5.k)
1 1 A — Ay —
a2l e v Qw(Wj7Wi;b<)K’< - ”) 20 (Wi, Wisbe) 1(X; =), (S62)
B) (i.5,k)

where 2, (W;, Wi;be) =

Denote

e (Wi, Wishe) — qo (W5, W;). Let 024, (W, Wisbe) = Gaz (W, Wis be) — qaa (Wj, Wy).

N

Pz (W, Wi) = 1(Y; < ¢go (Vj), Di =d) + 1(Y; <Y}, D; = d) — Ry ()

and let @4, (W;, W;) be defined by the same formula with (¢4, Raz) replaced by (qum ﬁd/m) Then, by (S4),

G (W W, L (W, W,
Qdm(Wj,Wi;bq)Zl(DjZd',ijl‘){w( 2 W) _ par (W ))

Car (Dar (V5))  Cax (Baz (V)
_@dx (W, W5) (Zdw (% (Yj);bc) — Cdo (Pda (Yj))) Paar ( (6da: ((Ed:v i) c) — Cda (Gda (Yj))>2
Gz (9 (¥7))° oo (64 (¥5)5bc) Car (G (¥7))°

(S63)

Then, by this result,

) Qi (W, Wisbe) K (A’“b_”> Ge Wi, W) 1(X; = 2) =

Ly (3

3) (4,3,k)

T3 (’UJJ) + T4 (U;b) + T5 (’U;b, bC) + T6 (’U;b7 bC)a

where
Ts (v;b) = ni %K’ jb_v>IL(D]—d’,X]—m)IL(DZ:d)
B) (i,5.k)
{1(% <60 (7)) = 1G <60 5D} (A~
X ! Gz W, W) 1(X; =2
Can (60 (V) p ) 4 (W W) 1 (Xe =)
1 1 A —
Ty (v;b) = — b3K/< Jb U>]1(Dj=d/,Xj=$)
®) (i.4.k)

Ed’w( j)—Rdlx (}/j) , A\k)_’U | .

Ts (v;b,be) = 72 ( “)11(Dj=d’,Xj:x)

@) (4.4, k)

« dez (Wj; W’L) {Edz (Q/b\dz (Y;) 5 b<2 - Cdm (¢dm (Y}))}K’ (A\k _ ’U) 0“ (

A _
T6(’U,b,b<) = T bSK/< Jh U) ]I(DJ:d/’XJ:x)
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X

Baz (W5, W) {Zdw (gdz (Y5); bg) — Cdz (Pda (Yj))}2K/ (jk —w

Caw (Pao (Y)30¢ ) Caw (Baa (¥5))? b ) e

In view of (S12), by using similar arguments for proving (S13),
A —v
K’ :

T (v;0)] S b1 (0 /ngs)) ¢ (Ql_xl +§§;> Lax (v,2;0)% 9,

170(7171) §Prl

1(X; =) < |K'|| . Li (v;b) 1(X; =), ¥ (6,0,b) € {1,...,n} x I, x ]HI] (S64)

and therefore,
where

_ 1 & ~
¢:= max 1(D;=d.X, —x>n§|n (¥ < Baa (1)) = 10V < 60 (V)| L(Ds = 4, X = 7).
By using

1 (¥ <00 1)) = 1% < b0 )] = 1 (¥ < 8 () LV > 0 (1) + 1 (Y2 > Gax (1) LY < 6 )

)
Id’z)

S 1 <¢dm (y) < }/z S ¢dz (y) + H;b\dm - (ybdx

i ) +1 (dez (y) Z Y; > ¢dr (y) - Hadz - ¢d:v

and letting

Pr. Wi,8) = 1(¢ax (y) <Yi < Guz (y) + &) 1(D; = d, X; = x)
Bro= {PL w8 .6 € e x (0,8

Paw Wiry,€) = 1(das (y) =€ <Y < dus (y)) 1(Ds = d, X; = )
B o= {Pr 08 O el x 0.8},

where & := C1/log (n) /n in view of (S3), we have

1 ~
sup |3 0[1 (Y < G () 1% < bus ()| 1(Ds = d. X = )| <
Yyelyry i=1
1< ~
sup |~ 31 (qbdz (y) < Y: < s () + ||Pae — G ) 1(D; = d, X, = 7)
y€lyr, n i=1 Lyry
I ~
+ osup | 1 (¢dx (y) 2 Y > ¢ax (y) — H¢da: — Gdo > L(D;i =d, X; = 2)| < [|P} || g0 + B [|-
yEly n i=1 Ty,

where the second inequality holds with probability at least 1 — Cyn~!. By similar arguments used in the proof of
Lemma 2, we have ||GKVH§3+ =0y (log (n)>/* /n1/4> and HGK/H@Jr =0; (log (n)>/* /711/4>7

[PY|lge = sup E[1(ar(y) <Y <dar (9) +6L(D=d, X =2)] =0 < 1%(?%))

(y7£)eld'rn><(0:g] n

and [PVl = O (Viog(n) /n). By these results, [[PY [, < n=Y2 |G [|g. + [P [lg. = 05 (Viog(n) /n)
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and [P |- = O; (/log (n) /n). Now it follows that

S| (¥ < i () — 1 (¥ < faa ()| 1D = d, X = )| =

i=1

and (S15), |75}, xu = Oy ( log (n) / (nh2)> Similarly, when n is sufficiently large, with probability at least
1-— anil,

nh?

T (0s)] b7 (0% gy €2 (G2 + € ) L (0,30 R = O ( log W)

uniformly in (v,b) € I, x H, where

R:= max 1(D;=d,X; =x) ‘Ed'” (¥5) = Raa (YJ)‘ =% ( 1ogn(n)>

and the equality follows from (S15) and Lemma 6.
For Ty (v; b, be), write

1 1 y A\ —v , Pdax (Wa Wl) = I~
Ts (v;b,be) = — K= 1(D;=d, X, =2) 220 0 L A baw (V) b ) — Ca (da (Vi
b= 0 3 ( ) ) (D =X = a) PO (G (e ()b = s (00 ()
) Ak—v) 1 1 (A —v y Cdw (W;, W;)
% K e (W, W) 1 (X; = 2) + —— ~K (D, =d, X; =) 2dz 05 T
( b a ( F ) ( m) (3) (1.3.%) b3 < b ) ( / ! x) Cda: (¢dm (ij))Q
S A, — Ay —
x {Gaa ((zsdm(Yj);bg)—cdz(asdzm))}{fc’( - “)—K’( - “)}qum,m)n(xi:x)
1 1 , AAj—v o L @dm(val)_@dm(WaWZ) = - A ;
71(:3)(¢,j,k)b3K< b )MD]d’X]x) G (0 (V) {Gao (9as () 28c) = G (000 (V) }
x K’ (A"’b ”) Ge Wi, W) 1(Xi = 2) = Ty.1 (v;b,b¢) 4 Ts. (v;0,b¢) + Ts.3 (v; b, be) -
By (S3),
Pr[ SUp Gax (y) — SUp u (y)| < C1 log(n)] >1—Con™!
yelyr, ijd/w n
and
Pfl inf (gd:r (y) — inf ¢gs (y)| < C4 log(n)] >1—Con™?,
yejd/z yEId/I n

where fd/m is any closed sub-interval of I;,. By these results and Lemma 6, Zdz (¢A5dx (y) 554) — Cdz (adm (y)) =
Oy (w/log (n) / (nhe) + h%), uniformly in (y,b¢) € Iy, x He. By this result and (4, ((EM (y)) — Caz (Paz (y)) =

Oy ( log (n) / n), which follows from (S3) and mean value expansion,
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uniformly in (y,b¢) € Iyre x He. (S66) implies that

Pr

inf )Zdw (&m () bc)‘ > ;Cdm] >1—Con™ . (S67)

(y,b¢) €Ly, xHe

Denote

C= max 1(D; = d\X; =) 1 (viF) [Car (B (V) 10 ) = Caw (0s (1) (S68)

Then, ¢ = O} (\/log / (nhe) +h ) uniformly in (v,b¢) € I, x H¢. Then,

1755 (v;0,b0)] < 071 (0% /ngsy) ¢ (g; + g;;) TLax (v,2:0)* (6 +R)C =0} ( 107%;1) ( log(n) h§>> :

nhc
(S69)
uniformly in (v,b,b¢) € I, x H x H¢. Then,
Ts.2 (v3,5)| < = Zc 2700 (030) L(D; = &', X; = @) [Caw (B (V1) 30¢) = Caw (6 ()]
FO D Pa (W) S Sl —K’(A’“_”> ¢ (Wi, W) 1(X; = 2)| £
(m=Dm-2) & 2, b b
—2 =2 —1 —1 1 b 2= Z _ O* log (n) lOg (n) h2 (870
gdz (£1z +£Ox> AX (’U,.’IJ, ) C — Yp nht Tlh< + ¢ ’ )

uniformly in (v,b,b¢) € I, x H x H¢. Denote

Az (ek) —

Z, (U, Ug,v,e;b) = L ( : v) @o (Uk) (L(6; < ex) — Fx (e | ) (L(es <€) — Fyx (e 2)) 1(X; = ).

B2
Then,

Ts.1 (03 b, bg>|<(—Z< 200 (030) LDy = d', X; = @) [Caw (e (V) 30) = Caw (6 (V7))

j=1

X Z Z (]1 (€: < €j) = Fex (e | x)) K’ (Ax(ek)—v> @, (Uk) (]1 (€ < er) — Fox (e | x)) 1(X; =)

b
i#] ki k]

<C 2]1AX (1} T, b) sup ZZ UwUk:aUae;b) .
ccle,z] | @ {

Let Z, (Ui, Ug,v,e;b) == (2, (U;, Ug,v,e;b) + Z, (Ug, Ui, v, ;b)) /2 denote the symmetrization of Z, (U;, U, v, e; b)
so that n(_% Z(i,k) Z, (U;, Uk, v,e;b) = n(_gﬁ Z(i’k) Z, (Ui, Uk, v, e;b). By Chernozhukov et al. (2014a, Lemma B.2),
3= {Zz (,v,e;0) : (v,e,b) € Iy X [€,, €] X H} is uniformly VC-type with respect to the constant envelope F5 =
O (h™2). Let A (u,v,e;b) = E[ 2 (u, U, v, €; b)} and 3¢V = {Zofc1> (,v,€;0) : (v,e,b) € I, X [e,, €] X H} Note

that

1
sup — Zzz (Us, Uy, v, ;) — Oy (e,0;b) pu| =n~1/? HUS)H ,
(v,e,b)GIIX[gz,EI]XH n(2) (3,k) 3

since by calculation, E[Z, (U1, Ua, v, e;b)] = 0, (e, v;b) py. It is shown by (S55) that ¢, (e, v;b) = O (1), uniformly
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in (v,e,b) € I, X [€,,€:] x H. By the ¢, inequality,
E|(B[Z, (U1, Uz,v,50) | U1])°] =

_ _ 2
/ {/ bi?K' <A$ (eb) - U) pe (€) (L(e" <€)= Fyx (¢ | 2)) del} (L(e" <e)—Fyx (e 7))” fox (¢, ) de”

=x

m.om €x,5 €x.k AN 2
S Z / {1 - biQK/ (Am(eb)v> P (6/) (]l (e// S 6/) _ Fe\X (e/ ‘ $)) de'} feX (6”,%) de”,

j=1k=1"€zi-1
where fox (e,7) = fox (e| x)p.. If k <7,

/ew,j
€

x,7—1

2
{ [ e (B @ e <o) - Fax @ 1) de’} fox (€, ) de” =

b2

2

€x,j €z, k N _

/ { [ (A(b)) o2 (¢)) Fax (e'|x>de’} fox (¢, 2)de” = O (1)
€x,j—1 €xk—1

and if k > j,
e 1 (AL :
/ {/ 5K (2”) pe () (1(e" < ') = Fux (¢ | z)) de'} fox (€",z)de" =

{‘/€j;k1 b%K/ (Az(i‘/)_v) Pe (el) (1 - FE‘X (e/ ‘ x)) del} fEX (6//’ ‘r) d@“ =0 (]‘) )

/fz,j
€

x,j—1

uniformly in (v,e,b) € I, X [e,,€] x H. If k = j, since " € (e;,_1,¢€s,), by integration by parts and change of

variables,
€, " — "o
[ (B @ s ae = -k (2 v an )
- b/w K (u) 4y, j (bu+wv)du (ST71)
and S A (€
o «(€)—wv
[ ‘ beK/ (b) p.L (6/) FElX (e/ | Jj‘) de/ = _X/l,] (U) _|_ 0(1) , (872)

uniformly in (v,b) € I, x H. Therefore, E [(E [Z: (U1,Usz,v,e5b) | Ul])ﬂ =0 (h_l), uniformly in (v,e,b) € I, X

[€,, €] X H. By change of variables,
E[(B[2, (U1, Us,0,58) | Ua))°] =

b

x,j—1

e 1 Ag(e) —wv 2 2 _
Z/ b—4K’ <()> pe (€){Fyx(ene |z)—F x(e|z)Fx (¢ | z)}" fex (¢, 2)de’ = O (h7?),
j=17e

and E {Zm (Ul,UQ,U,e;b)2:| =0 (h*?’), uniformly in (v,e,b) € I, X [€,,€;] x H. Let 0§<1> = supf€3<1>]P’Uf2 and

U§<2> = Supse3 E {f (Ul,U2)2:|. We have shown that U%m =0 (h’?’) and a§<2) =0 (h*?’). By the coupling
theorem (CK Proposition 2.1 with H = 34, 04 = 030, 0y = 03, bg = by = F3, xn = 0, v = /log(n) / (nh)
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and ¢ = o0), Dudley’s entropy integral bound and the Borell-Sudakov-Tsirelson inequality,

Oy (\/log (n) /h3, \/log (n) / (nh)) Therefore, T5 1 (v;b,bc) = Oy (x/log / (nhe¢) 4+ b2, \/log ( )/(nh)>7 uni-

formly in (v, e,b) € I, x[e,,, €] xH. Now it follows that ||T5HII><H><H< =0; (\/log (n) / (nh¢) + hZ,/log (n) / (nh))
2

By (567) and similar arguments, |||,  y.m, = O ((wlog (n) / (nhe) + h%) ./ 1og (n)/ (nh)) Then it follows

that

e

@) (4:3,k

A
)9d£(WJ,WZ,b<) ( - ”)qx(Wk,WM(Xi:as)

o« [ flog(n) | [log(n) [log (n)
OP( nh? + nhe +hz, nh )

By tedious algebra, (S63), Lemma 6 and (S65),

1 1 A —v Ay — v
T Z bB:KI< Jb )Q(WJ,WZ,bc)K/< b >Q(Wk,Wz,bC)1(XZ:$):

1o 1 (A , 1(Y: < 6ur (1)) = 1(Y; < 60 (V5))
"G (7 e ( b )MD =X =) Cax (Pax (Y5))
i 1(Y; < baw (Vi) — 1 (Vi < G (Vi)
XK/<Akb v>1<Dk:dl,Xk:x) ( : Cdj(ZdI(Yk)) — 1(Ds=d, X =a)

log (n log (n 9 N log (n log (n 9
0 (R (1) 32) ) o 0 (252 52 02)),

uniformly in (v,b,b¢) € I, x H x He. Then, |T7 (v;b)| < bilggj]lAX (v, 2;0)* ¢ = Oy ( log (n) / (nhz)), uniformly
in (v,b,b¢) € I, x H x He. Then, by these results and (S62),

~ . log (n log (n 9
Va (v,250,b¢) — Va (v,25b) = <\/ e+ nhg iz (S73)

uniformly in (v,b,b¢) € I, x H x He. By (39), we can write

Vo (v,23b) = %2; (H)wm(Uj){]l(eigej)_FeX(ej33)}

x K’ (Ax(if)_v) @ (Uk) {1 (6; <€) — Fox (e | 2)} 1(X; = 2)

= - Z jx Ulan7Uk7’U b)

"3 (i 7.k

Let

Vs (v,23b) = E L}gK <Agb ) Gu (W3, W7) K’ <A26_ ”) gu (Wa, W) 1 (X, = x)] = E[J, (U1, Us, Us, v; b)]

and therefore, Vs (v,25b) = Vo (v,2:b)p; ! (p1 + Do) Write Vo (v,23b) = n(T% DGk T (Ui, U;, Uy, v; b),
where 7, denotes the symmetrization of 7, (see (S46)). Denote T (u,v;0) = E [jx (u,Uy,Uz,v;b)| and
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J& (u1,ug,v;b) = E {jx (u1,u27U1’U§b)]- Let J = {jx (Luib) v € Iac}7 I = {jzm (-, 030) : (v,b) € Iy x H}

and 3 = { 732 (,v;0) : (v,b) € I, X H}. Then, we have "/2 (yx;) = Va(yz;0) Cm n=1/? HU%‘?) . By
similar arguments used in the proof of Lemma 4, J is uniformly VC-type with respect to a constant en‘ifelope

Fy=0 (h_3). By Lemma A.3 of CK, 3" and J® are also uniformly VC-type with respect to constant envelopes
F5ay = Fye = F3. Then we have

B (812, (U1, U, Us,:0) | 01]] =

[ { / Ly (Mb)) p (€) {1(¢/ <€) — Fux (e | 2)} d6}4fex (o) de’ <

=x

ZZ/EM bl2 {/EM %K’ (Aw(?_v) pu(€){1(e <e) = Fyx (e|x)} de} fex (¢,x)de’. (ST4)

k=1 j=1" €z k-1 €x,j—1

If k < j, by (S51),

B /6::1 bi2 {/:w %K/ (Az(?v) pu(€) {1 = Fyx (e|x)} d6}4fex (¢/,z)de’ = O (h?),

z,j—1

uniformly in (v,b) € I, x H. Similarly, if k& > j,

/ . { / K (A(;—) pa(e) {1(¢' <€) — Fyx (e | 2)} de}4fex (/) de’ =

g1 | 4
/ | blz {/ ,J %K/ (Am(eb)_v> Pz (€) Feix (e | z) de} fex (¢, x)de = O (h?).

x,j—1

If k = 4, by (S71) and (S72),

oy AR 4
/ biQK (Am(b)> Vo (Ar (€))" fex (¢, 2)de’ + O (h?) = O (™),

€z,j—1

uniformly in (v,b) € I, x H. It follows from these calculations and (S74) that E [(E [Tz (U1, Uz, Us, 03 b) | Ul])z] =
O (h™1), uniformly in (v,b) € I, x H. We have

b2 b

=

e ) — o\ 2 ,
B (81, (U1, Us, Us, v:0) | U] —{ a (5= o
X (/eT b%K' (Ax(z')—v) 0z (€)) {F€|X (ene' |z)—Fx(e|x)Fx (¢ x)}de’) de}pi <

zm:zm: {/EM b%K/ (AI(Z)UYM (e)*9; (e,v;b)? de}pi (S75)
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and E [(E [T, (U1, Us, Us, 03 0) | UQ])Q} ~E [(E (7. (U1, Us, Us, 0;b) | U?,])“‘] If k < j, by change of variables, inte-
gration by parts and (S51),

/e:kl b%K' (Az(z)—v>2 Pz (e)2 Vs, (e, v; b)2 de = {/GM b%K’ (Agﬁ(?_v>2 Pa (6)2 Fyx (e x)2 de}
« {/ (1 Fx (¢ | 2)} blzK/ (W) P (e’)de’}2 —o(h Y,

uniformly in (v,b) € I, x H. Similarly, if k¥ > j, by change of variables, integration by parts and (S72),

€,k _ 2 €2,k _ 2
[ & (W) HOL (e,v;bfde:{ | Er (W) pu (&) (1= Fux <ex>)2de}
€x,k—1 €x,k—1

« {/ Fux (¢ | 2) blzK/ (W) P (e’)de’}2 —o (),

€z,j—1

uniformly in (v,b) € I, x H. If k = j, by (S55), ¥ ; (e,v;b) = U5 ; (e, v;b) + O (h), (S56) and change of variables,

[ L (“b)‘) (€ Ve (e,030) de = O (7).

uniformly in (v,b) € I, x H. It follows from these calculations and (S75) that E {(E [Tz (U1, Uz, Us, v;b) | Ug])ﬂ =
E {(E [T, (Uy, Us, Us, 03 b) | Ug})ﬂ — O (h~1). Then, by the ¢, inequality,

E[I0 W07 < BB (U, U, Us,050) | U] + B (BT, (U1, Ua, Us, 050) | Ua))?]
+E [(E [T (U, Ua, Us, v;b) | Ua]ﬂ
= O0(h™),

uniformly in (v,b) € I, x H. Therefore, 0§<1> = supf€\~,<1>]P’Uf2 =0 (h’l). It is easy to check that

BT (U1, U v S B[(BIT. (U1,Us,Us, v58) | Us, Us])*| + B |(BIZ: (U, U, Us, v;b) | U, Us])®

+E [(E17, (U1, Uz, Us,vib) | Uy, Ua))’]
O (™),

uniformly in (v,b) € I, x H. Therefore, UZ‘@ = Supsey E [f (U17U2)2} =0 (h’4). By the coupling theorem
(Proposition 2.1 of CK with H = J+, &g = 050y, 0y = 032, by = by = F3 and ¢ = 00), when n is sufficiently large
so that Vy, -log (A3, Vn) <n'/% ¥y € (0,1), there exists a random variable Z3, ,, =4 [|GY]|,, such that

>CI< log (m)**_ log (n) )

P
: nl/6pa/3~3/3  nl/2h3y,

< Cy (72 + nil) .

o

‘~ - Zﬁi,’w
J

By the Borell-Sudakov-Tsirelson inequality, Pr {HGUH , > B {HGUHam} ++/2-log (n)amw} < n~! By Dudley’s

3
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entropy integral bound, E [HGUHJM} < (0'3(1) vV n1/2 ||F3<1> ||]P’U 2) V/log (n). Tt now follows that

Pr

Jos?

s log(n)2/3 N log (n) n log (n) < Gy (12 +nY) (s76)
3 ' n1/6h4/3721/3 nl/2h3~, L sC2lm2rn

and therefore, we have

Pr{|[¥2 (ya3) = Va (- a50)

<Cy(pe+nt). (S77)

>Cl< log (n)** | log(n) , 1og<n>>
I, xH

n2/3h4/3'y;/3 nh3vy, nh

Since Vs (v, z; b, be) = Va (v, b, be) byt (Pra +]’50_1), Va (v, 25b) = Vo (v,2;b) p; (pl_x1 +p5xl) and

9

Vo (v, z;b,b¢) — Vo (v, 25b) = (‘72 (v,z;b,b¢) — Vo (v, x; b)) + (V2 (v, 2;b) — Vy (v, z; b))

+ (Vg (v, 2;0) — Vs (Mﬂﬁ;b)) )

it follows from (S73) and taking 71 = 72 = v in (S61) and (S77), p, — p. = O} (n_l/Q) and p.z — pzz = O, (n_l/Q)
that Vv € (0,1),

Pr l sup Va (v,2;b,b¢c) — Va (v,x;b)‘ > COrY ()| < CarY (),

(0,b,b¢) € Iy X HIX H

when n is sufficiently large. The first assertion follows from this result, (S40), and

~ v . 0 . 2
V(v |z;bbe) =V (v|zb) = Y1 (v,2:0) + ¥ (v, 236, b) (pm )

P2 P?
+1%{(‘71 (v,2;0) =V (v,x;b)) + (‘72 (v, 2;b,be) —Vg(v,x;b))}.

For the second part, note that Vi (v, x;0) = rax (v,x;0) —b-max (v, z; b)2. Let

L (u;b,h) = (Z) K (szu)Q — K u)? = ((:)UZK (Zu) + K(u)> L (u; b, h).
It is easy to check that
/i (u; b, h) du = /ui (u;b,h)du=0 (S78)

follows from change of variables. By (S38), Vb € H,

~ 2| K| 1+¢, K
2o < () (hrh (T2 ) + 2 ) et < 120,

Then, by this result, change of variables, Taylor expansion and (S78),

rax (v,x;0) —rax (v,z;h) = E Llli <A}:U;b, h) 1(X = x)} =0 (h2€n) ,
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uniformly in (v,b) € I, x H. Similarly, by change of variables and (S38),

Vb-max (v,2:6) = Vh-max (v,2;:h) = E [\}EL (Ah_“; b, h> 1(X = x)} ~0 (hl/zen) : (S79)

uniformly in (v,b) € I, x H. Therefore, b-max (v, x; b)2 —h-max (v, x; h)2 = O (hey,), uniformly in (v,b) € I, x H.
Then it follows that
Vi (v,z;0) — Vi (v,z;h) = O (hey,) (S80)

uniformly in (v,b) € I, x H. Then note that Vs (v, z;b) = V2 (v,2;b) p;* (p1, + po, ) and

s (v, 2:b) = b=° / / K’ (A(?_”> K’ (A(eb)_“) Fix (e A, 2) pu (€) pa () dede’

= {/ K’ (AI(?‘”) Fx (] 2) ps (e) d6}2px, (S81)

where Fex (e,x) == I x (e | ) po. By change of variables and integration by parts ,

/ 32K <A(eb)”> pa (€) Fuyx (¢ | z)de — / W32 K (Ar(eh)”) pa (€) Fuyx (e | ) de

£a

_ h—3/2/ “ I (Aw(z)_”;@ h) ps(€) Fyx (e | z)de =0 (h1/25n) , (S82)

=x

=z

uniformly in (v,b) € I, x H, where the second equality follows from [ L’ (u;b, h) du = 0 and (S35). And similarly,

[ e <A(?_v> @~ [Tk <A(Z)_v> el

_ h—w/ U (A“’(Z)_v;b, h) p(e)de = O (/%) , (83)

e

uniformly in (v,b) € I, X H. Therefore, by this result and (S26),

b3 {/:1 K’ (AI(Z)_“) pe (€) Feix (e | ) de}g—hs {/:z K' <Aﬂf(‘;)_”) pu (€) Fyx (e | z) de}2 =0 (hey).

) ) (S84)
Then, it is easy to see that

b3 /61 /el K’ (Aw (? _U> K’ (Am (el;) —v) F.x (e N€,x)ps (€) py (€') dede’ =

S [ [ e (B s (B b)) e (¢ et =

kljlfzkl €x,j—1

i (v,2:5) po 4202 S (/k K’ <A”‘?(?_“) F.x (e, ) px (€) de) (/ K (4\1(‘3;)—")) o (e')de’> ,

k<j Carj—1
($85)
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where

J— / —
V2] v,x;b) = b~ 3/ / < (e) U>K/ <Az(€b)1}) FeIX (6/\6/|$)pm(€)pfc(e/)ded6/'

By(S25), (S26), (S82) and (S83),

b‘3Z </k | (AI(Z)—U> Fox (e.2) pu (&) de) (/ K’ (Am(eb/)—”> P (e’)de’> _

€x,j—1

Y < /- o (A(ff_“) Fux (e,2) pa (€) de) ( / K’ (A(eh)_“) ou (e’)de’> — O(hen), (586)

k<j

uniformly in (v,b) € I, x H. By change of variables and integration by parts,

= [ (4 (2)o) (3 ) o e
2 L) R () 5((2)) ot

R

()2 ((0)+) e frton /
Ry S

By tedious but straightforward calculations, Vb € H,

(8 #(8)2) () wroms

§<”(1”)”OO+HK” TN ( +§ >+|IK’| ( +i )>€n]l(|w§1+5n)]1(|u|§1+5n). (S88)

By (S87), (S88) and Taylor expansion,

o (Y R (20 & () ) s s G

—h~ /K’ W) Yy ; (hw +v) Xg,j (hw +v) dw = O (h%e,),

uniformly in (v,b) € I, x H. By change of variables and integration by parts,

()5 ((2) ) £ s

By this result and (S88),
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//: (Z)Q K <<Z> w) K <<Z> “) Y (hw + ) X, ; (hu + v) dudw

w
- // K’ (w) K (u) s j (hw + v) X}, ; (hu 4 v) dudw = O (hey,)
—o0
uniformly in (v,b) € I, xH. Then, Va ; (v, 2;b)—Va,; (v, 23 h) = O (hey,), uniformly in (v,b) € I, x H. Then it follows

from this result, (S81), (S84), (S85) and (S86) that V5 (v, x;b) — V5 (v, x; h) = O (hey,), uniformly in (v,b) € I, x H.

The second assertion follows from this result and (S80). u

Proof of Theorem B1. If follows from Lemma 7(a), Pr P\L € H] >1—46,, Pr {EC € HC} > 1 - 6§ and

o

“7 ( | m;ﬁ,ﬁg) -V ( | m,ﬁ) . > C1kY (7)]
< Pr [H?(-m;ﬁ,ﬁc)—v(-m;ﬁ) 1

sup “7(1}|m;b,bc)—V(v|m;b)‘ >Cl,‘£¥ ()
(v,b,b¢) €T, xHxH¢

> Clli‘l/ ), (ﬁ,/ﬁg) € H x H<:| + 0 +(5EL

x

< Pr

+ 3, + 65 (S89)

that
Pr [ “A/ ( | m;ﬁj\zo -V ( | x,/ﬁ)

The conclusion of the theorem follows from this result and the fact that with probability 1 — Cs6,,,

> Ot O)] < of () 48485

‘v (v | z;ﬁ) V(v x;h)‘ < sup  |[V(v|z:b) =V (v|z:h)| =0 (enh),
(v,b)€l, xH

where the equality follows from Lemma 7(b). [

Proof of Lemma 8. By definition, we have Pr[Y, > Cya,] < C38, and Pr [PI"|W1" [ Xn| > C1Y,] > C’4’yn] <
C56y,. Part (a) follows from

1—C56, — C50, <Pr[Y, < Caay, Prin [| Xn| > C1Y,] < Cyvn) < Pr [Pr|Wln (1 Xn] > C1Ca,] < Cuayn] -
Part (b) follows from

Pr I:PI'|W1n [

Y| > Coan] > &,] = Pr(1(|Y,] > Coony) > €] = Pr[|Ve| > Coan] < CsB,.

~ ~

Proof of Lemma 9. Denote Simp (v, 2;b) = pzSjmb (v | 2;b), Sjmb (v, 2;0,b¢) = DzpSjmb (v | 23 b, b¢) and Ly, (v;b) =
V- ]?AX (v, 2;b). Then, we write

§jmb (U,Cﬂ;ﬁ,ﬁg) — Sjmb (v, 23 h) =
% i Vi {Z:[\g[gl] (Wi,v;ﬁ, ﬁ() - 7/79[61] (Wi,v;ﬁ)} + in iyi {axl] (Wi,v;ﬁ> _ ng[gl] (Wi, v; h)}
i=1 ‘

- (\/Iﬁ Z”:Vz) (ﬂuz <U§/ﬁ> — Hu, (U§h)) - Ln 2 Vi {ZIE] (Wi, vs h) — fy, (v; h)} . (S90)
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By Taylor expansion,

S (A (W) - (R} =
i=1

1 & ~_ A —v\ [~ 11 & ~ Ai—v\ /-~ 2
% ;Vih 3/2K/ (,ﬁ) (Az — Az) 1 (Xz = .13) + 5% 2 Vih, 5/2Ku (,}z) (Az - Az) 1 (Xl = .13)
+ % >ou - L SRS (%”) (@ (W5 Wishe) 7o (26, X0) = a0 (W3, W) 70 (23, X))
i=1 i

1 — 1 ~ A —v A —wv
+ — v; e h73/2 K, ]A — K/ (J,\> qx W',Wi Ty ZiaXi
ONAFEEDY - =) 4o (W, W) (20 X))

i
=T} (v) + T} (v) + T§ (v) + Tf (v), (S91)

where A; denotes the mean value that lies between A; and AAZ By the concentration inequality for the maximum
of normal random variables (e.g., Giné and Nickl, 2016, (2.3)) and E [maxi<;<y |vi]] < v/log(n) (Giné and Nickl,
2016, Lemma 2.3.4), we have Prjyn {maxlgign lvi| > C14/log (n)} < 2n~%. By (S15) and Pr P\l S H} > 1—6,,

HJIAX (-,x;ﬁ) HI =0; (1,5n + n_l). Then, by these results, Lemma 8, (S13), Pr [/ﬁ S H} >1—6, and (S12),

3
T _ Of, log (n)

-1 -1
I nh3 7n ;5n+n I

| S L S 1) [1ax (aiF)
78], <1 v B2 (o) [ax (o

where the inequality holds on the event given by A < h with probability 1 — O (nil). Then by

1 3
Sy 108 (n)

1 3
I sl Sy /108 (n)

Pr | Pryn HT'i (
Wy 2 n~ Y\ 3

> Cyn™' | < Pr |Prjwp HT§ > Cn Y, A<h

3
Ao 2 ()71 S opnt |40 (1),

-1 T—3/2 .7
0t 20 o [ 1 5 s ) s ), 3> 2

we have HT2ji

=0} ( log (n)® / (nh3),n=*, 6, + n—l).

I
Let s; (v) == h~3/2K' ((Az —0) /ﬁ) (AAz - Ai) 1(X;==z) and S = {(s1(v),..., 8, (v)) ER":v € I,}. Then

HTfH = SUD(s,, syesufoy [P 2D visi|, where {n" 23T vysi (51,0, 8) € SU{0}} is a centered Gaus-
I, yeesSn = =

sian process, conditionally on the data. Let ||-||, , be the implicit norm on S induced by the Gaussian process:

2 .
(51,0 80) [l 0 = \/wa {(n*l/2 S visi) ] = /n 1Y | s7. It is easy to see

n

1 ~ .
=37 (i (0) = 50 (V)2 < | K| RSP A — o).
n

i=1

Therefore,

b

_5/27% (1)
N (= 1Ko B72A,8, |1l 0) < N (6, s ) € 14 22
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where ¢ (I;) denotes the length of I,,. Let o, = sup,, ¢ yes (51, sn)Hi2 = sup,¢er, Ejwr {Tf (v)Q] and then,

on < A, | sup— Z AiAiv Q]I(Xi =x) < g H]lAX( =0Or log () Op +nt
B vel, M h “\h I, p nh? ’ ’

(592)
where the second inequality follows from )K ! ((AZ — ) /ﬁ)‘ < ||K'|| . L (U;ﬁ) and the last equality follows from

(S12) and Pr {ﬁ > @} > 1 — §,. By Dudley’s metric entropy bound (Giné and Nickl, 2016, Theorem 2.3.7), the
above inequality and calculations in the proof of Chernozhukov et al. (2014b, Corollary 5.1),

oavn =12 K" || RS2
Ejw; [H 1 Iw] < \/1+1og(N(s757||-|n,2))de
onpVn 1/2HKN” 5/2A
1" o/
< (mwniea) [ SR s o ey
0
< (a v 2K R WA) log (¢ (1) n!/2), (S93)

when n is sufficiently large. Then, by the Borell-Sudakov-Tsirelson concentration inequality (Giné and Nickl, 2016,
Theorem 2.5.8), Py U lﬁ , > Ejwn [HTlﬁ , ] + ony/2 - log (n)] <n~!. By Lemma 8, (592) and (S93),

log (n) _ _

_ Ot 1 1 4

) 1 I, OP(W7TL 75n+n . (89)

Write

’Tjj 3/2K/ ( j U) Zl/i <(/j27 (Wj7W¢;ﬁ<) %:c (ZZ,Xz) —Qx (Wj,Wl) Ty (Zz,Xz)) .
Jj=1 h ' Zsﬁj

Then, in view of (S64), with probability 1 — O (n™! 4 4,,),

<pv2 | H]l (
H 3N, ~ n—1 AX

= =1, (v;ﬁ) \/% ; Vi (@,3 (Wj, Wi;ﬁg) %o (Zi, X2) — qu (W, Wi) 70 (Z, Xl-)) .

L 8,155 (895)

where

Conditionally on the data (W7"), (Z1,..., 5)) are centered and jointly normal. Then, since Pr {E € H} >1—6,, by

calculating the conditional variance and the ¢, inequality, with probability 1 — O (4,,),

Ewr 5% <15 (vih) Z %Z (adz (WjaWUE{) — Qdz (WjaWi)>27rm (Zi, X;)*

de{0,1} i#£]
- 1 —~ - 2 Py 2 = =
+1; (vsh) Y qudI (WJ—,Wi;hC) (o (Ziy X,) — 70 (Zi, X0))? = TE, + T,
de{0,1} i#£j
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By (S66) and Pr [hg € H| > 14,

~ o/~ ~ 1

uniformly in y € Iy, where Iy, is any closed sub-interval of Iy, (S96) implies that

~

Pr [ inf [Caq @dag (v); hg)‘ > ;gdz] >1-Co (' +45). (S97)

y€lyry

By (S63) and the ¢, inequality,

L (v; h) ﬁ > (qu:r (WJ»Wi;ﬁC) — Qdz (Wj,Wi))wa (Zi,X))* <
i#]

L; (v;h)

1 =8 % —a) 2 Gaw (Wi, W) — W WD re (7. X2
C:dm ((bdz (Y]))Q n_lg(gpdw( VR 1) Spdx( It 1)) 7Ta;( i z)

AT @dw(WjaWi)2]l(Dj:d/an:x) 1 = N N7 _ ‘ 2 ] 2
+ ]l] (U, h) e (¢dw (Y]))4 n—1 ; {Cda: ((bdm (Y}) ) hC) de ((bdm (Y}))} T (ZZ’Xl)
%) . . 2 —— = ~ ~ ~
+ ]lj (Uyﬁ) Pda (WJ7 WZ) ! (DJ d ,XJ x) ! 1 Z {Cdz <¢dm (Y]) ; hC) - de (¢dz (Y]))}4ﬂ-$ (Z17Xz)2 .

~ ~ ~\2 _
Caw (Pao (V) 1) Gao (90w ()" 75
By this result, (S97) and (S96), and using the fact

(1(% < 00 () ~ 1% < 60s () =

(1 (% € 3 )Y > 600 (%)) =1 (¥i > e (). Yi < 00 (1)) =1 (% € 8 () — 1% < 600 ()],

we have
1 . ~ 2
jmax 1 (vh) —— ; (qu (Wj»Wu hc) ~ ddx (WpWi)) o (20, Xi)* <
i#]
(n/ (0= 1)) (o + ) {2 (6+ 7)) + (I +2¢.%C } = 0; ( @,n—l + 5n> :

where ( is given by (S68) and the inequality holds with probability 1 — O (nil + 5,4;) in view of (S97). It follows

from this result that maxi<;<, |Tt;| = O} ( log (n) /n,n=t + 8, + 5,%) By (S97),

_ 1 N ~\2
j:ffll??f,nﬂj (U5 h) n_1 ;de (Wj, Wi; hg) (72 (Zi, Xi) — 7o (ZiaXi))z <
i#]

(/= )G @0t -6+ @2 - i)’y = 05 (Bt 40, ).

where the inequality holds with probability 1—O (n=! 4 65). Therefore, max; <<, |T§j’ =0, (log (n) /n,n~t +6,)

and it follows that 0% = O} (\/log (n) /n,n~t 4 (5n), where 0% = max;<j<,Ejwp [57]. By Giné and Nickl (2016,
Lemma 2.3.4), Ejwn [maxi<j<n|Zj]] S 0z4/log(n). Then by using the concentration inequality for Gaussian

~

maxima (Giné and Nickl, 2016, (2.3)), we have Prjyn» {maxlgjgn |=;5] > Cy/log (n)ag} < 2n~!. Tt now follows
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from these results, (595), H]lAX <~,z;ﬁ)

&

=031,

x

hS]

Clearly,

Ol Zh 32| K

n(2

where (n— 1) Y0 vige (Wy, Wi) 7y (2, X0), 5 = 1, ...,

data. By calculating the conditional variances,

max Ejyn (W5, W;) 7z (Zi, X)

j=1,....,n

=Y v
o iqx

Pr[ﬁz@]:

Zh 3/2

’L)EI n(2

nh?

_ o <log (n)
I,

) (5

n~!'+4,) and Lemma 8 that

(S98)

3\ 1/4
) N

max
1<j<n

n, are centered and jointly normal, conditionally on the

ZV’Lq’I‘ W],W)TI'T(Z,,X) 5
1#]

P =T

(S99)

2

= 7nn* 1 Z% z 7Tw (ZiaXi)2 :O; (1)
i#]
—0(6,) and H]lAX (-,x;ﬁ) =05 (Lt 4 5,),

N

x

T s o)
o

log (n)
nh3

,nt +5n) .

Then if follows from the concentration inequality for Gaussian maxima (Giné and Nickl, 2016, (2.3)), Lemma 8 and
(S99) that HTfH =0} (log (n) /Vnh3,n=t n=t + 5n). Now we have shown that
I.

Zn: {u[ll ( “Uaﬁvﬁc) ~ Ul (Wi,v;/l{)} = Og

uniformly in v € I.

Since n=1/23"" | v; ~ N (0, 1) is independent of the data,

Priwp l

n
n—1/2 Z ”
i=1

Decompose

Hu, (U; ?L) P,

([ fAX(vxh)f\/ﬁ~

log (n)® log (n)® Vi
ih?» + < ihz ) N RN P
(S100)
> /2 -log (n)] <on~t (S101)

fAX (v,x;ﬁ)) + (\/E fAX (v,x;ﬁ) —Vh- fo (v,x;h))

Z”H

" (k)

Uk,'l};h)
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By Lemmas 3 and 5,

(\/ﬁ-fo (v,x;ﬁ) - \/ﬁ fAX (v,x;ﬁ)) ~Vh L Z Mo (Uj, Uy, v; h)

@ ()
\ log(n) log(n) log(n)** [log(n)
=0, <5" n + nh3/2 + n3/Apt/2 nh3 +on ),

uniformly in v € I,. By Lemma 5 and (S79),

\/ﬁ-fo (v,x;ﬁ)—\/ﬁfo (v,x;h) = \/Z (fAX (v,x;ﬁ) —max (v,x;ﬁ))—\/ﬁ <J74X (v,z;h) —max (U,x;h))
+ (\//E-mAX (v,x;ﬁ) —Vh-max (v, z; h)) =05 ( log (n)en,n " + 5n) ;

uniformly in v € I,. It follows from these results and Lemma 8 that

1 n N N _ log (n) log (n)3/4
— , A i
<\/ﬁ ;w) (,qu (U, h) Fu, (v; h)) o, ( 32 + n3/4h1/2 \/10? + 6 |, (S102)
uniformly in v € I,.
Decompose
1 < ~
— AUl (W ov B — T . _
~ ; vy (U (W03 h) = T, (0:) }
1< n o
<n V1> ( ZH Uijk,U h) Z { Zh 3/2K/< - )qr(WZ,W) (Zj,Xj)
i=1 ™M) () — J#Z

J#i

L TE (v) + TF (v) + TF (v).

It follows from (S101), Lemmas 4 and 8 that ’

i, =08 (1o (n) /v n, og Gy Tl Waite

1 — _ A, —wv 1
~n > vhTPPK! (h) 1(X; =x) S > (1= Dy) Laa (W}, i) = DiLos (W, Y5))
i=1

J#i

Let Nyz (Ui, y) = Laz (9 (D4, Xi,€;), Dy, Zi, Xi,y). Then, by (S8), (S9), Kosorok (2007, Lemmas 9.6), Kosorok
(2007, Lemmas 9.6, 9.8 and 9.9(vi,vii)) and Chernozhukov et al. (2014b, Lemma A.6), M = {Ny, (-,y) : y € Iy, } is
G,[{Hm =0y ( log (n)) and

therefore, n=! ZJ 1 Laz (W,y) = O ( log (n) /n), uniformly in y € Iy,. And, therefore, by this result, (S15)

and
I ~1 A —
— —K’
=1

uniformly in v € I, we have

uniformly VC-type with respect to a constant envelope. By Talagrand’s inequality,

2
v *
) 1(X, = 2) < [Lax (Lash), = 0% (1),
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By [1 (02 = iZhK (Ah‘) 1(X; =) {n o > (1= D) €10 (V35) = D (Wm»}
— o <1°§;f)> ,

= (log( )/\/ﬁ) Write

uniformly in v € I,. Then it follows from arguments used to show (594) that HTéi ,

x

n

T# (v) f Z < fAX (v, ; h)) - % > v <ni1h1/2K <Ah”) 1(X; = x)) .

i=1

By (S5101), the fact HfAX (O h)’ L= O3 (1) and Lemma 8, (n='/23"" | 1;) fax (v,z3h) = )] ( log (n)), uni-
formly in v € I,. Tt follows from arguments used to show (594) that

1 3 p—1/2 SiTv ) = Of
NG ;Zl vih V2R (A — ) 1(Xi=2) =0} ( Tog (n)) : (S103)
uniformly in v € I,. Therefore, =0} (\/log (n)/n) and
= log (n) _ log (n)
. _ Nt 1
E: { (Wi, v;h) — (v,h)} =0; ( Ny ,nT el (S104)

uniformly in v € L.

y (S104), we can write

Sims (v, 23h) = Z AT Wi vih) =, (wih) ) + O (12%% 105}5;”)
= Ti(v) + T (v) + T (v) + O} <bgn¢(7:2),n—1, loj}ff)), (S105)
where
Ti(v) = lnzvz{hWK<Azh_v)]1( =2)—=>"h 1/2K< )]1()(]:3;)}
Tg(v) = in V’{nilth/QK/<Aj U)qL(WJ,W)ﬂ'J(Z“X)}
i=1 J#i
We have

n

T (v) = % S vk V2K (Ah‘) 1(X; =) - (\}ﬁ Z) (VA Jax w,a:1)) = 0% (Viog (m))

i=1

where the second equality follows from (n=1/23"" | v;) fax (v,z;h) = Og ( log (n)) and (S103). Write

5 (v) \FZ” (Ui, v;h) + sz{h B/QK’( = )ng(Wi,Wi)wx(Zi,Xi)},
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where HZ (U, v;h) = n"' Y7, Vh - H, (Uy, Ui, v; h). By arguments used to show (594),

1 & —3j2 0 Qi —v y (log (n)
— E ; K |——— Wi, W; Z;i X;) = — .
\/ﬁ 2 vih A qgc( i 2)7T:v< i z) Op h

By CK Lemma 5.4, the (data-dependent) function class $* = {’HﬁT (,u;h):v e IZ} is uniformly VC-type
(conditionally on the data) with respect to a constant envelope Fg: = Fy = O(h_3/2) so that we have
N (= 1Fsellpy 2+ 9% e ) < (4vA5/2)™, Ve € (0,1]. Denote G (f) = n~Y2 S0, vif (U;). Then,
{G” (f):f 6’ .VJﬁ} is a centered Gaussian process, conditional on the data. The intrinsic pseudo metric for £
induced by {G” (f) : f € H*} is given by H* x §* 3 (f,9) = Ejwn {(G” (fH)—G” (g))Q} = |lf = gllpv 5 - Clearly, all
sample paths of {G" (f):fe .6”} are continuous with respect to (f,g) — ||f — 9”P5{,2~ Let 8%,1 = supfeﬁuIP’ng =
sup,er,nt>or HE (Ui, v; h)?. Then we have

fzm U, v; h)’ 3ZZZh3K’( () v )Cx(Uj’Ui)K/(%:H%(UhUi)

=1 j=1 k=1
5 gy, 007 . .
=: n32227r Ui, U, Uy, v; h) = Z Jo (U3, Us, Uy, v h) + oy 32> o (Ui, Ui, Uy, w3 h)

i=1 j=1 k=1 (3) (2,5,k) (i,k)

~ L. 1 ~ N g\ —1
+(Z}€)Jx(Uk,Ui,Ui,v;h)+_§;Jx<Ui,Ui,Ui,v;h) n(g)(2)J$<Ui,Uj,Uk,v;h)+Op((nif) ).
, 1= 2,7,

uniformly in v € I, where the third equality follows from V-statistic decomposition (Serfling, 2009, 5.7.3) and
the fourth ~equality follows from the fact that n(; Z(i,k) To (Ui, Ui, Uy, v; h), n(; Z(i,k) T (Uk,U;, Ui, vy h) and
n~t 3" Jo (Ui, Ui, U, v; h) are all bounded by a constant that is O (h~3). By using similar arguments that are
used to show (S77),

1 = o Jlog(n) [log(n)
- Z jx (U“U],U]m’l},h>:‘/2(’1}7.'15,}7/)4-017 (\/ TLh‘S a\/ TLh3 )

@) (i k)

uniformly in v € I,,. Therefore, since ||V (-, z;h)|; = O (1), we have 8%,1 =0, (1, log (n) / (nh3)>. By Dudley’s

metric entropy bound,

Gasvn 2 Fas |y
/ ' 1+ log (N (z—:,ﬁ”,ll~\lpu 2>)ds
O n’

Ewr [IG"]5:] <
6ﬁﬁv"71/2||F.6ﬁHPg,2
= Bl [ Ve g (N (5.9 g o) )
2 | :
< (333;1 v Tl/? \|F5n||]py72) \/Vglog (16A})/2n1/2).

By the Borell-Sudakov-Tsirelson concentration inequality, Pryy» [HGVHN > Ejwr NIG ]l g¢] + Tt /2 - log (n)] <
n~L. Therefore, by Lemma, 8,

sup
vely

Zn: iHE (Ui, v; h)

= 116" s = <\/1og Lal )
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We have shown that HTgHI =0} <log (n) /v/n,n=t, \/log (n)/(nh3)) Then it follows that ||Sjmp (-, z;R)||; =

o)} («/log ), n~", \/log (n) (nh3)).

Write
S5 (0, 23b, h) = —— nu{b?[l](Wvb) ”(th} Z h12n (A ) 1 (X, = )
n — (3 x (2 (2 f h » 2
1 ” ;
NG VZ n—lzh 3/2[/( bh)qx(WJ,W)m(Z“X) =T} (v;b,h) + Ty (v;b,h) .
i=1 Ve
Then we have T{ (v;b,h) = n~ V23" | v,EL (Uy, v;b, h) and

TA . _ —-1/2 .
2 (b, h) (n )( Zu% qu,b,h)> n—l Zul (U, v;b, ),
where H2! (U, v;0,h) = n~1Y"_ HE (U, Ui, v; b, h) and

A st = 0752 (S h) (0 (1 P e ) o (21,0

Let 03, = supscesPlf? < ogs + \|IP’£{—IP>U|GM, where €44 = {Sﬁ (-,v;b,h)? ¢ (v,b) € I, XH}. It is
2

shown in the proof of Lemma 5 that o3, = O (e2). By Chernozhukov et al. (2014a, Lemma B.2) and
the fact that €* is uniformly VC-type with respect to an O (e,/h'/?) constant envelope, €% is uniformly
VC-type with respect to a constant envelope Feao = O (e2/h). Let 0%.. = supfe@MIP’Uf2 = O (er/h),
where the second equality follows from Taylor expansion, change of variables and (S38). By Talagrand’s in-
equality (Chernozhukov et al., 2016, Lemma 6.3 with F = €22, b = Fgss, 0 = ogss V b\/m
t = log (n H(GUHGAA = O*( log (n) /h) Therefore, HIP’,[{ —PU‘ esn = Op (5% log (n)/(nh)) and 0z, =

03 (¢2). By Dudley’s metric entropy bound, Ewr [IG"lgs] = O} (en log (n)) By the Borell-Sudakov-

Tsirelson concentration inequality, , Prjyn [HG”H@A > Ejwn (|G| ga] +Tes /2 - log (n)} < n~!. By Lemma 8,

ITE (i M) = 1G]l = O (enm) Let §%F = {M2% (- ,v;b,h) : (v,b) € I, x H}. Then we have
SUD () e 1, xH In=V2 300 vHAR (Ui, vsb,h)| = |G¥]|ga¢- By CK Lemma 5.4 and the fact that $* is uniformly VC-
type with respect to an O (sn / h3/ 2) constant envelope, $2# is uniformly VC-type with respect to a constant envelope
Fgss = O (,/h*?), conditionally on the data. Let 0fa = Sup pegosPy f2 = sup,ep n=t Y0 HE (U, b, h)?,

where

1 e 1L "1 Ay (e) —v Ay (eg) — v
;gﬂﬁﬁ(w,v,am :ngzzzth’<;L,bh C. (U;,U) L = —ibh ) G (U, U)

i=1 i=1 j=1 k=1
= %ZZZ«ZA (Ui, Uj, Ug,v;b,h) = L Z T2 (Ui, Uj, Uy, v; b, h)
i j=1k=1 n(3) k)
O (n71)

2 Z jzA (Uu Uia Uk,’U; b7 h’) + Z ij (Uk:a Ui7 Ui,?};b, h) + ijA (Ui7 Uiv Ui7’U; b7 h’)
i,k

(3,k) i=1

= Y G (UL U uib ) + O (2 (nh?)),
") (i)

3n2 —2n

where the third equality follows from (S35). By Chernozhukov et al. (2014a, Lemma B.2) and the fact that $*
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is uniformly VC-type with respect to an O (£,/h%/?) constant envelope, 38 = {jf (,v;b,h) : (v,b) € I x ]HI} is
uniformly VC-type with respect to a constant envelope F5, = O (5% / h3). Therefore,

O'ﬁAu < sup E[f (U, Us, Us)] + /2 HU(?’)H + 0 (e2/ (nh?)) .
fe3e

It is shown in the proof of Lemma 5 that

sup E[f (U1,Us,Us)] =  sup E{ij(Ul,UQ,U37v;b,h)}: sup E{HQW(U,u;b,hﬂ:0(52).
fede (v,b)€l, xH (v,b)€l, xH

Then we use similar arguments for proving (S77), which involve

E [(E [ij (U1, Us, Us, v; b, 1) | U1D2] 4B [(E [j; (U1, Us, Us, v; b, 1) | Ug]ﬂ =0 (e4/n) (S106)

and

E [(E [jf (U, Us, U, v: b, h) | Ug,Ug])Z] +E [(E [jf (U1, Us, Us,v: b, h) | Uz,Ug}ﬂ
+E {(E [j; (UL, Uz, Us, v0; b, h) | UQ,U:),W] — 0 ("), (S107)

uniformly in (v,b) € I, x H. (S106) and (S107) follow from calculation and (S35). By CK Proposition 2.1
with H = ji, Ty = O35y, Oy = OFa(z), bg = by = F5u, Xn = 0, ¢ = 00 and v = y/log(n) / (nh3), we have
n~1/? HUS’)HjA = Oy (Ei\ﬂog (n) / (nh3), \/log (n) (nh3)>. Therefore, 63.; = O} (5%, log (n)/(nh3)> By
Dudley’s metric entropy bound, Ejy» [||G”||mﬁ] = 0, (\/log (n)en, /log (n) (nhS)) By the Borell-Sudakov-

Tsirelson concentration inequality, Pryy» |:||GV||5’_)Aﬁ > Ejwn [HG”HﬁAn] + 0g0i4/2 - log (n)] < n~!. Then it follows

from Lemma 8 that [|G¥ ||, = O} (\/log N)En, N log (n) / (nh3) ) Let A2 == {AZ2 (-,v;b,h) : (v,b) € I, x H}
and therefore, sup, ez, xu |7~ V250 AL (UZ,U b,h)| = ||G”||QIA Let 030 = sup sequPy f2 < suppeqaPV f% +
||IP’7[{ - IP’UHQIM, where 224 = {A_ﬁ (-,0;0,h)% : (v,b) € I, x ]HI}. By using similar arguments for proving the fact

that $% is uniformly VC-type with respect to an O (e,/ h3/ %) constant envelope, 2* is also uniformly VC-type
with respect to an O (6n/h3/2) constant envelope. By Chernozhukov et al. (2014a, Lemma B.2), 2(*% is uni-
formly VC-type with respect to a constant envelope Fyss = O (e2/h?). Then, by change of variables and (S35),
O3sn = supfeglM]P’UfQ =0 (Efl/h‘r’). By Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with
F =A% b = Fyss, 0 = ogos Vby/Vauslog (n) /n, t = log(n)), |Gullgsn = O} (5% log (n) /h5) and there-
’PTZ{ — IP’U| aee = Oy (5% log (n) / (nh5)). By change of variables and (S38), sup eqsPYf2 = O (€2 /h?).
Therefore, 53, = O (¢%/h?) and by Dudley’s metric entropy bound, Ejw» [|G¥|ly.] = O} (sn log (n) /h2) by
Borell-Sudakov-Tsirelson concentration inequality, ||G" ||y = Og (em/log (n) /hQ). Therefore, |75 (3, h)[|;, wm <

(n/ (= D) G s + 1G¥ s / (1~ 1) = O (2/Tom (), ", \/1og (n) / (A) ). Therefore,

fore,

HSA (-,

( ny/log (n nh3 ) (S108)

By Pr [ﬁ € H] > 1 — J,, and monotonicity of conditional expectations,
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Pr [Prwln {HSA (-,x;ﬁ,h) ,

<Pr |:PTW1" {HSA (-,x;ﬁh)

> Cie,4/log (n)] > an_l]

, > Cre,4/log (n)} > Cyn 1 h e ]HI] + 0p,

log (n)

< Pr [PT|W1" [HSA (-, 73 + 6.

h)HImxH > Cheny/log (”)} > Czn_l} +0, <C3

Then it follows that HSA (~,x;ﬁ7h) HI =0} (sm/log (n),n=1, \/log (n) / (nh3) + 5n). It then follows from this

result, (S90), (S100), (S102) and (S104) that

1/4
~ ~ log (n 3 log (n 3
Simb (v,x; h, h4> — Sjmb (v, ;3 h) = Og n§L3) + ( niﬂ) + en/log (n + O 4 05

It follows from this result,

:S?J-mb (v,x;ﬁ,ﬁg) <p$ > . §jmb (v,x;ﬁ,ﬁg) — Sjmb (v, x; h)
Y2 D Pz

9

§jmb (v | x;ﬁ,ﬁg) — Sjmb (v | 23 h) =

-1
pa/Pe =1 = 0} (VIog (m) /n) and [|Syms (@ )|, = O (V/log (), n 1, /log (n) / (nh?) ) that

; 1/4
~ ~ ~ log (n)? log (n)?
Simb (U | $§h’hc> — Sjmb (v | 23 h) = Ofﬁ? i%g) + < ii(zQ) ) eny/log (n \/ + On + 65

(S109)
Write
N PN Simb (v \ x;fl,ﬁc) V(v]|a:h) Simb <U \ x;ﬁ,ﬁg) — Sjmb (v | @3 h)
Zims (v 231 ) =By (0 731) = —— e —— 1|+ anE
(v ] 2;h) \/V(v|x;h7h<) (v ] 2;h)
(S110)
The  conclusion follows from  this  result, (55), (S110), (5109), [[Sjmb (- 23 R} =

Of, (\/log (n),n=1,\/log(n)/ (nhd)) and Lemma 8. [

S3 Bias correction

We maintain all the notations with K replaced by the bias-corrected version M (-;b,b,). We also change the
definitions of fay (v,23b), fax (v,2:b), max (v, 2:b), Ha (U;,Uj,v;b) and Y (Ui, v;b) by replacing K (-) with
M (-;b,b,) to get Abc  (v,2;b,bp), ~ZCX (v, 230, bp), Mm%y (v,23b,by), HEE(U;,U;,v;b,b,) and ’HLI]’bC (Ui, v;b,bp).
Similarly, we use the superscript “bc” to denote the bias-corrected versions constructed by replacing K (-) with

its bias-correcting counterpart. The result presented in Section 4.3 is implied by the following theorem.

Theorem S1. Suppose that Assumptions 1-5 hold with P = 2, the third-order derivative functions in Assump-
tion 2(a) are Lipschitz continuous, h o n=> with 1/7 < XA < 1/4 and he o« n=>¢ with 1/8 < A\¢ < 1/2. As-
sume that there exists some deterministic bandwidth hy, and positive sequences €°, 62 that decay to zeros such that
Pr [A > 52] < 60, Assume that h/hy, — < € [0,00). Then,
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[me (v|z)e C’Bme (v | I;;\l,ﬁg,/}\lb) , Vv € Lc} =(1-a)

-\ 1/16
1 5]
+0 <Oif<g)> +log (n) £y ,, +10g (1) (en +€7) + 8n + 0 + 05 + v/log (n)Vh“hy | . (S111)

We show that Lemmas 3 and 4 still hold if fAX (v, x;b), fAX (v, z;b) and H, (U;, Uj,v;b) are replaced by their
bias-corrected versions. The proofs are based on modifications of the proofs of Lemmas 3 and 4. We present
these results as lemmas and sketch how the proofs of 3 and 4 are modified. Denote Hy, := [hy, hp|, where hy, =
(1 —eb) hy and hy == (1 +5) hp. M’ (u;b,by) and M” (u; b, by) are defined by M’ (u; b, by) :== OM (u; b, by) /Ou and
M" (u;b,bp) = 0*M (u; b, by,) /Ou?.

Lemma S1. Under the assumptions of Theorem S1,

log (n)  log (n)**
Zbc . Tbe . bc * g g
fAx (,@50,bp) — fAx (v,25b,bp) = ()(ZZJ:)H (Us, U, v3 b, bb)"'O ( nh2 + n3/4h )

uniformly in (v,b,by) € I, x H x H,.

Proof of Lemma S1. Denote C’}? =||K®]|_ v HKék+2)H prczs 17 (0:6,00) = L; (0;6) + (b/by)* ™ 1; (v )

and

b\ 2HF
]l(Ak) (v, 2;b,by) : z:b]l(lC (v3b,bp) 1 (X —a:)z]lAX(v,a:;b)—&—(I)l)) Tax (v, x;by) .
By using
M (A )| < c® (‘A —v<b) b 11((4-—1; )
b » Yy = K bb 9
we have

1-0(n ") =Pr[A<hAh] <
A —
M”( ; ”;b,bb>

Then, by (S15), [[1ax (- 2;°)ll;, xm, = Oy (1), which follows from similar arguments used to show (S15), and
h/hy = ¢ € [0,00),

Pr

)(v;b,bb)]l(Xi =),V (i,v,b,by) € {1,....,n} X I xHbel .

(S112)

<||1AX<~,x;~>||Imxﬂ+(hb) Iax (oai )y, =05 (). (S113)

H]]- N 7')

I, xHxHy,

Then, by this result and (S112), we have

~ 2 _
Z - b, by (Ai—Ai) 1(X; =) <Hn<2> ) b2A°
(vbbb)ellebe i—1 b T, xH < H,
« (log(n)
:op< e ) (S114)
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where the inequality holds with probability 1 — O (nfl). By

. b\ AHF by
2 st < (10l <0+ () 1 (<)), (s115)
b

(S15) and [[Lax (-, z;)|l;, wm, = Op (1),

liiM’ Az (- a)1(x, —ZH"CW L 0ibby) + O g™ g6

nia b b ™M) 7) ; o P n3/4h '
Then the assertion of the lemma follows from (S114) and (S116). [
Lemma S2. Under the assumptions of Theorem S1,

be ¢ log log (n
—Z’H, (U, Uj,v; b, b) = )
ne) & ! ”h3
i

uniformly in (v,b,by) € I, x H x Hy,.
Proof of Lemma S2. It is easy to check by simple calculations that [ M’ (u;b,bp)du = 0 and

J M’ (u;b,by) M (u;b,bp) du = 0. By using these results, (S115), repeating the same arguments with K (-) re-
placed by its bias-corrected version M (-;b,b,) and h/hy, — ¢ € [0,00), we have E [ L,l]’bc (U, v; b, bb)2] =0 (hfl)

and E ['H?f (U1, Uz, v; b, bb)Q} = O (h™?), uniformly in (v,b,by) € I, x H x Hp. Since

HEC (U, Uz, v;b,bp) = sz/('(eb)U;bybb)Cx(Ui,Uj)

() (2) o (B e

and it follows from the same arguments that {Kég) ((Az () —v) [bp) : (v,by) € I, X Hb} is uniformly

VC-type with respect to a constant envelope. By Chernozhukov et al. (2014a, Lemma B.2),
{ch (,v30,bp) : (v,b,bp) € I, x H X Hb} is uniformly VC-type with respect to an O (h*Q) constant envelope. Then
the assertion follows from the same arguments. |

The following result is an analogue of Lemma 5 under bias correction.

Lemma S3. Under the assumptions of Theorem S1, (a)

@)

Z H2 bc (Ui, Uy, v;b,bp, h, h) | = O ((sn + 52) v/ log (n),

(4,9)

g@), (S117)

m(“gcx (0,23, by) — mbEx (u,x;b,bb))—\f (fAX (v, 25 b, ) — M55 (0, 5 R hb)) oy ((gn +eb) y/log (n)),
(S118)

uniformly in (v,b,bp) € I, x H x Hy. (b)

uniformly in (v,b,by) € I, x H x Hy,.
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Proof of Lemma S2. Let N (u; b, by, hy hy) = (h/b)"/? (b/bp)> K/ ((h/bp) ) — (h/hw)® K[ ((h/hs) u). Then,

1/2
(Z) M ((Z) u;b,bb> — M (u; h,hy) = L (u;0,h) — N (u; b, by, h, hy) pixc,2- (S119)
Let
N (b by, ) = ORIl
ou
(NN e (PN (Y ko (1,
b by b by hp b hp
AN AN AR YA W\ [ & ((h @ ([ h
= — — ) - — K — — K — - K, —
L)) Go) e () e () fo (G- () )
= NT (U, ba bb» hv hb) + Ni ('LL, bv bba ha hb)
And let
b _3/2 Ay (&) —v
Ha; (UivUjaU;b7bb7hahb) = h NT T;bvbba}%hb Cx(UZaU])
1,bc —3/2 Ay (€) —v
Hd (Ui7UjaU;b7bb7hahb) = h N_T. T;hbbah?hb Cw(Uz;Uj)
Then

HE (U, U, 03, by, by hy) i= Vb - HES (U, Uy, 050, b,) — Vh - HE (Ui, Uy, w3 by )
A (e) — A (e;) —
— p-3/2 {L’ (W;b,h) N (“”(E;L)q];bﬁb,h,hb) MK,z}Cz (U, U;)
= H2 (U;,Uj,v;b,h) — {HIP (U;, Uj, 030, b, hy hy) + HEP (U3, Uy, 030, b, by ho) } prca. (S120)

It is easy to check that

Csp = sup
(b,by) EHXH,

B @) G- 25 -0 () )
Q- @@ ) o

By similar arguments and using h/hy — < € [0,00), {HIPC(-,v;b,bp, R, hp): (v,b,bp) € I, x H x Hyp }
is  uniformly VC-type with respect to an O ((En + EEL) /h3/ 2) constant envelope. Similarly,
{Hi’bc (-, v;b,bp, by hp) @ (v,b,bp) € I, x H X Hb} is also uniformly VC-type with respect to an
O ((en +€5) /h3/?) constant envelope. Therefore, by (S120) and Chernozhukov et al. (2014a, Lemma B.2),
{’Hﬁ’bc (-,v;0,bp, hyhp) : (v,b,bp) € I, x H X Hb} is uniformly VC-type with respect to an O ((En + 62) /h3/2)
constant envelope. (S39) holds if L (-;b, h) is replaced by L (-;b,h) — N (-;b, by, h, hp) ftic,2. By this result and

And similarly,

Cyp = sup
(b,bb) €H x Hy,

PN e@) (1425 b by /b
N (us b, b, b )| < {03,n||Kg||m+<hb> 1= o)1l ()
! 1+eb h
IN' (u; b, by, b, hp)| < {cm Kég)H +<h) HKé@H (1+i3)53}1(|u|§(1+53);), (S123)
o b o —&n

545



we have the first assertion.

It is easy to check that

Vnb (]?ZCX (v, 2;b,bp) — M5y (v, 23 b, bb)) —Vnh (]?ZCX (v, 23 h, hy) — Mm%y (v, 23 h, hb))
= {\/% (fAX (v,2;b) — max (v,x;b)) —Vnh <fAX (v,z;h) — max (v, z; h))}

{;hi( < - bbb,hhb> {N(Avaw’bbahvhb)])}MK,Z

We have

rz;( ( bbb,hhb> (X :x)—E[N(Ah_v;b,bb,h,hb)n(sz)D:O;((sn+eg) log(n)),

uniformly in (v, b,by) € I, x H x Hj,. |

Let Vb (v | 2;b,bp) be deﬁned by the formula of V (v | x;b) with K (-) replaced by the bias-correcting kernel
M (-;b,bp). Let VP (v, 2;b,by), VI (v,2;b,by), Ve (v,x;b, by), 1711": (v, x;b,bp) and 172"‘: (v, 2;b,b¢,by) be defined by
the formulae of V (v, z;b), V4 (v,:v,b)7 Va (v, x; b), V1 (v,z;b) and 172 (v,2;b,b¢) with K (-) replaced by M (-;b,by).
Similarly, we replace all the notations defined in the proof of Lemma 7 with their bias-corrected versions, which

simply replace K (-) with M (;b,by). The following result is an analogue of Theorem B1 under bias correction.

Lemma S4. Suppose the assumptions of Theorem S1 hold. For some constants C1,Cs > 0, when n is sufficiently

large,

Pr {
Proof of Lemma S4. We apply similar arguments used in the proof of Lemma 7. It can be shown that all
_ \/ log (n \/ log (n
N nh3

_ \/ log (n \/ log (n
IxHxH, nh3 ’

"A/bc ( | x;/ﬁ,/ﬁg,ﬁb) — V(| z;h, hy) ,

> C (kY (7) +en —&—52)} < Co (kY (V) 4+ 8, +65 +68), ¥y e (0,1).

x

intermediate results are still valid. E.g., by using

HTAX 2 rbACX() €T3 7')

HfAX s Ly oy leX(?x;'7'>

we can show that (S40) is still valid:

HVIbC (', L5y ) - Vlbc ('71'; " )

_ o \/log(n) \/log(n)
IoxHxH, P nh ’ nh3 '

Similarly, we use a similar decomposition for "/ch (v,2;b,bp) — VZbc (v, x; b, bp), which is given by the right hand side
of the first equality of (S41) with K (-) replaced by M (-;b,b,). By (S12), (S112) and mean value expansion, we get
the second equality of (S41). It is easy to see that (S43) also holds for Ké4) ((AJ - v) /bb). Then, by this result

and (S43),
1 1 A —w Aj—wv
T (v:b,by) = —— — M| =0 M”( ;b7b)
3¢ (03, by) n(g)(z b4< ( ; ) —b.by
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~ A —v
x (Aj ~ A;) 4z (W;, Wi) M (’“b;b,bb> 4o (Wi, W) 1(X; = 2)

() e

Akfv

x (A]- - Aj) " (Wj,Wi)M/(

. .
BK2 1/7b @ [4j—v) @ (4 o
n(3) (”Zk) b (bb> (Kb by Ko by 1; (vibo)

~ A
% (Aj - AJ’) 4z (W, Wi) M (k ;b bb) Gz (Wi, W) 1(X; = ),

uniformly in (v,b,by) € I, x H x Hyp, where the second equality holds with probability 1 — O (n™'). Then by the
triangle inequality, (S15), (S12), |Lax (@5 )7, wm, = Op (1), B/hy — ¢ € [0,00), (S115) and (S113), we have

HTQbCHIT,XHXHb =0, (log (n) / (nh?)). By (S115), (S113) and Lemma 2, we have

1 1 3/4
TP (v;b,by) = — Z K2 (Ui, Uy, Ui, U, 03 b, by) + O} << Ogn(")) h—2>,

@) (i m)

uniformly in (v,b,b,) € I, x H x Hy. By Chernozhukov et al. (2014a, Lemma B.2) and h/hy, — ¢ € [0,00),
&P is uniformly VC-type with respect to an O (h™*) constant envelope. Note that (S53) and (S59) with K (-)
replaced by M (-;b,bp) hold. It also holds that [ M" (u;b,by)du = 0. By calculations with K (-) replaced by
M (+;b,bp), (S115) and h/hy, — < € [0,00), we have afﬂ‘(l%bc =0 (h_l) and U_Qﬁ@)ybc =0 (h_s). Therefore, by the
same arguments, (S60) with & replaced by £°¢ holds. Therefore, (S61) with H‘/Q (a;-) — Va (-, 23 .)waxH replaced

holds. By

by [V o) = Ve )|

A
M’( o ”;b,bb>

(S113) and (S65), ||T3bc||11xHbe = O;( log(n)/nhz). Similarly, we show that |77 HI HxH,

O;( log(n)/nhz). By (S112), (S124), ¢ = O} (\/log(n (nhe) +h%>, R = O;( log(n)/n>, ¢ =
Oy (\/log (n) /n) and (S113), the last equalities of (S69) and (S70) also hold for ||T£S

ITESN ) e, - BY (S124) and

Pr

2

1(X; = 2) < CO1Y (05b,bp) 1 (X = ),V (i,0,b,bp) € {1,....,n} x I, x H x Hb]

=1-0(n""), (S124)

and

1
sup - ZZ.;)C (Ui,Uk,U,e;b,bb) = O; (1)7
ee[sxfm] o) (4,k)

uniformly in (v,b,b,) € I, x H x Hy, which follows from similar arguments and calculations, we have
175, s, s, = O3 (V108 () 7 (he) + 2, /log ( )/(nh)). By = Oy (\/log (n) / (nh¢) + h?), (S67) and
=03 ((w /log (n) / (nh¢) + h%) ,y/1og (n)/ (nh)) Then by similar arguments,

(S124), ||TEc

1 1 A —v Ap—v log (n)
ZbSM/< ]b ;b7bb>Q(Wj7Wi§bC)M/< ; ;b,bb>Q(Wk7Wi;b<)]l<Xi:l‘):O;( o |

"3) G5k
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Then we have

= - [log (n) | [log(n) /log (n)
bc . _ Y/bc . — O* 2
‘/2 (Uava7 b{7bb) V2 (U,l‘,b, bb) Op < ’I’Lh2 + nhc +h(7 nh )

uniformly in (v, b, b¢, by) € I, xHxH¢ x Hy,. By similar arguments, (S77) with HVg (ha;) = Va(,z;)

replaced
I, xH

holds. And, therefore, Vv € (0,1),

by |V o) = W )|,

< Cary (7)),

Pr l sup 172 (v,2;b,b¢,by) — Vo (v, 23 b, bb)‘ > le-@}/ ()

(v,b,b¢,bp) €1, xHxHe X Hy

when n is sufficiently large. By change of variables and using (S119), (S123), (S38), (S115) and

() eon) e

= ((Z)m M ((IZ) u;b, bb) + M (u; h, hb)> (L (u;b,h) — N (u; b, by, b, hy) pirc2)

we have r%y (v,2;b) — %y (v,x;h) = O (e, +€5). By (S119), (S38), (S123) and change of variables,

Vo -mPy (v, 50,bp) — Vi -m%y (v, 230, h) = O (\/E (en + 5‘,’1))
b- mbACX (v, z; b, bb)2 —h- mbACX (v, x; h, hb)2 = 0 (h (6n + 52)) , (S125)

uniformly in (v,b,by) € I, x H x Hp,. By change of variables, integration by parts, (S38) and (S123),

/mb*”/?M/ (AI(Z)_U;b,bb> pz (€) Fyx (e| ) de—/zh*“/zM’ (A“(Z)_”;h, hb> pa (€) Fyx (e | ) de

=z =z

—n [ (L’ (A’”(‘;)‘”;b, h) N (A””(Z)_”;b, by . hb) uK,2> o (€) Fax (e | 2)de = O (W12 (e, + 22))

=z

and

/ sy (A'T(?v;b,bb> pz (€) de — / Chesar (A‘”(Z)”; h,hb) pz (€) de

€ A _ A —
= h_3/2/ (Ll <$(Z),U7 b7 h) - N/ (w(;l)vv ba bba h7 hb) ,U/K,Q) Px (6) de=0 (h1/2 (En + 52)) )

=z

uniformly in (v,b,by) € I, x H x Hy. Then, by tedious calculations, we have

h\? h h
<b> M’ <bw;b, bb> M <bu;b, bb> — M (w; h, hy) M (u; by hy)

< Cep (11(|u| <l+4e)+ (&)31 <u| < (1+¢b) }Z’)) (]l(|w| <1+4e,)+ (}Z))S]l <|w| < (1+e) f;:»)) ,
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for some C; , = O (sn + 52). By using this result and

/ <Z)2M’ ((’;) w; b, bb> M ((Z) w; b, bb> dw = /M’ (w3, hy) M (w; b, ) dw = 0,

we have

V;; (v,2;b,bp) — ‘72b§ (v, z; hy hy)

conet [ (5 ar () ) ar ((3) ) a0 st a1 |

X Yz (hw +v) Xa,5 (hw + v) dw
w h 2 , h ] h . , . .
_2//_0C {(b) M ((b) w’b’bb> M ((b) U,b7bb> - M (w,h,hb)M(u,h,hb)}
X 1y j (hw 4 v) X}, ; (hu +v) dudw = O (en + gz) .

Then it follows that V< (v, z; b, by) — V3 (v, @5 h, hy) = O (e, + £5), uniformly in (v,b,by) € I, x H x Hy. Then the
assertion follows from arguments in the proof of Theorem B1. |

The following result is the analogue of Lemma 9 under bias correction.

Lemma S5. Suppose the assumptions of Theorem S1 hold. Then,
me(v‘xhhc7hb) me(U|{Ehhb)

1/4
I
Vnv/lo +<Og ) + (en +€5) Vlog (n),n™ ", Ky, + 6, + 85 + 65

Proof of Lemma S5. We use an expansion similar to (S91), where we replace K (1) with M (/ﬁ ﬁb) By
Pr[(Rhw) € Hx Hy| > 1 (5, +08) and (s113), |15} (2P hb)H — 0% (1,n" + 6, +68). Then by this
result and (S112),

HTQu,bc

< C;?)\/ﬁ~ﬁ_3/2 (max |vil ) H]l(jgc (~,m;ﬁ,ﬁb)

1<i<n

@

y (S115),

~ 5
1 — g
\IZ be (1) — sbe (v/))* < O 1+<f) %2 A v — ']
n h

i=1 b

Then by this result, Pr Kﬁ,ﬁb) € H x Hb} >1- (5n + 5,‘;)7 h/hy, — ¢ € [0, 00) and repeating the same arguments in
the proof of (S94), we have HTIﬁ’bc L= 03 (log (n) /Vnh2,n=t,n=t + 6, + 52). In view of (S124), with probability

— O (6, + 65 +n7t),
<p 12 o ‘ 1) ( z: 0,k )H max | |
I, ~ n—1l-ax " oe 1, 1<j<n 73 1
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where

~ o~ 1 ,\ ~\ ~
=1 (U;h\/ hb) \/ﬁ;% (Q:c (WjaWi§hC) 7o (Zi, Xi) — g (W5, W) 7o (Ziin)> .
Ak;( ('ax;ﬁaﬁb> I

= 0t ((tog(m)? ) (nh2)) " ntnt 5, 1ot ). Tt al
L =9 (og(n) / (n )) n e+, +62 ). It also

Then by Pr [ (5 Jip) € H x Hy| > 1= (6, +05),

= Oy (1, n~t 46, + 52), and repeating the

ft,bc

arguments in the proof of (S98), we have HT

)T4’bc L= o} (log (n) /Vnh3,n=' n~1 44, + 52). Therefore,
(S100) with §,, replaced by 4, + 62 still holds for the bias-corrected version. It follows from (S101), (S125) and
Lemmas S1 and S3 that the bias-corrected version of (S102) holds. The bias-corrected version of (S104) follows
from repeating the arguments in the proof of (S104), Lemma S2, (S115) and

*Zh (

uniformly in v € Iw. Then by repeating the arguments in the proof of [|Sjmp(a;h)ll; =
Of, (\/log (n),n=t,/log (n) / (nh3) ) where K (-) is replaced by M (-; h, hy), and using (S115) and h/h, — ¢ €
[0,00), we have HSﬁﬁb @3 hy hy) H =0} (N/log L Vlog (n)/ (nh3)> Similarly, we can simply modify the

proof of (S108) by replacing K () with M (+;b,b,) and M (-; h, hy). Then,

follows from similar arguments and (S112) that

h
I

2 7
hhb) 1(X; = ) < || Lax <~,x;h>||,z+( ) ILax (oo, = 05 (1).

SBPE (v, 23D, by, h, ) 1= %Zm {d2e (Wi, 3, by) — UL (Wi, 5 h, ) }
=1
1 - Ai—v Ai—v
e (2] v (S ) r05-)
=1

1 n 1 73/2 / Ajfv , Aj*’U
= i L 7ba - N 30, 7ha T js VVi) Zi7X’i
+\/ﬁ;1/ n—1;h ( - h 30,00, B ) puaca | o (Wi, Wi) e )

Then by a modification of the arguments used in the proof of (5108), where (S123) and the fact that the bias corrected
versions of the function classes are uniformly VC-type with respect to constant envelopes of order O ((En + 5—:5’1) /Y 2)
or O ((en + %) /h*/?) are used, we have

HSA’bC (,.’II, BEE} h7 hb)

=0} <(€n+5)m nh3 )

Then, by Pr [(ﬁ,/fzb) e H x Hb} >1—0, —0p,

‘ GA.be (~,m;ﬁ,ﬁb7h,hb> L= Og <(€n +e ) Vlog (n —1—5 —|—5b>
Then the assertion follows from repeating the arguments in the proof of Lemma 9 and using Lemma S4. |

Proof of Theorem S1. It follows from standard arguments for kernel density estimators that mP %y (v, 23 0,by) —
fax (v,2) =0 (h2hb), uniformly in (v, b,bp) € I, x H x Hy,. The assertion follows from using this result in place of
(11), using Lemmas S1, S2, S3, S4 and Lemma S5 in place of Lemmas 3, 4, 5 and 9 and Theorem B1 and repeating
the arguments in the proof of Theorem B2. |
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S4 Nonparametric bootstrap

We denote PV f == n=t 3" | f(W7) and GYY™ = /n (P —PY). PV and GY are defined similarly. Let
pro=ntY 0 1(XF =1), fZX (v, z;b) = ﬁ;fZlX (v | x;b) and let fZX (v,z;b) be the nonparametric bootstrap
analogue of fax (v,z;b): fiy (v,2;b) = (nb) ™" Yo K((Af —v) /b)1 (X} =x). The following result is a non-
parametric bootstrap analogue of Lemma 3. We prove it by adapting the proofs of Lemmas 2 and 3 and replacing

the intermediate results with their bootstrap analogues.

Lemma S6. Suppose that the assumptions in the statement of Theorem C1 hold. Then,

<1og (n) | log (n)“)

N ~ 1

Ax (U, x30) — fhx (v, 2;0) = — G (WS, WX vsb + Of
fAX( ) fAX( ) n(2) (ZZJ) ( J ) p nh?2 n3/4p,
where the remainder is uniform in (v,b) € I, x H.

Proof of Lemma S6. By Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with F = ®, 0 = b =
Fp =1, t =log(n)), we have the deviation bound Prjy» [HGXV* o > Cy/log (n)] < n~! and therefore, by Lemma

8; Hﬁ;z$ - ﬁdzm

L= Og ( log (n) /n) Then, by (S1), we have a nonparametric bootstrap analogue of (S1):
dx

g, <¢dz (Z/)) B g, (¢dm (y)) N I (y) B .. (v) _
P Pis P Pia v

where ¢}, = Of, (n_l), and by Lemma 8, we have ‘

azr — qASdI L= Of, (wlog (n) /n) and also HQASI*M — Oz

Of)( log (n) / ) Then we can easily show a bootstrap analogue of (S5). Then, similarly, we decompose

d'x d'z

1., (%0 ) ~Hazs (s (1)) into the sum of I, (G, (1) ~Hazs (63, ) and Haes (63, ) ~Haze (S0 ) ).

Next, we show that

Ty (62 W) ~ e (0 @) = M (b0 ) — Taee (602 () + O} <(1og n(n)>3/4>

-~ " = ~ ~ ~ log (n) 3/4
o (93 W) = iz ($ac 4) = Hazo (0 (1) = Haze (b <y>)+o§<() ) (3126)

uniformly in y € I4,. Denote //1\2276 (y, ) = ﬁ;zr (y) — ﬁ[}km (y'). Let Eiﬁ = supf€m+PylVf2. Then, 333+ < U%+ +
HIP’,VLV — ]P’WHqB+ =0 ( log (n) /n) By Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with F =

P, b= Fp+ = 1,0 = g+ Vby/Vigrlog (n) /n, t = log (n)), Prjwn [HGZV*
n~'. Similarly, we define 63, and have a deviation bound Pryn {HG,‘;V qu >C (/O'\qg— Vv y/log (n) /n) V/log (n)} <

, > C1+/log (n) /n} > Cyn~!. Then the first

d’a

n~!. With probability greater than 1 — C3n~1!, Priwn {H&L — Gdx

result in (S126) follows from Lemma 8, o+ = O ((log (n) /n)1/4), op- =0, ((log (n) /n)1/4) and

g+ > C (qur Vv /log (n) /n) V/log (n)} <

n

HGE/*Hm* >C (333 v logn(n)> log (n)]

PI‘|W1n sup
yElyry

S Pr|W1n + PI“Wln

n

o], = 0 (s v 220 ) vt
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1
Sy 108 (n)
Id/.’L’ n

+ Prjwr [HQZZI — ¢a =05 (n").

Similarly, the second result in (S126) follows from Lemma 8, o3+ = O ((log (n) /n)1/4), op- =0 ((log (n) /n)1/4)

and

y€lyry

log (n log (n
6. > € (e 50

Pr|W1” l sup /szm (fgzx (y) s ;b\dm (y)) — Ao (5295 (ZJ) 7QA5d.z (y))’ >C <qu+ \4 logn(n) +op-V \/logn(n)) \/log (n)]

log (n log (n
(61 >0 (- v 2502 ) 50

S PI“Wln + PI“Wn

~, ~ log (n -
+ Pryyn ["¢dm_¢dx > Cy g(n) =05 (n Y.
Id/z n
Then, by using (S126), a bootstrap analogue of (S5) and tedious algebra, we have
dx dw dw z 7y s dw Y n ’

uniformly in y € I4,, and by Lemmas 2 and 8, a linear representation in the bootstrap world holds:

> log (n) \ **

¥ 2 Laz (W}, y) + O} : S127
Fe (1) — bae ( Zd W) + ((n (s127)

uniformly in y € Iy,. By Taylor expansion, we get the bootstrap analogue of (S11), where A’f denotes the mean
value. The bootstrap analogue of (S12) (i.e., A" = 0} ( log (n) /n)7 where A” = max; <<, ﬁf —A¥1L(X} =2))

(EZT — Gda =0} ( log (n) /n) Then since /log (n) /n = o (h), for some constants Cs,C5 > 0,
' Ly
with probability 1 — C3n™!, the bootstrap analogue of (S13) holds:

follows from ‘

1—Con~t < Pr|W1n [Z* < ﬁ]

where 17 (v;b) == 1(]Af —v| <2b). Then the bootstrap analogue of (S14) holds with probability 1 — Cyn~1
Let 02 = supfejIP’f{fQ Then we have 52 < h~ (HIP’UHj + HIF’U - IPUH ) =0} (hfl). By Talagrand’s inequality
(Chernozhukov et al., 2016, Lemma 6.3 with F =7, b= Fy = h™!, 0 = 55 V by/V3log (n) /n, t = log (n)), we have

~ log (n) -1
< .
‘j>C<ag\/ 73 ) log(n)] <n

By Lemma 8, [|GY"||. = OF (y/log (n) /h). Then, by Lemma 8,
3=

(X =) <||K"|| 1f (v;0) 1 (X} =2),V(i,v,b) € {1,...,n} x I, x H|, (S128)

Py PV —pY

n

<]

. B B+ 2], = 05 ).
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Then, by these results, the bootstrap analogue of (S16) holds and then we have

Fx (v.5b) — Fax (v,a:8) = sz (E50) (& - an) 1o =+ 0 (22,

uniformly in (v,b) € I, x H. Then the assertion follows from this result, (S127) and |[PY" ||, = O (1). [

Lemma S7. Suppose that the assumptions in the statement of Theorem C1 hold. Then,
1 n n
Fix (0,21b) — fix (v,23b) = 722 Uy, Uj, 03 ) + { ZH Uz,vb}

e ey )

where the remainder is uniform in (v,b) € I, x H.
Proof of Lemma S7. It is easy to check that

Go (Wi W5, 03b) =G, ((9(D;, X[ €f), DF, 25, X)), (9 (D5, X5, €5) , D}, Z5, X5) i b) = Hy (U, U5 0)

17’L ]7j

Denote

T

3

(1

_ 1
. 3 = E n x *a , Us = - x iy, U, U
H., (u,v;b) wn [Ha (U*,u,0;0)] n;H (Uj, u,v;b)
2] . 1y
3 = E n x ) , Us = - x 3 )
H. (u,v;b) wn [Ha (u, U™, 0;0)] n;H (u,Uj,v;b)
1 n n
Ay, (0ib) = Eywp [He (U7, U3z, 0:0)] = 7227% (Ui, Uj, v:b) .
i=1 j=1

Then, by Hoeffding decomposition,

—ZH (U7, U2, v;b) = Ty, {iz (U7, v;b) — i } { Z?—l[] (U, v;b) — ,uHI(v;b)}

@ i)
1 _
3 D U707 0sh) =AY (U vib) = F (U7 vib) + T, (03B} (S129)

@ )
Denote
Tty = LS AN ) — 1 0 0ih)) — (7 0i0) — &S #1706
I(Uv) - nz w(ivv’) w(ivvv) un(U7> ’I”LZ w(la%)
=1 =1
) L= g2] e _
T3 (v;b) = EZ”HI (U7 v3b) — iy, (v3D)
=1
T (0h) = UF U v:b) — Ho (U5, 0:b) — HE (UF,0:b) + iy (030
3U7) T % Hl(za jv’Ua)_Hw(j7v7) H ( v; )+MHI(U3) .
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Then, by (S129),

—ZH (U7, U7, v0;b) =gy, (v Z?—l (U, v;b) — Z?—l (Ui, 0;b) + T (0;b) 4+ T3 (v;b) + T3 (v3b) .
(w)

_ 2
Note that Ejy» {(’HB] (U*,v;b) — L (U™, v; b)) ] can be represented by a V-statistic:

B % > Ve (Ui U Upywib). (S130)

i=1 j=1k=1

It is easy to check that by using the V-statistic decomposition (Serfling (2009, 5.7.3)),

%iizﬂ:m (U, U, Up, v; b)—— Y V. (ULU Uk,v;b)zo((nh‘*)’l), (S131)

i=1 j=1 k=1 "3 (k)

uniformly in (v,b) € I, x H, and the kernel of the U-statistic n(_gs Z(w.,k) Ve (U;, Uj, Uy, v;b) is degenerate
of order one (see, e.g., Definition 5.1 of CK). Since both of $ = {H, (-,v;b): (v,b) € [, x H} and $Hl1 =
{ il (,v;0) : (v,b) € I, X H} are uniformly VC-type with respect to a constant envelope that is a multiple of
h™? (see the proof of Lemma 4), by Chernozhukov et al. (2014a, Lemma B.2), U = {V, (-, v;b) : (v,b) € I, x H}
is uniformly VC-type with respect to a constant envelope Fyy = O (h™*). By Hoeffding decomposition (see
Equation (18) in CK) of the U-process {IU,({?’) f:fe ‘B} and using the maximal inequality given by Corol-
lary 5.6 of CK (F = 0, r = 3, k = 23, p = 1, F = Fo), B[[U?]| | = 0(n/2h7"). Denote

9= (A, (vit) = MY (0i0) < (v,1) € I, x H} and

_ 2
o = supPV 2 = sup Ejwr {(’HE] (U*,v;b) — HI (U, v,b)) } .
fem (v,b) €L, xH

By (S130) and (S131), E [6%] = n~'/2E {HUS’)HW} =0 ((nh4)_1). By Markov’s inequality,

~2
Pr |ox > ( £ [O—%]

1/4
log(n)h> < y/log(n)h-E[53]

—1/4

and, therefore, 7z = O (log (n)_l/4 (nh®) log (n)/(nh3)) By CK Lemma 5.4, the (data-dependent)

function class 5[1] = {ﬂm (,v;0) : (v,b) € I, x H} is uniformly VC-type (conditionally on the data) with respect

P
to a constant envelope F?)m =Fyq =0 (h’Q), ie., (36) with § = 5[1] and Fy = FB[U is satisfied with VC
characteristics that are functions of (Ag,Vs) and do not depend on the data. Then, by Chernozhukov et al.
(2014a, Lemma B.2), R is also uniformly VC-type (conditionally on the data) with respect to the constant envelope
Fn = 2Fy = O (h_Q) and its VC characteristics depend only on (Ag, V). Then, by Talagrand’s inequality
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(Chernozhukov et al., 2016, Lemma 6.3 with F =R, b = F, 0 = on V by/Virlog (n) /n, t = log (n)), we have

o > o587 v <

Then, by |77 (|; wu = n~1/2 ||G,[{ o and Lemma 8, [|T7|; = Og ((log (n)/ (n3h5))1/4 ,n~t /log(n)/ (nh3)).
Denote H, () == n~t> " {1(e <e) — Fyx (e | x )} 72 (Z;, X;). By Talagrand’s inequality, we can easily show
that HHIH[E o] = O;( log (n) /n) Then, 7—[ ( v;b) = b 2K’ (A () —v) /b) s (UF) Hy (€F). Tt can

70 ’ (3

Priwp

be easily verified by using arguments in the proof of Lemma 4 that the (data-dependent) function class 5[2] =
{ﬁf] (,v;0) : (v,b) € I; x ]HI} is uniformly VC-type (conditionally on the data) with respect to a constant envelope
Fg[z] that is a multiple of b2 HFLH[E &)’ with VC characteristics that do not depend on the data. Then, by CK
Corollary 5.6 (with F =5, r =k =1,p=1and F = Fp)), By {||G£{* 5[2]} — 0z ( Tog () / (nh4)>. Then,
by Markov’s inequality,

- log (n) \ V/*
1/4 * 1/4 * _ *
> \/EW 6y ||5.,[2ﬂ < \/EW (16" 5] 0(( b ) -

s 1T U1, = 05 (0 () / (n*h®))""* (10g (n) / (nh*))""* ;).
By CK Corollary 5.6 (with F = $, r =k =2, p = 1 and F = Fy), Eywp [IT5 ], ] = O ((nh2)_1). Then, by

Markov’s inequality,

PI‘|W1n

.-
o

By Lemma 8 and [|T5|; .y = n=1/2 HGTI{*

B (175 ]

Pr|W1" ||T§||II><H > (nh)1/4

< (nh)1/4 \/E|W1" [”T?THIMH} =0; ((nh3)71/4) ’

Therefore, by Lemma 8, we have || T5 |, .z = O} ((n3h5)_1/4 ; (NhS)_1/4 an_l)' u

Lemma S8. Suppose that the assumptions of Theorem C1 hold. Then, (a)

) log (n) ) */* log (n) \"/*  [log (n
Snpb(y|gg;b)Snpb(v|x;b)+02<< nh(3)) + log(n)h,( n}f?’)) ) nh(3) )

where
n

Sopt (0] 2:5) = — v HCAEDE LS MU, 00) |

n i=1 n j=1
uniformly in (v,b) € I, x H. (b) Snpb (v | 25b) — Snpp (v | 23h) = OF <5n log (n)), uniformly in (v,b) € I, x H.

Proof of Lemma S8. By V-statistic decomposition Serfling (2009, 5.7.3) and the fact that $ has an O (h_2)

envelope,

%ii?—l (Ui, Uj,v3b) — —ZH UZ,Uj7v;b):0((nh2)f1>7

i=1 j=1 "2 (4,9)

uniformly in (v,b) € I, x H. We decompose

Fax (0,236) = Fax (v.238) = (Fax (0.2:0) = Fax (v,2:0)) + (Fax (v.230) = Fax (v,2:0))
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- (]?AX (v,2;b) — fAX (v,x;b)) .

Then, by Lemmas 3, 8 and S7,

Fax (,2;0) = fax (v,2;b) = { Z’H[l] Z,Ub—fZH[ Uz,vb} { (v,2;b) — fAX(U,a:;b)}
i=1

() (5P

= ) . (S132)

uniformly in (v,b) € I, x H. Then, let 3323[1] = supfeﬁ[l]}P’,[{fz and $ = {HE] (-,v;b)2 c(v,b) €1, % H}
By Chernozhukov et al. (2014a, Lemma B.2), § is uniformly VC-type with respect to a constant envelope
Fg = O(h™). Then, ’U\%m < O‘%m + ||PY —IP’UHJ%. It was shown in the proof of Lemma 4 that U;%gm =
O(h_l). Let 05-2,5 = supfeélP’UfQ. It is easy to check that by change of variables, J% = O(h_4) and
therefore, by Talagrand’s inequality (Chernozhukov et al., 2016, Lemma 6.3 with 7 = $, b = Fz, 0 =
oy V by/Vglog (n) /n, t =log (n . = O (\/log ) /h* +1log (n)/ (n 1/2h4)) _PUH;:J =
n=1/2 HGgHg = 0, (\/log n) / (nh*) 4 log (n) (nh4)) and 02 m = 0, (h_l). By using Talagrand’s inequality
(Chernozhukov et al., 2016, Lemma 6.3 with 7 = §), b = Fouy = O (h72), 0 = G5 Vﬁ ylog (n) /n
and t = log(n)) and Lemma 8, |GY G = Og( log (n) /h) and therefore, n_lzzl le (Ur,v;b) —

ntyY i (Us,v3b) is OF ( log (n )/(nh)), uniformly in (v,b) € I, x H. Similarly, by Talagrand’s inequal-

ity, ’fAX( i) — fAX H = Og( log (n)/(nh)) By these results and (S132),
log (n) (log(n)\"* [log(n)
— 0t
(@) = Fax (va:0) I, xH O”( nh ’( nh3 "Vonhd ) (5133)
By Lemma 8 and Hoeflding’s inequality, we have p: — p, = Of)( log (n )/n) By p. —
Pr = OI*,( log(n)/n) and Lemma 8, we have pi — p, = O( log ( )/n) (3C1,Cq,C5 >

0,Pr [Pr|Wln [|ﬁ; — pz| > C1/log (n) /n] > C’gn_l} < C3n~1). By using

Pe log (1)
Dy

2C; [log(n)

Pz }
Pz n

P n{ < =
+r\W by 2

Prjywp l 1 < Prjwp l“ﬁ —pa| > C1

-1]>

)

<2:Priyp [U/ﬁ: =Pzl > Ch

log (n)]

where the second inequality holds when n is sufficiently large, we have p,/pt — 1 = Og ( log (n) /n) By this
result, p,/p, — 1= 0, ( log (n) /n), Lemma 8, (S132), (S133) and

Sopn (0 :0) = Vb (Fa (0,230) = Fax vya0)) + (5 = =) Vi (Fix (538) = Fax (v.30))

x Pz Pz
L Vibfay (v.0b) (2:1).

pw p;z;
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we have the first assertion and also

og(n 1/4 og(n
||snpb<-|x;->||,zXH=Of,< ou(. (“250) ljffg)) (5134

Note that

S’npb (v | x;b) — S’npb (v | z;h)

n 1 n
Z EX (U}, v;b,h) ffz(ﬁ (U;,v;b,h) +—Z HAM (U, v; b, h)fEZ’H,ﬁ[” (U, v; b, h)
=1 Jj=1 J=1

It is shown in the proof of Lemma 9 that 5%, = SUp fega PU 2 = o, (52). By Talagrand’s inequality (Cher-
nozhukov et al., 2016, Lemma 6.3 with F = €% b = Fgs, 0 = Tes V by/Vealog(n)/n, t = log(n)),
IGY || = OF (sn log (n)) Let 62,0 = supjeqeuPL 2 < 0,0 + ||PY —lP’UHﬁM, where by CK Lemma
5.4 and Chernozhukov et al. (2014a, Lemma B.2), §22 = {Hﬁm (-, 0;b,h)% : (v,b) € I, x H} is uniformly VC-type
with respect to a constant envelope Fgas = O (€2 /h?). Let Ofea = supfe.@M]P’Uf2 = O (g} /h?), where the second

equality follows from change of variables and (S35). By Talagrand’s inequality (Chernozhukov et al. (2016, Lemma

6.3) with F = §°8, b = Fyus, 0 = 0ges V by/Vigeslog (n) /n, t = log (n)), ||GY ||, = O3 ( Tog (n) /h2). Then
we have ||[PY — ]PUH;,M = Oy (5% log (n) / (nhQ)). It is shown in the proof of Lemma 5 that O’ = 0 (e2).
Therefore, UﬁA = O, ( n) and it follows from Talagrand’s inequality that ||(Gf{ san] = Op (sn log (n)) We

have the second assertion.

Proof of Theorem C1. By using Pr [ﬁ € ]HI] > 1—6,, Lemma S8 and monotonicity of conditional expectations,

we have
log (n) L4 log (n) 1/4
Pr PI‘|W1n [‘ npb( |$ h) npb( |.’E h) . > (1 << h? > log ) > Oy i3
<Pr|P h h ey [ (loet) 1 AR e v heH
R R L ’ npb ( | ) Sp ( |2 ) In e nh3 og (n) 2\ ons <
c log (n) log (n) \ V/*
+0, <Pr PI‘|W1n ||Snpb ( ‘ X ) — Snpb ( | x; ')Hth > i3 log( )h > (Y h3 +0n

and therefore,

NG o (log () log (n)\ /" [log (n)
Snpb (U | €T3 h) = Snpb (U ‘ x7h> + Op nh3 + IOg (n) h7 nh3 ) nh3 + 5n )

uniformly in v € I,. By similar arguments, Sypp (v | x,ﬁ) = Supb (v | T3 h) + O} (5n log (n),n=t,n~t + 5n),

uniformly in v € I,. Therefore,

N o o [ (log (m)\ ! log (n)\ /" [log ()
Spb (U|x;h>fSnpb(v|x;h) o < e ) + /log (n) I + £n\/10g (n ( - ) Ao ]
(S135)
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uniformly in v € I,. By (S134) and similar arguments,

| Snen (- Ixh>HIxXﬂ—Of,< 10g(n),<1o§}£§)>1/47 105]1(?)””).

Write

A b(U|x./ﬁﬁ)_§npb(’U|$§h):Snpb(Ul‘;h) V(Q)|;U’h) . Snpb(v‘x;h>_§npb(v|$;h).
np ) Vs V(] ah) \/V(vx;ﬁ,ﬁc) A

By these results, (55), Theorem B1, (S135) and ‘

|

b (- | @3 R) /A/V (- | @3 h) H = ||GY" H , we have

-
e
x

“pb( | i, hc) I il

1/4 1/4
~ 0} <<1°§,f§)) +/log (n) h + £,1/10g (1) + kY., v/1og (n), <1°§}ff)> R G 55) . (S136)

We apply Chernozhukov et al. (2016, Theorem 2.3) with F = sm[” =0, 0 = Ggpi, b = Fgzn and ¢ = co. When

n is sufficiently large, for any coupling error v € (0, 1), there exists a random variable Zgﬁm such that (1) Zz)’fn[”
457 4+

is independent of the data; (2) Zgit[f . has the same distribution as HGUHzﬁt[ll; (3) Z;ﬁ[i”ﬁ
Pr [

where H;ﬁ[i” (7) == log (n)2/3/ (71/3 (nh3)1/6> + log (n)3/4/ (’y (nh3)1/4), and by Markov’s inequality,

and H(Gg* HD?n[lJ satisfies
the deviation bound:
GY

ol My

— Z* ] ’ > Cw;ﬁ[f (’y)} < Oy (7 +n_1) ,

Pr [quln HHG;] ‘_ o g ’ > C’mm[l (’y)} > 1/ Co ('y—|—n—1)] <VCy(y+nh).

o1l el

By this result and (S136), when n is sufficiently large, Vv € (0,1),

Pr [Prwln HHanb ( | I;E,TLC) Lo

] > € (s )+ VIR + kY ViR (] + 0o ) ) | >

1/4
s <ﬁ+ (lojlff)) )] < C (VA + Y+ 00 +85) .

Then, since Z* ,; is independent of the data and Z% ,,, =4 HGUH ~n)» by the above deviation bound and
Qﬁi s Qﬁi Y m
Chernozhukov et al. (2016, Lemma 2.1), with probability greater than 1 — Cj (/7 + kY + On + 85),

sup
teR

PI“Wn |:‘

o (- 1R, < 1] = Pr (6 < ]| <
ilelpPI' [‘HGUHzmll —t| < ( i (v) + \/W—l—fi}fn\/log (n) + £,+/log (n))]

ran(vie (B55) ).

y (S139), (S140) and optimally choosing v = log (n)S/6 / (nh3)1/6 (which balances /7 and log (n)5/4/ (ynl/4h3/4)),

558



we have (66). By repeating the arguments used to show (62), we have <

Pr “Z ( | x;ﬁ,ﬁg) , < z;‘p_ba] —(1-a)
Cl/%l,n + 02/%37,” + CSR;,n- .

Proof of Theorem C2. By similar arguments used in the proof of Lemma 4, the centered function class I =
{M, (-,v;h) : v € I} is uniformly VC-type with respect to a constant envelope Fay = O (h~=3/2). By (53) and (49),

we have
s 13)

By Lemma A.3 of CK, Ml = {MQ] (v;h):v e Igc} is also uniformly VC-type with respect to a constant

_ HU(Q)
I, "

Lm =0y <£n\/log (n) + v, + Vnh?, \/ 10353) + 5n> ) (5137)

envelope Fypny = Fop. Let o511 = supegpuPY f2 = sup,c; ¥ (v | 2) + 0 (1) and o3y = supegnB [f (Uq, U2)2:|.
By calculations in the proof of Lemma 4, 55, = O (1) and 3, = O (h™?). By CK Proposition 2.1 (with H = 9.,
Ty = Ogpnl, 0y = Oy, bg = by = Fom, xn = 0 and ¢ = o0), when n is sufficiently large, for each coupling
error v € (0,1), one can construct a random variable Zoy, ., that satisfies the following conditions: Zop, , =4

Squesm[i”GU (f) = HGUHzm[ll’ where {GU (f): fe zm[lil} is a centered separable Gaussian process that has the

same covariance structure as the Hajek process {Gf{f 1 fe zm[;]} (E[GY (f)GY (9)] =Cov[f(U),g(U)],Vf g€

zm[;]), and the difference between sup feimiU%Q) f=

s [ Jos ) log(n)
71/3(nh3)1/6 vV nh3

‘Ug) Hsm and Zon, - satisfies the deviation bound:

Pr||u®

— ZgjziW < Oy (’)/ + ’I’L_l) . (8138)

o

We denote V = inf ;conp Var [f (U)] = inf,er, V (v | 2;h). We show in the proof of Theorem B2 that since V. —
infyer,? (v]x) > 0 as h | 0, when h is sufficiently small, V. > inf,c;,? (v|z)/2 > 0. Similarly, let V =
sup seopi Var [f (U)] = sup,e;, V (v | z;h). By (43), we have V. — sup,c; ¥ (v |x) € (0,00). By the Gaussian

anti-concentration inequality (CK Lemma A.1),

sup Pr [[[|GY ||y — ¢ < €] < Coe (E NG ] + \/ 1Vlog (vl”/s)) Ve >0, (S139)
teR

where C, is a constant that depends on V'/? and V% Since V —infuer, 7 (v]z) and V — sup,e; ¥ (v | ) as
h ] 0, we have C, = O (1). By Dudley’s metric entropy bound (Giné and Nickl, 2016, Theorem 2.3.7),

B |G |gyn] S (Fones V02 | Fago w5 ) /Tog (), (S140)

when n is sufficiently large. Then, since Zon, 5 =4 HGUHsm[lJ’ by Chernozhukov et al. (2016, Lemma 2.1), (S137)
and (S138), when n is sufficiently large, Vv € (0, 1),

o

sup
teR

)S ( | x;ﬁ)HIx < t} —Pr[||GY |y < t]’

log (72)2/3 log (n)
GYll.. —t] <C1|en/] + vy + Vnh® + +
Il Hzm[ <Gy <5 og(n) +v n ~N1/3 (nh3)1/6 YV nh?

e <7+ log (n) +5n> . (S141)

< supPr
teR

nh3

By (S139), (S140) and optimally choosing ~ that gives the fastest rate of convergence of the right hand side of
(S141), which should be v = log (n)7/8/ (nh3)1/8, we have (68).
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Since [[Sus (- | 2:1)|, = ||GY”

onils by (S135), we have

Shpb ( | x,ﬁ)

e
I

log (n) 1/4 log (n) 1/4 log (n)
— Ot o\t log (n) log (n)
‘ mi Op (( nh3 +/log (n) h + £,1/log (n), i3 ) T3 +0n |-

(5142)
Then we apply Chernozhukov et al. (2016, Theorem 2.3) with F = ml. B=0,0= Fontn)s b = Fypuy and ¢ = oo,

When n is sufficiently large, for any coupling error v € (0,1), there exists a random variable Z;ﬁ[l] such that (1)
R

+
Z;JT[J_PW is independent of the data; (2) Z;Jt[i”,w has the same distribution as ||GY||y;1; (3) 27 § and |G

(1] ,L[ ||9nm
ol

satisfies the deviation bound:

Pr

flo2

— 2, <Co(y+nh)

i1l 4+

’>Cl log (n)*  log (n)*"
A1/3 (nh3)1/6 7(nh3)1/4

and by Markov’s inequality,

*
— Zyn

Pr [Prwln ol 4+

[

log (m)**  log (n)*" - -
’>Cl + >/Co(y+n1)| <+/Co(y+nt).

P ()0 ()

By this result and (S142), when n is sufficiently large, Vv € (0,1),

Priwp U’

Pr

~ log (n)*/? log (n)%/*
Shpb ('|$;h>Hl _Z;Jt[i”,v‘ >01< AQ) + g (n) 77+ Vlog(n)h+eny/log(n) | | >

Y3 (nh3)E Ty (nhd)!
og (n 1/4
Cs <ﬁ+<1§;§3)) )

Then, since Z* ;; is independent of the data and Z* ,,, =4 HGUH u)> by the above deviation bound and
MLy MLy m

log (n)
e (ﬁ+ =3 +5n) .

Chernozhukov et al. (2016, Lemma 2.1), with probability greater than 1 — Cs <\ﬁ + +/log (n) / (nh3) + 5n>,

ilelﬂlg Priwy U Shpb ( | x,ﬁ)HIl = t] —Pr [HGUHsmm < t]‘ <
apPr |GV — ] < 0 (BW s e s oot ) [+ (v (1B
tGIIR? mﬂl] - 1 71/3 (nh3)1/6 ’Y(nhg)l/ﬁl g n g 2 rY nh3 .

By (S139) and optimally choosing v = log (n)5/6/ (nh3)1/6 (which balances /7 and log (n)5/4/ (yn'/4h3/1)), we
P HS . ;/f; <Pl (1 -
r{ ( | ) , S8 (1-a)

have (69). By repeating the arguments used to show (62), we have <

= °l—«

z

Cllﬁlyn + 02/{;771 + C3/€§,n'

S5 Additional Monte Carlo simulation results

Table S1 presents the coverage rates of two types of pointwise confidence intervals for the density fa (v) evaluated
at 1.6, 2.0 and 2.4. The method “PA” corresponds to the plug-in approach using our new standard errors and
standard normal critical values (see (24)). The method “PB” corresponds to the bootstrap percentile confidence
interval. The simulation design and the choice of tuning parameters are all the same as Section 5. The number of
Monte Carlo replications is 1,000 and the nominal probability coverages rates are 0.90, 0.95 and 0.99. As Table

S1 shows, PA produces coverage rates that are very close to the nominal levels, especially when the sample size
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Table S1: Coverage rates for point-wise confidence intervals

Yo = —0.5,’)/1 =0.5 Yo = —0.4,’)/1 =0.6

v n Methods 0.90 095 0.99 090 095 0.99
1.6 2000 PA 0.890 0.933 0.981 0.878 0.924 0.973
PB 0.936 0.975 0.996 0.943 0.979 0.999

4000 PA 0.901 0.951 0.980 0.900 0.946 0.978

PB 0.916 0.961 0.994 0.931 0.970 0.995

6000 PA 0.902 0.951 0.980 0.907 0.950 0.981

PB 0.927 0.974 0.994 0.944 0979 0.995

2.0 2000 PA 0.900 0.940 0.977 0.874 0.914 0.954
PB 0.935 0.977 0.997 0.939 0.982 0.997

4000 PA 0.897 0.945 0.984 0.895 0.945 0.975

PB 0.934 0.975 0.996 0.950 0.980 0.997

6000 PA 0.900 0.953 0.987 0.909 0.949 0.988

PB 0.928 0.967 0.997 0.946 0.972 0.999

2.4 2000 PA 0.874 0.915 0.950 0.832 0.880 0.922
PB 0.934 0.972 0.991 0.940 0.974 0.997

4000 PA 0.887 0.931 0.976 0.872 0.925 0.962

PB 0.944 0.970 0.997 0.945 0.978 0.998

6000 PA 0.901 0.948 0.986 0.901 0.939 0.979

PB 0.938 0.969 0.999 0.945 0977 0.997

is large. On the other hand, PB, though circumvents the calculation of standard errors, exhibits certain degree of

over-coverage.

We then present simulation results for non-studentized bias corrected JMB and nonparametric bootstrap UCBs.
The non-studentized nonparametric bootstrap UCB is defined in Appendix C. The non-studentized JMB UCB is
described in Footnote 26. Tables S2 and S3 are the non-studentized version of Tables 1 and 2. As expected, the
non-studentized UCBs are on average wider than the studentized ones because the non-studentized UCBs keep the
same width across different values of v while the studentized versions adjust using the estimated variance at each

v. In particular, the studentized versions become narrower in the region of v with a smaller value of fa (v).

Table S2: Simultaneous coverage rates for non-studentized UCBs

Yo = —0.5,71 = 0.5 Yo = —0.4,7v; = 0.6
v € [0.5,3.5] v € [0.8,3.2] v € [0.5,3.5] v € [0.8,3.2]
n Methods 090 095 099 09 095 099 090 095 099 090 095 0.99

2000 Bias corrected JMB 0945 0984 1.0 0970 0991 1.0 0980 0.997 1.0 0985 0.997 1.0
Bias corrected NPB  0.922 0968 1.0 0960 0991 1.0 095 0990 1.0 0976 0996 1.0

4000 Bias corrected JMB  0.889 0.954 0.998 0954 0983 1.0 0951 0974 1.0 0976 0993 1.0
Bias corrected NPB  0.884 0.946 0.991 0.945 0.985 1.0 0933 0977 0.998 0.968 0992 1.0

6000 Bias corrected JMB 0.859 0.917 0.999 0.947 0978 1.0 0919 0.967 1.0 0968 0.990 1.0
Bias corrected NPB  0.859 0.924 0.986 0.958 0.982 1.0 0.889 0.944 0.995 0.966 0.987 0.999
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Table S3: Average width of the 95% non-studentized UCBs relative to the interpolated pointwise Cls

v = —0.5,71 = 0.5 Yo = —0.4,7 =0.6
Methods ve€[05,35 ve[08,32] wvel0.535 wvel0.8,3.2]

2000 Bias corrected JMB 1.802 1.722 1.962 1.885
Bias corrected NPB 1.716 1.636 1.790 1.700

4000 Bias corrected JMB 1.729 1.640 1.807 1.723
Bias corrected NPB 1.703 1.621 1.747 1.661

6000 Bias corrected JMB 1.897 1.794 1.765 1.680
Bias corrected NPB 1.878 1.781 1.731 1.646
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