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Multiple regression and OLS

» Consider the multiple regression model with k regressors:
Yi=Bo+Bi1X1i+BoXoi+. ..+ BiXki+ U
> Let ﬁAo,,BAl, . ,ﬁk be the OLS estimators: if
U =Y - Bo-BiXii—PoXoi— ... — BeXui.

then

n n

S0 =Y X0 == > Xl =0
i=1 i=1 i=1
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» Asin Lecture 10, we can write 3| as

n oo

5 _ Zizl Xl,iYi h

Br=——— —>—> Where
i=1 1,

> X, are the fitted OLS residuals:

Xii=Xi— 90— 92X0i — .. — P X
> 0,72, ..,V are the OLS coefficients:
i X=X XX = =20 X1,iXki = 0.

» Similarly, we can write ﬁz as
s 2o XoiYi h
Pr= <7 > Where
i=1 42

> X, are the fitted OLS residuals:

}:fz,if X2i— SOA_ §1X1:—63X35 — ... — 8 X 5
> 00,01,03,...,0k are the OLS coefficients: >,/ X5; =
2o XX =20 X0 X3 = .. =20 X0 Xk, =0.
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The OLS estimators are linear

» Consider j3; :

L 2 XYy S X <
ﬂlz i=1 141 :Z — ’l~ Yl:ZWLlYl7

n v2
i=1 Xl,i

where

> Recall that X are the residuals from a regression of X; against
X>, ..., Xk and a constant, and therefore w; ; depends only on
X’s.
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Unbiasedness

» Suppose that
1. Yi=Bo+B1X1i+P2Xoi+ ... +BrXki+Ui.
2. Conditional on X’s, E [U;] = 0 for all i’s.

» Conditioning on X’s means that we condition on

Xl,lv'- ~7Xl,n,X2,17- . -’Xz,nv'- ~7Xk,1" . ~an,I’l :

E[Ui | X110 s X1 Xo1se s Xopo o oo Xkl

» Under the above assumptions:

E|[B] = Bo
E[B] = B
E B = B

--~vXk,n] =0.
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Proof of unbiasedness

f = > XY X X1 (Bo+B1Xi+BeXoi+...+PxXpi+Ui)
1= no 2 - n 2
i=1 Xi; i=1 X1
DI I Wl Xl,iXI,i+ Dimy X1,iXa,
Boy ST I
i=1 1 i=1 9, i=1 X1
S XX X XU
ot By X2 t 12
i=1 X0 i=1 X1

Using the partitioned regression results from Lecture 10:

Zn: X = Zn:Xl,iXZ,i =...= Zn:Xl,iXk,i =0, Zn:Xl,iXI,i = anfff,
i=1 i=1 i=1 i=1 i=1

Therefore,
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» We have that

» Conditional on X’s,
E[U;] =0.

» Therefore, conditional on X’s,

> XU
X7
> XU
X7
N X XE U]
i X7,

E[fi] = E|Bi+

ﬂ1+E

= B
B
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Conditional variance of the OLS estimators

» Suppose that:
L Yi=Bo+p1X1i+B2Xo;i+...+BiXki+U.
2. Conditional on X’s, E [U;] = 0 for all i’s.
3. Conditional on X’s, E [U?] = 0% for all i’s.
4. Conditional on X’s, E [Uin] =0foralli # J.

» The conditional variance of 3| given X’s, is

o2

n 2 °
i=1 Xl,i

Var [/?1] =

» Gauss-Markov Theorem: Under Assumptions 1-4, the OLS
estimators are BLUE.
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» We have ,31

» Conditional on X’s,

Var [ 5]

tLL )
i+ = Zn )1(2 and E [B1] =
2
Z, 1X11U
)(2
| 2 " 2
——— | E X1,:U;
2 bl
7:1 Xl,i i=1
l 2 n n
| B DIRLUR DY XK Ui,
i=1 1,0 i=1 i=l j#i
1 2 n n
o o L
S X207+ > 3 %X 0
=141 \i=t i=1 j#i
2
1 2\ ¢2 o?
n g2 o Xii=<n X2
i=1 “*1,i i=1 i=1 1,
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Conditional covariance of the OLS estimators
» Consider 3; and B>:

n o
XU
5 _ i=1 ~1iYVi
B = Bi+— = 7
i=1 1,
n o
> X0 Ui
A _ i=1 JdYi
Pro= Pt =555
i=1 “*2,i
where
> X, are the fitted residuals from the regression of X; against a
constant and X, X3 ..., Xk.

> X, are the fitted residuals from the regression of X, against a
constant and X1, X3, ..., Xk.

» We will show that given Assumptions 1-4, conditional on X’s:

Ve o
Dy X1, Xa

n X2 n 2
i=1 Xl,l i=1 XZ,[

Cov [,31,32] =o?
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Conditional on Xs,

Cov [B1.B:] =E[(B1 —E [B1]) (B2-E|[B:])]

-E Zl 1X11 Zl 1X21U
- L X2, iyl
= X2 "% ZXIZ i ZXZI
_ X2 - lelleU +ZZX1,X2JUU
i=1 i=1 j#i
1
= X1 X
2 o2 Z 1,i 82,i0°
i X ? X21 i=1
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Normality of the OLS estimators

» In addition to Assumptions 1-4, assume that conditional on X’s,
U;’s are jointly normally distributed.

> Bo,B1, ..., Bk are linear estimators:

n n
Bj = ij,iYi =B +ij,iUi,
i=1 i=1

X
Jot

Wii= ——=5

Jsl n ~2 )

L1 X5,

where

and X;; are the residuals from the regression of X;; against the
rest of the regressors.

» It follows that By, B1, . . ., Bk are jointly normally distributed
(conditional on X’s).
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Inclusion of irrelevant regressors
» Suppose that the true model is Y; = By + 51 X1, + U;.

» We could estimate 5] by
. > (X —-X) Y
1= _\2 "
(X - X)

Suppose that instead we regress Y against a constant, X; and
additional k — 1 regressors Xo, ..., Xk, i.e. we estimate 3 by

5 = pI X{,in"
i X7
> We have
G = S X (Bo+Bi X1 +Uy) B+ XU

~ 1 ~ .
n 2 n 2
i=1 Xl,i i=1 Xl,i

> Since conditional on X’s E [U;] = 0, /3 is unbiased !
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> WhenY; = Bo + B1 X1, + Ui,

A " (X -X)Ys _ "L XY
b1 = Zity (X _1) 2’ and ) = Z"nl—fél are both unbiased.
S (X - %) i=1 X1,

» Conditional on X’s,

2 ~ o2
and Var = —\
Pl=sr s,

(o

Var 1] = —
141 I (Xl,i_X1)2

> Since the true model has only X;, by Gauss-Markov Theorem £,
is BLUE and

Var [,[?1] < Var [51] .
» Without Gauss-Markov Theorem, one can show directly that
— 2 ~
S (X -X)" 2 XL, X7
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n G \2 n 2
Proof of Y7 (X1, - X1)" = X1, X7
» X 1,; are the fitted residuals from regressing X ; against a
constant, Xp;,..., Xy, :

Xl’,- = )70 + ’)72X2,i +...+ ’)A/ka,i + Xl,i-

» Consider the sums-of-squares for this regression:

n

SST, = Z(Xl,i_Xl)za
i=1
ln 2
SSEv = ) (Jo+9aXai+. .+ 7iXei - K1),
i=1
ln
SSRy = ) X{.
i=1
» Thus,
n n

> (Xii- K1)’ = > &3, = SST\ ~ SSRy = SSE1 > 0.
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Var [ﬁA]] and the number of regressors k
» InY; = /3’0 +ﬁA1X1,i +,8AZX2,,- +... +,8Aka,l- + U;, the variance of
the OLS estimator 3 is

o? o?

Var [8,] = =
SR s ok

where SSR; is the residual sum-of-squares from the regression of
X against a constant and the rest of the regressors.

» Since SSR; can only decrease when we add more regressors,
Var [ﬁ 1] increases with k, if the added regressors are irrelevant
but correlated with the included regressors.

» If the added regressors are uncorrelated with X, inclusion of
such regressors will not affect SSR; (in large samples) or the
variance of f3;.

» If the added regressors are uncorrelated with X; and affect Y,
their inclusion will reduce o> without affecting SSR| and will
reduce the variance of 3.
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Estimation of variances and covariances

> InY; =Bo+b1 X1 +FeXoi+. ..+ PxXui+ Ui,

2 oo

A o A A > X1 X

Var [ﬁl] = Sn o1 and Cov [ﬁhﬁZ] — 2 . 1~12 1n l~2 ‘
' L S Xi 2 X5
! i=1 1,0 Hi=1 2,

> Variances and covariances can be estimated by replacing o> with

1 n
RIS o
n—k—14
i=1
» Estimated variance and covariance:

2 nowo%
— 4 s —— 5 5 Z- 1 X1,iXo,
Var [B] = <=5 and Cov [B1.5:] = 5 = =
lr'l:l Xl,i Xll i= IX
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