Supplement to “Generic Covariate Adjustment for

Regression Discontinuity Designs”*

Jun Mal Yuya Sasaki? Zhengfei Yu®

This supplement contains the proofs of Theorems 1-5 of the main text. Section, equation, and
lemma numbers in this supplement carry the prefix “S”. Numbered references without this prefix,

such as Theorem 1, Assumption 2, and (5), refer to the main text.

Notation. max; (min;) is understood as maxj<;<p (minj<j<,). For real numbers a and b,
a Ab:=min{a,b}. For a vector z and a matrix A, zU// denotes the j-th coordinate of z and AU
denotes the jk-th element of A. For a square matrix A, ||A| is understood as the spectral norm
of A and mineig (A) denotes its smallest eigenvalue. “a < b” is understood as a < C' - b, for some
universal constant C' > 0 that does not depend on the distribution of the variables or the sample
size but may depend on the kernel function. Denote K , (u) := K (u) 7, (u) 1 (u > 0) and let K_ ),
be defined analogously. Let H be the (p+ 1) x (p+ 1) diagonal matrix with (1,h,...,hP) on the
diagonal. We adopt the following abbreviations: “wpal” for “with probability approaching one”,
“LIE” for “law of iterated expectations”, and “DCT” for “dominated convergence theorem”. In the
proofs, for notational brevity, we suppress the dependence on the bandwidth h: we write I1 p,
Wi pis Vpi, and Xp for Ty, (h), Wy i (h), V,i (h), and A, (h), and we drop h from the arguments

of the estimators, writing 5;” for 5;17 (h), and similarly for related quantities.

S.1 Proof of Theorem 1

Denote

_ _ X
Wipi=epy11 (PAip) "Kip <hl> ;

let W_,,; be defined analogously, and let W,; == W, ,; — W_,,;. It follows from Chebyshev’s
inequality, a change of variables, a Taylor expansion, and the continuity of fx that Il ,—E[II; ,] =
O, ((nh)_l/Q). By a change of variables and the continuity of fx, E I} )] = @Ay, +o0(1). It now
follows that

Imineig (I11 ;) — mineig (A4 p)| < [Tl p — A4 |l =0, (1). (S.1)
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Then, it follows from this result, the equality
A'-B'=-B!'A-B)B'+B'(A-B)A'(A-B)B™! (S.2)
for positive definite matrices A and B, and mineig (A4 ) > 0 that

(3 - er )| = o). (3.3)
Similar results hold for II_ ,,.

Lemma S.1. Let A denote a random variable, and let {(A;, X;)}i, be i.i.d. copies of (A,X).
Suppose that Assumptions 1(ii) and 2 hold. Assume that nh 1 oo and h | 0. Let B C [z,Z] denote
an open neighborhood of 0. The following results hold for all k € N. (i) If n4 is uniformly continuous
on B\ {0}, then
0,k
1= k MA,+w_|_77p7[)
E |:hW+’pA:| = T + 0(1) .

(11) If pa is (p+ 1)-times continuously differentiable with uniformly continuous ,ugoﬂ) on B\ {0},

then
(p+1)

1 Ha+ 1,1 ptl 1
— D Wi pipta (Xi) = pas + b+ 1)!“’?10,0 WP+ op (RPT).
i

(i) If for some § > 0, [y g1+ s bounded on B \ {0}, then

1 1 .-
nh Z Wi,p,iAi - B [th,pA] =op(1).

(iv) If the conditional density fax (- | ¥) of A given X = x with respect to some dominating measure
m is dominated by g (-), uniformly in x € B, with [ |y|" g (y) m (dy) < oo for some r > 0, then we
have max; |W ;i Ai| = op ((nh)l/’"). Similar results with “+” replaced by “—” also hold.

Proof of Lemma S.1. For Part (i), note that

=8l

E [;Wj—:,pA] = /OmflL (e;—-i-l,l (@A+,p)_1 Tp (%))k K* (%) pa () fx (z) dz
= [ (o ) ) K ) () ()
0,k

MA7+W«|: p,0
= 2 T 49 (1)
(pk—l
where the first equality follows from the LIE, the second equality follows from a change of variables,

and the third equality follows from the continuity of p4 and fx, and the DCT.



By Taylor’s theorem, for X; > 0,

“f}l)+1) (EXi) +pr1

Xi) = pirp (Xi P, S.4
:uA( ) ,LL+7’p( ) + (p+1)' i ( )
) T
for some ¢ € (0,1), where pu4 = (NA,+a '“541,)—%/1!’ .. ,,uff%/p!) . Then, we write
(p+1)
“A (EXi) ypi1
nh Z W_i,_,p ’L/’LA h Z +.p8 ( ) h Z +.p8 + 1) X’L . (85)
By the definition of W, ,;, the first term on the right-hand side of (S.5) equals 4 . Write
41 (p+1) ¢ AN (erl))
Z N_(f : pa - (EX) Pt Z ( (EX5) — iy xpHl
nh A P TR o (p+1)! '
u(j’ﬂ) 1
+ p+1
— Wy i X . S.6
+(p+1) (nh; +,p1g ) ( )

For the first term on the right-hand side, we have

(p+1) e
LZW (,U, (tX) A,+ >Xp+1
nh & TP (p+1) Z

X /h p+1

(p+1) +1
< (nhZ‘ Sy )(éggh‘up (z) — u(j’,ﬁ()hp“.

By Markov’s inequality and (S.3), (nh)™ 'Y, ‘WJﬁp,i (Xi/h)pH’ = O, (1) and therefore, the first
term on the right-hand side of (S.6) is o, (h?*!). It now follows from this result, (S.5), and (S.6)
that

(p+1)
+

‘ (nh > WapiX} 1) +op (hPHY). (S.7)

y (S.3), Chebyshev’s inequality and a change of variables,

X pH +1,1
SV () =il v . 89

1 o
o > Wy pika (Xi) = pas +
7

Therefore, the second term on the right-hand side of (S.7) equals (,uffil) fr;olth) /(p+ 1)+

op (hP*1). Part (ii) follows from this result and (S.7).



For Part (iii), write

nih Z W-l’f,p,iAi_E [;ZW-l’f,pA} = nih Z (W-i’ip,i - W—ﬁ,p,i) Ai_"{nlh Z W—ﬁ,p,iAi - E [;Wi,p/‘] } :

l Z 2 (S.9)
Then, by the binomial theorem, the boundedness of 14 (-), Markov’s inequality, and (S.3), the first
term on the right-hand side of (S.9) is 0, (1). By the von Bahr-Esseen inequality (see, e.g., Lin and
Bai, 2010, inequality 9.3.a) and the elementary inequality E [|A —-E [A]|1+‘5] < 21HE [|A|1+5},

1 _ 1406
S (nh)1+6 ZE I:‘W‘hpviAi :|

= o(1), (S.10)

1+6
E

1 <k |
nh Z Wipidi —E [hWJr,pA]

where the equality follows from (S.3) and the boundedness of iy g1+ (1). Now Markov’s inequality
yields that the second term on the right-hand side of (S.9) is 0, (1). Part (iii) follows from these

results.

For Part (iv), first we note that max; [W, ,;A4;| < HHIIPH max; || K1, (Xi/h)| |Ai]l. It follows
from (S.3) that HH_T_}pH = Op (1). Fix an arbitrary € > 0. By the union bound,

Pr [(nh)_l/r max || Ky (i‘;) H | 4| > e}
el (5)
iHKﬂ, (i) AP <|Ay N GO )] JeT. (S.11)

maxyer || K p (u) ]
Since nh 1 oo, by the DCT, the right-hand side of the second inequality above converges to zero as
n 1 oco. It now follows that max; || K , (X;/h)| |Ai] = op ((nh)l/r). -

IN

|4;|" > (nh) ET]

IN

E

~

By the monotonicity of @ — (z17¢ —1) /(o(1 + 0)) on (0,00), A, maximizes

) = 13 ()

%

subject to 1+ Vp—;)\ >0 foralli=1,...,n. It follows from simple calculations that P, (-) is concave

on the constraint set.

Lemma S.2. Suppose that the assumptions in the statement of Theorem 1 hold. Then, Xp =



Op ((nh)_l/Q) and

-1
A= (1+0) <Z Vp,ivpﬁ) > Viitop ((nh)—m) , (S.12)

Proof. Denote L := {)\ I < (nh)fl/(2+5)}. By Lemma S.1(iv), we have max; supy¢r, ‘V;';)\

op(1). The set L is contained in the constraint set {)\ : 1—|—Vp—|7;->\ >0, W} wpal, and A, =

arg maxer, P, () exists wpal. By a Taylor expansion,

Py(0) < Py(Xy)

1 ! - 1 (V;)Tij‘il’>2
= b, (0) + ?Q <Z Vm) Ap — 2 ( Z >1/(1+g)+1’ (S.13)

2 ) _
- 1+ o) i <1+t'VpTz‘)‘p

for some £ € (0,1). By the continuity of = z~1/(+e)-1

—1/(140)-1

at x = 1 and max;

Vp—;;\p‘ = op (1), we

have min; (1 +1- VpTJp) > 1/2 wpal. It now follows that mineig (Zl szVpTZ) HS\pH <
4114 o/ |>2; Vpill wpal. By Lemma S.1(i) and (iii),

0,2

1 w o
mineig (nh Z X/;MVJZ) = ((153’0) mineig (pz77 1) + 0p (1)
i

and under our assumptions, pzzT 4 is positive definite and mineig (/.LZZTdi) > 0.

Let & = Z; — puz (X;). By Lemma S.1(ii),

1 1 1
% ; Wp,z’Zz’ = % ; Wp,iﬂz (Xz) + % ; W. ,ifi

(p+1) p+1,1 (p+1), p+1,1

1 (NZ,+ Wipo T Hz- "J—,p,o)
= %Zw,gﬁ CEE WPt 4o, (RPTY) L (S.14)

By Chebyshev’s inequality and a change of variables, we have (nh)71/2 Y Ksp (Xi/h)& = O, (1)
for s € {—,+}, and therefore, by this result and (S.3),

1 1 X; 1 X;
— > W&l = e L ——=D) K <)T —ep L [ —=> K- <>T
hnh i 761 Cp+1,1 +7p< ﬁnh i +.p h g’L Cp+1,1 D /fnh : P\ fz
= 0,(1). (S.15)

By this result and (S.14), we have (nh)~'/2 > i WhpiZi = Op(1). Then, it follows from this result

and
0

1
—— > Voi= , S.16
2% ) 510

5



that

\/]":EZ‘/;DZ =0p(1). (5.17)

Combining the inequality mineig (Zl V}”V;,TZ) |Ap|| < 4114 o] I3; Vpill with the established
fact that mineig ((nh)_1 > Vpﬂ/gz) is bounded away from 0 wpal and (S.17) yields ||A|| =
O, ((nh)_l/Q). Since (nh)_1/2/(nh)_1/(2+5) — 0, )p lies in the interior of L wpal. The ob-

jective P, is concave on the open convex constraint set {)\ 14 VpTi)\ > 0, Vi}, which contains L
wpal. Hence any local maximizer of P, in the interior of LL is also its global maximizer over the full
constraint set, and so Xp = Xp wpal. In particular, Xp =0, ((nh)_l/ 2), which establishes the first

= 0p (1) noted above implies

claim of the lemma. Since Xp € L wpal, the bound max; sup ¢, ‘V},—;)\

max; V;";XP‘ =0, (1).

Denote ¢, (x) = 2~ 1/(140), The first-order condition is given by =,V it, <1 + VpTZ-Xp) = 0. By

a Taylor expansion,
~ 1 . ~ ~\2
Z Vpii {Lg (1) + L,g (1) (VPE-)\IJ) + §L’Q' (1 +1- V;,J,—i)\p> (Vp—,ri)‘p) } =0, (S.18)

for some ¢ € (0,1). Using 1, (1) = 1 and ¢}, (1) = =1/ (1 + ), (S.18) rearranges to

—1 —1
A =(1+0) (Z%%E) Z%,ﬁl;@(Zm%E) S (1 E R (iR) Ve

i

(S.19)
Since Xp € L wpal gives max; VpTz‘Xp’ = 0, (1), by the continuity of «}) at 1,
max L (1 + - V;;Ap) ‘ < sup |y (1+1)| =0, (1). (S.20)
|t|§maxi|VpTi/\p|
Hence, by this result, the triangle inequality, and H(nh)_1 > V;,ZV;)TI =0,(1),
1 " ; T 5 \? 1 TIs 117
2t (VIR (VIR) Ved| < 0p (1) max Vil - | = D Vs ||
7 7

= 0p ((nh)flﬂ) .

It follows that the remainder term on the right-hand side of (S.19) is o, ((nh)_l/Q). Substituting
back into (S.19) yields the second claim of the lemma. [



By a Taylor expansion similar to that in (S.18), applied to the scalar ¢, (1 + VPTZ-XP), we have

~ VT»Xp 1, N2
o (1 ViA) =1 - 2 R s (1 Vi) (Vi) (S.21)
for some £ € (0,1). Averaging (S.21) over i = 1,...,n and bounding the two remainder terms, we
have n=1 3", V;,Tl)\ = O, (n~1) by (S.17) and Lemma S.2, and also

=0p (nil)

1 . ~ N2
S (1IN (V)

i

LSy

by Lemma S.1(i, iii) and Lemma S.2. Hence n™t >, 1,(1 + V;';Xp) =140, (n™!), and substituting
(S.21) into (D) yields

@p,i—i{bgu)ﬂ;(m (Vi) + %LZ (1+- V0% (Vi) }{1+o (n)},  (822)

where € (0,1) denotes the mean value.

Let
Xi X . o\ L X,
s () () () st 02 5 3.

and let (T1%,,, W<, ) be defined similaly. Let Wy i= W<, — W<t

It follows from (S.22) and Lemma S.2 that HHiﬁp —Ily,| = Op ((nh)_l/Z). By the same

arguments used to show (S.3),

-1
b -1
H <Hi,p) H+ N

A similar result holds for Hil:p.

-0, ((nh)_1/2> . (S.23)

Proof of Theorem 1. It is clear that 5;17 has a closed form given by

Z’wp, WY (S.24)

Denote Gp; = WebY Since by (S.3) and (S.23),
(nh)~ Zz Gp.il |Vp,i

) |@8) | = 0, ana U] = 0, (1),

| = Op (1) follows easily from these results and Markov s inequality. Then, by

al




this result, (S.22), Xp =0, ((nh)_1/2> from Lemma S.2 and max;

V )\ ’—op (1), we have

Jeb = % 3 G {0 )+, 0) (Vi) |+ 0y (o)1)

Then, by (S.12) and (S.17),

-1

7= S (5Ea) (SE0) ST (). s

y (S.2), |1, — H+,pH =0, ((nh)_1/2>, and (S.23),
% > (Wf,’p,z' - W+,p7z’) Yi = —epnally, (Hib,p - H-hp) By +op ((nh)*l/ 2) : (S.26)

i

where 3 = (nh)™" > HjﬁlpKJr,p (Xi/h)Y;. By (S.22), (S.26), and the definition in (2), we have

T (0w g (G (2) (5 () ) ) o (0 7).

By standard arguments, §+ = fty,+€p+1,1 + 0p (1). By this result and Lemma S.1,

0,2
“p,0
z = 7 1
nhz +.p5i < < >5+> <<p )MZ:“Y#"'OP()
. 0,2
0
*hZV,z'Vp,Ti = ( f; )MZZT¢+0p(1)a (5.27)

where 7 denotes the common value of piz  and pz _, which exists under Assumption 1(i). It now

follows from these results and Lemma S.2 that

.
1 1 _ _
h > (Wi?p,i - W+,p,i) Y, = <nh > Vb,z‘) Hozm LHzZHY.+ + 0p ((nh) 1/2> :

Similarly,

-
nh Z ( ‘ ’pz) e (nlh Z W)J) HEIZT¢MZHY,7 + 0, ((nh)flm) .

_ T
Recall that Z = ( 1 z7 ) . Clearly, pzzv 1€dq.+11 = 2pz. Then, by these results and (S.16),



we have

|
1 1 1 B
AR = () () v )

= o ((nh)*l/z) . (S.28)
Next, by Lemma S.1 and (S.23),
1 W02
0
nh Z Gp,in,Tz‘ = (;) fyzT £ +op(1). (5.29)
Therefore, by this result and (S.27),
-1
1 1 _
(m . Gp,ivgg?;> (nh . Vmﬁ-) = by g ahizyr 4 +0p(1). (5.30)

We write iy z7 4 = { Byt HyzT o+ ] , write pzz7 4 as a block matrix and apply the block inversion

formula to get

-1
1,1 -1 L -1
(2 g it ]y

1g—1 -1
Kzt HzzT + —58 Kzt S

where S == py ;7 o — pztpyT o /2 = Vary [Z]. By this result and (5.16), we get

_ 1 1
NYZT,:I:NzlzTi (nh > Vim‘) =7 > Wizl .
7 7

Then by this result and (S.30), we have

-1
1 1 1 1 _
<nh Z Gp,i%;) (nh Z Vi ,i‘/};—;) h Z Vpi = - Z Wp,iZi—rv +op ((nh) 1/2) .

Note that this result, (S.25) and (S.28) yield that 1?,\;1; = (nh) "', W€ + o, ((nh)flﬂ), where
€ = Y; — Z~. Note that gpc CFT has the same asymptotic representation under Assumption 1(i).

The conclusion follows from these observations. [ |

S.2 Proof of Theorem 2

Let

b

=~ . ~ X;
Rip(T) = arg manme <h> Lip~ (Yz — 1y (X)) b)



and let K_ 5, (7) be defined by the same formula with I; replaced by 1 (X; < 0). Clearly, 1/561’ (1) =

11 (R (7) = R (7). Lty (u) == 71 (u < 0), iy (1) = (e (7)) (7)ol () /1)
and
n i ~ 7“; XZ‘ h) A
Ry (A7) = \/;Z@p,ifﬂnp <)]i> Yr <Y+,i - (\/n;/h)> , where
Yii = Y- r; (Xi) kg (7).

Let Pg denote E [¢ (Y, X, Z)] and let P,,g denote the sample average. Let G,g = /n (P, —P)g
and let {G,g: g € 4} denote the empirical process indexed by g € 4, where ¢ is a function class.
Let [|Gnlly = supyey |Gngl. The proof of Theorem 2 follows an adaptation of the approach in
Koenker and Zhao (1994).

Lemma S.3. Suppose that the assumptions in the statement of Theorem 2 hold. For all M > 0,

sip R (A7) + Di(r)A = Re(0,7)] = 0p(1), (3.32)
A<M, €[z, 7]

where Dy (1) = ¢4 (T7) @Ay p.
Proof of Lemma S.3. By (S.22), we have
Ry (A, 7)— Ry (0,7)

i (5) {1 (s0) 1 (ras TE2))

= (AT {1+0,(n )} + (A7) {1+0,(n )},

where
T (A7) = Z (i) {H(Y+Z<O) n(fq,igrg(%m }
s = g (3) ) ) sz s = F02))

We decompose

T (A1) = {Tv(A,7)—E[Ty (A7)} +E[T1 (4, 7)]

_ fZ{ K+p<X’>< Y+,<o) (’7*‘7%))

h
Kﬂ, )(11 Y+<0 (}gww

10
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X - L ry(X/h)A
+Vnh - E K+p<h> <1<Y+§O)—1<Y+§m>> (S.33)
Under Assumption 4(i)—(iii), for = hu with u € (0, 1], we have
T x/h) A
Fy|x (T; (z) kg (T) — Fyx ( (\/ni/h) | 95)
(x/h) A
= {frx @rx G 12 12) 4o} 202 ($.31)

uniformly for all ||Al| < M, 7 € [r,7]. By this result and the LIE, we have

1
\/ﬁE [T1 (A, 7)]

T
%K+,p (;{) <FYX (7"19T (X) kg (1) | X) _FY|X (T; (X) kg (1) + p(\)/(n—/:)A ‘ X))]

- (ol ()5 (amtaneror] o) 2
= —Dy(7) \/% +o0 ((nh)_1/2> ;

= E

uniformly for all ||A|| < M, 7 € [r,7]. For any j =1,...,p+ 1, write Tl[j] (A, 7)—E {Tl[j] (A,T)} =
Gng1 (- | A, 7), where

e A= i (2) {1 (v<7] @re(0) -1 <y <7 (2) (n+ () + %))}
($.35)

Let 4 = {g1 (- | A,7): |A|| < M, 7 € [1,7]}. By Markov’s inequality, it suffices to show that
E [HGnH%] = 0(1). The function class

{(y,x) — 1 (y < r; (x) b) :be ]RPH} (S.36)

is Vapnik—Chervonenkis (VC)-subgraph with index no more than p + 4, because its elements are
indicators of nonnegativity sets of functions in a (p + 2)-dimensional vector space (Kosorok, 2007,
Lemma 9.6). Since multiplying by a fixed function preserves the VC property (Kosorok, 2007,
Lemma 9.9(vi)), by Kosorok (2007, Theorem 9.3) and Chernozhukov et al. (2014, Lemma A.6), ¢4
is VC-type (see, e.g., Chen and Kato, 2020, Definition 2.1) with a constant envelope G < h—1/2

and characteristics independent of n.

Note that for all a, b,

(L(z<a)—1(x<b)* =1(x<a)—1(x<b)|=1(min{a,b} <z < max{a,b}). (S.37)

11



By this result, the LIE, (S.34), and a change of variables,

Bg} (-] A,7)
’ T
< E ;Hm (f) Frix (1 ()84 (1) | X) = Frx (7“3 <X>n+<f>+w!){>]
) O((nh)_lm)’ (S-38)

uniformly in ||A|| < M, 7 € [1,7]. By Chen and Kato (2020, Corollary 5.5),

log (n)
E[IGally,] < P2 (-] A7) | log (n) +
[H ||£41] \J <A§]S\}[1,E)'E[T,T] g1 ( | 7')) og (n) m

B log (n) log(n)
= O< ()17 + NeT ) (S.39)

Under nh — oo and (logn) /vnh — 0, both terms are o(1), so E [||(Gn||%] = 0(1) holds and
Markov’s inequality yields T1 (A, 7) — E [T (A, 7)] = op (1) uniformly for all ||A|| < M, 7 € [7,7]. It
now follows that

Ty (A, 7)=—Di (1) A+ 0, (1), (S.40)
and 77 (A, 7) = Op (1), uniformly for all ||A|| < M, € [1,7].

By the triangle inequality and (S.37), we have

sup || T3 (4, 7)]| <
A<M

o ()

Lo (1 + VE;XP) — 1’ does not depend on 7, the right-hand side is bounded by

)LQ (1 —f—Vp—;-Xp) — 1‘ 1 (—WM < }7+7Z. < W) ]

Since max;

maxc |1y (14 V1) = 1| (V- Puga (- | 7).
where

1= e o ()3 (Y <y g, < L)

For the first factor, by Lemma S.2, Xp =0, ((nh)_l/Q), and max; ||Vp|| = O, ((nh)l/(2+6)>, SO

max;

szxp’ = 0p (1). Since ¢, is continuously differentiable at 1 with ¢, (1) = 1, we have
mzax‘LQ (1+VPT1.X,,) —1‘ < sup ‘L’g(l—kt)"mzax’v A

| = 0p (1),
|t|§maxi|VpTiXp|

12



Since \/n-Ppga (- | 7) = /n-Pga (- | 7) +Gnga (- | 7), it suffices to bound sup, ¢, 7 vn-Pg2 (- | 7). By
a result similar to (S.34), we have /n - Pgy (- | 7) = O (1), uniformly in 7. For the fluctuation term,
note that by similar arguments, the class % = {g2 (- | 7) : 7 € [1, 7|} is VC-type with characteristics
independent of n and a constant envelope Gy < h~Y2. By similar calculations, we can show

that sup ¢, 7 Pg2 (- | 7) is of order (nh)fl/Q. The same maximal inequality used in the proof
of E[|Gnlly,] = 0(1) yields E [[|Gplly,] = 0(1). Therefore Ts (A, 7) = 0, (1), uniformly for all

JAll < M, 7 € [z,7]. u

Let Ky, (u) == K2 (u) 1 (u>0)7, (u) (e;rLlA;lprp (u)) and let 7y = fol Ky, (u)du. Recall
that & = Z;—pz (X;) and U; (1) = 7—1 (Vi < Qyx (7 | X;)). Let 74 (1) == (Varx (Zz)~* KZU () +
and let y_ (7) be defined similarly, so that v (7) = v4 (1) /¢4 (T) + 7= (7) /- (7) by the definition
of v (7) in Section 4.2.

Lemma S.4. Suppose that the assumptions in the statement of Theorem 2 hold. We have the

following linearization for Ry (0,7):

O & R

p,0
+ B, (1) VnhhPT 10, (1),

uniformly in T € [1,7|, where

B (1) = fol Ky p (u) uPtldu (r) (p+1) () T+@ 74 (7) (M(Zp,il)w?pl,bl - N(Zp: : pJ,rpl,ol)
s (p+1)! P+ \T) Ry (7)) i

Proof of Lemma S.4. We have

R (07) = \/>Zme+,p (i?) Yr (Y/-i-,i)

= T () (140, (n ) + T (r) (140, (nY)),

where
ne = g (3) - e (6
T) = = 7 - T T i
1 m i +.p h 1+Q +,
_ ! Xi ) Vidw :
Ty(r) = N ;th (h) {LQ (1 + V}a,z‘)‘p) - (1 14, Y7 (Y+,z) :
By the Taylor expansion of ¢, in (S.21),
o (rvia) - (125 C L) (via,)’
0 PP 1+Q 29 PP PP .
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Using |[¢7 (+)] <1, (S.20), max; , and

~\ 2 ~ ~
Ve = 0p (U, (Vilide)” < VI |- 1all- |3

| ( )|t =0, 0

by Markov’s inequality and H(nh)f1 > ViVl = Op (1), we have

172 (1)l < max

& (188 ma I o] 5 e () 90
— o, (1).

The bound is uniform in 7 because no term on the right-hand side depends on 7.

Then,
Zm,p( > Ur (Vi) - hlLQ FZKH) <X ) Ur (Vi) iy (S41)
We have LZIQ <X’L)w (f@r‘):LZKJF <X’L> Us () + Tj (7)
Jih i P\ 7 T i Jih i P\ 7 i
where
) = g S e (3) {10 s 1 X)) —1 (M (0w )} s

Since E[U (1) | X] = 0, the sum is centered: for any j =1,...,p+ 1,

X;

FZ K, (3) ) = Guan 1),

where

.| 1) = K, (D) {r =100 < Quix (7 | )}
|2)

By the monotonicity of 7 — Qy|x (7 | z), the function class

{(y, x)— 1 (y < Qyx (1] :):)) i T E [Lﬂ} (S.43)

is VC-subgraph with index 2 by Kosorok (2007, Lemma 9.10). Then it follows from Kosorok (2007,
Theorem 9.3 and Lemma 9.9(vi)) and Chernozhukov et al. (2014, Lemma A.6) that the class 45 :=
{g3(- | 7): 7 € [r, 7]} is VC-type with characteristics independent of n and an envelope G3 (x) =
h=Y2||K, , (x/h)||. Therefore, the uniform entropy integral is finite and independent of n (see, e.g.,

calculations in the proof of Chernozhukov et al., 2014, Corollary 5.1). By a change of variables,
PG%2=0(1).

14



By the maximal inequality in van der Vaart and Wellner (1996, Theorem 2.14.1),

E[[Gully,] < \/PGZ=0(1). (S.44)

Markov’s inequality yields that G,g3 (- | 7) = O, (1), uniformly in 7 € [1,7]. For the bias term
Ts (1), we write T3 (1) = Ty (1) + T5 (1), where

Ty(r) = \/jTh ZKH, <)2> {(11 (Y < Qyix (7] X)) — 1 (Y <l (X)) ry (7)))

(B (] (X0 (01 55)))
X;

1
B = YK (G (= v (7 s (1 3 -
Under Assumption 4(ii) and (iii), as « | 0,

(p+1)!

Fyix (Quix (7 | 2) | 2) = Frix (1) (@) 54 (1) | o) = (o+ M REEY () +o(1)), (S45)

uniformly in 7 € [, 7].

For any j =1,...,p+ 1, write the summand of T4m (1) as g4 (Y3, X | 7) — g5 (X, | 7), where

pwerln = KL (O <Qux (i) -1 (y<r) @r ()},

T

\/E +.p
g5 (x| 1) = \}EKEL) (ﬁ) {7' - Fyx (7’; (z) Ky (1) | x)}

By the LIE, E[gs (Y, X | 7) [ X] = g5 (X | 7),30Pgs (- [ 7) =Pgs5 (- | 7) and Ty (7) = Gy, (94 — g5) (- | 7).
Define ¥y = {(ga—g5)(-|7) : 7 € [r,7]}. We have shown above that both (S.36) and (S.43)
are VC-subgraph. Since the subgraph inequality ¢ < Fy |y (r, (z)b| ) for ¢t € (0,1] is equiv-
alent to 7‘;— ()b > Qyx (t|z) (van der Vaart, 1998, Lemma 21.1(i)), the subgraph of z
Fyx (r) (x)b| z) equals

{(:c,t) ERx (0,1]: 7] (2)b— Qyx (t| ) zo}u(Rx (—o0,0]).

The former set can be represented as a non-negativity set of the (p + 2)-dimensional vector space
spanned by 7, (-) and Qyx (- |-). Therefore, by Kosorok (2007, Lemma 9.6) and preservation
results in Kosorok (2007, Lemma 9.9), {(y,z) — Fyx (r; (z)b|x) : b€ RPF} is VC-subgraph
with index at most p+ 4. It now follows from Kosorok (2007, Theorem 9.3 and Lemma 9.9(vi)) and
Chernozhukov et al. (2014, Lemma A.6) that ¢, is VC-type with characteristics independent of n and
a constant envelope Gy < h~'/2. Since E [(94 (Y, X |7)—g5(X | 7)?| X] <E[g (Y. X |7)]|X],

15



by the LIE, (S.45) and (S.37), we have

P(gs—g5)?(|7) < Pgi(-|7)
% (K[ﬂpf <)§> ‘FY\X (Qvix (1] X) | X) — Fy|x (T;;r (X) kg (7) | X) ”

— o), (5.46)

uniformly in 7 € [7,7]. By Chen and Kato (2020, Corollary 5.5),

—0 ( W T Tog (n) + 18 (")) .

. [ sup (G (1~ 95) (| ) o

TE[T,T]

Markov’s inequality yields that T4 (7) = oy, (1), uniformly in 7 € [z, 7].

We can write Téﬂ (1) — E [T5m (7')} = Gpngs (- | 7). By similar arguments, the function class
G5 :={g5(-| 7): 7 € [1,7]} is VC-type with characteristics independent of n and admits an envelope

given by
x

N Per)
Gs (@) = 2, ()
By a change of variables and (S.45), IP’G% =0 (hz(p+1)). It follows from the same arguments used

to prove (S.44) that E [[|Gy |4 | = O (h?*!). Markov’s inequality yields that G,gs (- | 7) = o0, (1),
uniformly in 7 € [, 7]. Therefore, T5 (7) — E [T5 (7)] = 0, (1), uniformly in 7 € [z, 7].

sup |7 — Fy|x (r; () kKt (7) | x) ‘ .

TE[T,T]

By (S.45), we have

BT () = B[R () {Frix (@uix 01301 = Bx (i (0w ()1 %)}

nh
1 D U
_ e { (fo Koy (w) w7 ) o1 (1) D (1) 0+ o<1>},

(p+1)!

uniformly in 7 € [r,7]. Combining these results, we have

j ~ ! u) uPTdu
\/%ZK*’P <),i) Ur (Vi) = Vahn! { <f0 K?}Zi)l)! ‘ ) oy (r) REEY (T)so+0(1)}

1 X
+M;K+,p <h> Ui (1) +0p (1), (S.47)

uniformly in 7 € [, 7].

Next, we derive the linearization for the second term on the right-hand side of (S.41). Note that

for all 7 € [1,7],

% Z Kip <);;Z> Yr (17+,z'> Vii = (nlh ZK-F,I? <);;Z> Yr <}~/+,i> Z;) /e
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()

< (e (d)

2
HZ¢H> (st — a1 )

= o0,(1). (S.48)
Write be
()50
where
Ts (1) = % qu,p <)}(L> Ui(r) Z
1) = o S Ky (50 {106 Quix (1%0) — 1 (¥ < 17 (X0 k4 (1) } 27 (849

By Assumption 3(iv), Assumption 4(i), (v), and (vi), and the DCT, (7,2) = pyzT (z) is

jointly uniformly continuous on [7,7] X By. By this result and the LIE, we have
E[Ts (7)] = T+PUY () ZT + T o(1),
uniformly in 7 € [1,7]. By Assumption (i) and (v), for all z € supp (Z), as = | 0,

sup
T€E[T,7]

FY\XZ (QY|X (7]z) | 5372) - FY|XZ (Tz—;r (z) k4 (7) | x,z)‘ =o(1).

By this result, Assumption 4(vi) and the DCT, as z | 0,

sup
TE[T,7]

E[{Frixz (Quix (71 X) | X, 2) = Fyixz (1) (X)5s (1) | X, 2) } 2| X =2]| = 0(1).
By this result and the LIE, we have

1 - X _
BT (0] = B3R (3 ) {Frixs (@i 0130 1X.2) = e (1] (000 () X.2) } 2]
= 0 (1) )
uniformly in 7 € [1,7].
Working coordinate-wise, fix j € {1,...,p+ 1} and k € {1,...,d, + 1}. We write

14 (7) - B [T (1)] = —=Gug -] 7).

where z = (1,zT)T and

g6 (y, 2,2 | 7) = \}ER’EZLJ (%) {r=1(y < Qyx (| 2))} 2.
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By similar arguments, we can show that % = {gs (- | 7) : 7 € [1, 7|} is VC-type with characteristics
|z¥1|. By the LIE,

independent of n and admits an envelope Gg (y,z,z) = h~/? HIN(W (a:/h)‘

Assumption 3(iv) (which gives E [(Z W)Q | X = a:} bounded uniformly in  near 0), and a change of
variables, PG2 = O (1). By the maximal inequality in van der Vaart and Wellner (1996, Theorem
2.14.1), E[||Gylly,] = O (1). Tt follows that Tg (1) — E [T (1)] = 0p (1), uniformly in 7 € [z,7]. It
follows from the same arguments that 77 (1) — E [T7 (7)] = 0, (1), uniformly in 7 € [z, 7].

Therefore,
h Z ( > w‘r (Y-‘r Z> V;;Tz =T+HU(ZT + +0p (1) ’

uniformly in 7 € [r,7]. By this result, Lemma S.2 and (nh) ' 3", %vi%—j—i = (wgﬁ/gp) pzzT ++op (1),
1 1 X; - ~
= E K i Y (y Z) T
1 + 0 ﬁ’n,h - +,p ( h > ,QZ} +, ‘/pﬂ)\]’

0,2 -1
wy'o 1
= T+HUm)ZT + ((;) NZZT,j:) Jnh Z Vpi+op(1)
( (p+1) WPTLL (kD) ptLl

_ TP\ T 1 " Hz4+ Wipo —Hz_— “Ypo ) prl
= <w072> V4 (7) MZ;W,Z&+ P vnhh + o0, (1),

p,0

uniformly in 7 € [7,7]. The conclusion follows from this result, (S.41), (S.47) and Ry (0,7) =
Ty (1) + 0, (1). |

Let Ay (1) = vnhH (K4 (7) — k4 (7)). Recall that H is the diagonal matrix with (1, h, ..., hP)
on its diagonal. Let A_ (7) be defined analogously. Then we have

Vi (95 (7) = 9(7)) = ef 11 (A4 (1) = A (7). (S.50)

The following lemma provides an asymptotic linearization for A4 (7). A similar result holds for

A_ (7).

Lemma S.5. Suppose that the assumptions in the statement of Theorem 2 hold. We have the
following linearization:

Ay (1) = DiNT)R4(0,7) + 0, (1),

uniformly in T € [1,7].

Proof of Lemma S.5. By Cai and Xu (2008, Lemma A.2), we have

. X; ~
iKyp (h) s (Yz - 7“; (X3) Byp (T))

< (p+1) max
(2

S GO
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where the left-hand side equals \/h/n ||Ry (A4 (1), 7)|| by the definitions of Ry (A, 7) and A (7).
We can show that the right-hand side is O, (n™!). Indeed, by (S.22), max; ‘\/;Iixp‘ = op (1), (S.20)

and ¢, (1) = 1, we have max; nw,; = 1+ o0, (1). Hence,

~ X; . _
(p+1) max Wy Ky p (hz) H S max Wp,i = Op (” 1) :

These results imply that Ry (A4 (7),7) = Op((nh)_1/2), uniformly in 7 € [1,7].

Since

~ATR.(\A, 7) = \/ZZ@”K <)}i"> 1(X; > 0) (—ATTP (i?)) " (57“ B X(ry %h) A))

and v, (+) is increasing, we have

—ATRL(AA, 7) > —ATR (A, 1), (S.52)

for all A > 1.

For all M > 0, n > 0, by the union bound, we have

Pr inf —~ATR (A, 7)< M
LIAH:MJE[T,T] + A7) <My

—ATR+(A,T) < Mpn, inf —AT (—D+(T)A + R+(O,7')) >2Mn

r inf n
lAll=M,r€[r,7] |Al=M, T€[z,7]

+Pr inf —AT(=Do(1)A+ R.(0,7)) < 2Mn| . S.53
LMHM’TE[W] (—Da()A+ Ry(0,7)) < 2Mn (5.53)

By the Cauchy—Schwarz inequality, on the first event on the right-hand side of (S.53), there exist
Ag with || Ag|| = M and 19 € [r,7] such that

—M||R (Ao, 70) + Dy (70)A0 — R1(0,70)|| — Ag (—D4(70) A0 + R1(0,70)) < Mn, (S.54)
and hence

—M||R1(Ao, 70) + D+(70) Ao — R+(0,70)[| + ”A”:]i\?fe[ A [~AT(=Dy(r)A+ Ry (0,7))] < M.
- (S.55)

Since the infimum on the left-hand side is no less than 2nM on this event, there exist Ay with
| Aol| = M and 7y € [7,7] such that

n < “R+(A0,T0) + D+(T0)A0 — R.;.(O,To)”. (8.56)
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Therefore,

Pr inf —~ATR (A, 1) < Mn, inf CAT(=Do (1) A+ R, (0,7)) > 2Mn
[”AH:MJG[M'] + ) IA|l=M, refr7] ( +(7) +( ))

< Pr [ sup |R+(A,7)+ Dy (1)A — RL(0,7)|| >n| . (S.57)

B 1A|=M, r€[r,7]

For all ||Al| = M, 7 € [, 7], we have

ATD (T)A > MQ{ inf mineig(D+(7'))}, (S.58)

TE[T,T]

—ATR+ (0, 7')

v

—M{ sup HR+(0,T)H}, (S.59)

TE|T,7]

where
inf mineig (D4 (7)) = ¢ { inf ¢ (T)} mineig (A4 ) > 0.

TE[T,T) T€E|T,7]

Hence

Pr inf A" (=D(1)A + R.(0, 7 <2M}
[nAane[T,f] (=D+(7) +(0.7) K

< Pr [MQ{ inf mineig (D+<T))} - M{ sup ”R+(O,T)||} < 2M77] . (S.60)

T€[r,7] T€[r,7]

We have shown that for all M > 0, n > 0,

Pr inf —ATR (A, T <M]
[IIAH:M,TE[T,T] +(A,7) < M

< Pr[ sup HR+(A,T)+D+(T)AR+(0,T)|Zn]
lAll=M, r€[r,7]

+Pr | sup ||[R+(0,7)] > M{ inf mineig (D+(7'))} — 217] . (S.61)

T€lT,7] Te[r,7]

By Lemma S.4, we have sup ¢, 7 [[R+(0,7)[| = Op(1). It follows from this result, (5.61), and (S.32)
that for all n,e > 0, there exists an M > 0 such that, for all sufficiently large n,

Pr inf —ATR (A, 7)< M } <e. S.62
{A=M7rem +(4,7) < Mn (5.62)

By (S.52), for all ||A|| = M, 7 € [z,7] and A > 1,

- (AADT Ro(A ) < — (@)T R (MA,7) < |RL(MA, 7)), (5.63)
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and therefore, for all M > 0 and n > 0,

Pr inf Ri(A, T <17] §Pr{ inf —ATR (A, 1) < Mn)| . S.64
A= M, 7e[r,7] 17+(4, 7] | A|=M, relz7] +A7) (5.64)

It follows from the above inequality and (S.62) that for all £, > 0, there exists an M > 0 such that,

for all sufficiently large n,

Pr inf Ri(A T < :|<€. S.65
[HAHZMWGM 1R+ (A7)l <n (S.65)

Clearly, we have

Pr| sup |4 (7) H>M]

| T€[7.7]

< Pr| sw AL (> M, sup [Re(Ay (0,7l <n| +Pr sl[lp]||R+<A+<r>,T>uzn]
TE|T,T TE|T,T) TE|T,T

< Pr inf Ri(A, 7| <n|+Pr| sup ||R(Ay(7),7)]| >n]. S.66
it R4 n} S R4y (7)) 2 (.66)

It follows from the above inequality, (S.65) and the uniform-in-7 bound ||Ry (A4 (7),7)| = 0p(1)
that Ay (1) = Op(1), uniformly in 7 € [7,7].

For all € > 0 and M > 0, by the union bound,

Pr [ sup [|[R (A4 (7),7) + Dy (7)A4 (1) = R(0,7)[ > €

TE[T,7]

+ Pr sup |R+(A,7) + Dy(1)A = Ry (0,7)|| > ¢ .

< Pr|sw Ay (7)) > M
A<M, €[z, 7]

TE[T,7]

(5.67)
Now it follows from this inequality, sup ¢, 7 [[A+ (7)[| = Op(1) and (S.32) that
R (A4 (1),7) + Dy (1) A4 (1) = R4 (0,7) = 0, (1),

uniformly in 7 € [z,7]. The conclusion follows from this result and the uniform-in-7 bound
1By (A (1), 1)l = 0p (1) u

Proof of Theorem 2. We have e;+1,1D4_rl (1) K+ p (Xi/h) = W4 pi/¢+ (7) and e;+171Ajﬁ1p7r+ =
wg”g. The second equality implies that e;—_i_l,lD;l (1) 7r+g0/w2:§ = 1/p4 (7). Moreover, we have

ej 11 AT, fol K., (u)uPtldu = wﬁfp{bl, so that e | D7" (1) &, (7) equals the quantity %, ()
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defined by (S.68) below. Then, by Lemmas S.3-S.5, we have

T _ 1 = (U@ (1) I s
priadeln) = m;m’p“‘(mm) (25 {mzwg}

+Vnhh?*r B, , (1) + 0, (1), where

+1,1 +1 +1 +1,1 +1 +1,1
By p(T) = wﬁ_ p,0 ’igf—i— : (1) B (’Y+ (T)> 'U(Zp-i- ) 3—1%0 - “(Zp— : w” 2,0 (S.68)
o (p+1)! oy (1) (p+1)! P

uniformly in 7 € [7,7]. By similar arguments, we obtain a linearization for e;,r +1,14- (7). Combining

these results and using (S.50), we get
Vih (5;5 (1) — 0 (1) — h"*' 8, , (T)) = Ty (7) + 0, (1), (.69)
uniformly in 7 € [, 7|, where

(1) = W+’p’i—W_’p’i () — W, &~ (1) an
6 (r) = (L = T U (1) = Wy () o Zo VoD IURCD

We now upgrade the uniform linearization above to convergence in distribution in ¢*° [r,7] via
the changing-class Donsker theorem of van der Vaart (1998, Theorem 19.28). Define

g7 (y, @, 2 | 7) =

L{(eanaltle>0) Epne/Mie <0y, o
Wﬁ{( - e ){ 1(y < Qyx (7| )}

<K+,p, ( > xz>0)—K_,0 (%) I(r< 0)) (z—pz (@) "y (7')}7

so that g7 (Y, X4, Z; | 7) = ¢ (1) /V/h. Let % = {g7 (- | 7) : 7 € [1,7]}. Since E[U () | X] = 0 and
E[¢|X]=0,E[¢(r)] =0, and hence Gng7 (- | 7) = Zp,, (7). We take the index-set semimetric to

be the Euclidean metric, under which [r,7] is totally bounded.

Define the envelope

crtun = (e (D)4 )

-1
x{(TEing]min{so+ ) (}) s =z @] s ||v<f>r}. (s.71)

TE|T,T

Then sup,¢(- 7 97 (- | 7)] < G7. A change of variables yields PG% = O (1) and PG2H = O (h=9/2).
By Markov’s inequality,

PG21 (G7 > nv/n) < PGZ (ny/n) * =0 ((nh)ﬂm) 7
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for every 1 > 0. This verifies the Lindeberg envelope condition.

The class (S.43) is VC-subgraph with index 2. By Kosorok (2007, Lemma 9.6), the function class
{(:c, 2) i (z—pg (@) bibe Rdz} is VC-subgraph with index no more than d, + 2. By Kosorok
(2007, Theorem 9.3 and Lemma 9.9(vi)) and Chernozhukov et al. (2014, Lemma A.6), % is VC-type
with the envelope GG7 and characteristics independent of n. It follows that ¢4 has a bounded uniform
entropy integral. Hence the convergence condition for the uniform entropy integral in the statement
of van der Vaart (1998, Theorem 19.28) is satisfied.

Next, we show that the covariance convergence condition is satisfied. For any (7,7') € [, ?]2,

we write
P (g7 (-17)g7 (7))

e {E [’11 <9"8£/52<T'>)U(”U(T') B2, (€72 0) (€ ¢))]
7(7)] .

2
se{+,—}
L[ W N T
Eln (%(T’))U(T)g }

1 WSQ,P T /
—E [h (%(ﬂ) U(r)¢ 7(7)
Note that E[U (r) U (') | X] = min {r,7'} — 77/, E[{U (v) | X] = pizv(r) (X), and B [&7 | X] =
Var [Z | X]. By a change of variables, P (g7 (- | 7) g7 (- | 7')) converges to €, (7,7’).

- Write ¢ (7) = ¢u (7) = 62 (7) with ¢y (1) = (Wap /4 (1) = W /o (7)) U (7) and 6. () =
W& Ty (7). By adding and subtracting (W /04 (1) = W_ /- (7)) U (7') in ¢y (1) — ¢u ('), we

have

B4 (0= 6, ()] <
3 {%2 ("B [;ng U -U (7’))2] e () -9y ()R [;ngzﬂ (T')} } (57

se{+,—}

By (S.37), we have E [(U (1) = U (7))?| X} < |7 — 7'|. Combining this with inf cf; 7 ¢, (7) > 0,
the continuity of ¢ !, [U (7/)| < 1, E[A7'W2,] = O(1) and (S.72), we obtain

sw B[4 (0un) -6 ()] =0, (8.73)
7,7 €T, T]:|T—7"|<bn

for every 8, | 0. Similarly, since
B |5 (00— 0 ()] < (B[3206E] ) I ) =2 ()P, (74)

the continuity of 7 — 7 (7) and E [h_lez H£||2} = O (1) yield that (S.73) also holds for ¢,. We
have verified condition (19.27) of van der Vaart (1998) directly under the Euclidean metric.
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Now the hypotheses of van der Vaart (1998, Theorem 19.28) are all verified for the changing class
%;. Therefore, Zy, ,, ~ Zy, in £ [1, 7], where Z,, is the centered tight Gaussian process with covariance
kernel € p. The first conclusion follows from this result, the uniform stochastic linearization (S.69)
and Slutsky’s lemma. The second conclusion follows from the first one and the continuous mapping

theorem applied to the evaluation functional. |

S.3 Proof of Theorem 3

Let Pr, [-] denote probability under the resampling distribution (the conditional distribution given
the original sample). The following notation follows Marmer and Shneyerov (2012). Let O, and
0,, denote the bootstrap analogues of O, and op. For a sequence of random variables A, and a
deterministic positive sequence oy, we write A, = O, () if for all € > 0, there exists some M > 0
such that limsup,,jo, Pr[Pry [[An/an| > M] > €] < e We write A, = o} () if for all ¢ > 0,
Pr, [|A\n/an| > €] =, 0 as n 1 oo (equivalently, Pr, [|[A,/ay| > €] < € wpal). The usual sum and
product rules for Op and o, (e.g., van der Vaart, 1998, Section 2.2) hold for Oy and oy. A, = O; (o)
for ay, | 0 implies A, = o (1). Further useful properties are summarized in the following lemma,
which extends Marmer and Shneyerov (2012, Lemmas S.1 and S.2) slightly.

Lemma S.6. (i) A\, = op (o) implies A\, = 0y (an). (i) A = Op (o) implies N, = O, (o).
(i1i) Ey [[An|?] = Oy (ady) for some q € [1,2] implies Ny = O} (an). (i) Ay = 0} (1) wmplies

E. [|An] A M] =0, (1), for any M > 0.

Proof of Lemma S.6. By Markov’s inequality, for all £, > 0,

Pr[|An/an| > €]
o

Pr[Pr, [|[An/an| > €] > 9] <

Part (i) follows from this result and Pr[|A,/ay,| > €] — 0 if A, = o), (o). Similarly, by Markov’s
inequality, for all M,e > 0,
Pr[|\n/an| > M]

Pr [Pr, [|[An/an| > M] > €] < . .

Part (i) follows from this result by choosing M > 0 such that limsup,,1o, Pr[|An/an| > M] < 2.
Part (iii) follows from essentially the same arguments as those in the proof of Marmer and Shneyerov
(2012, Lemma S.2). For Part (iv), note that for all € > 0, E, [|[An| A M] < e/24+ M -Pr, [|A\n]| > €/2].
Now, A\, = oy (1) implies that Pr. [|A,| > /2] </ (2M) wpal and it follows that E, [[An| A M] < ¢
wpal. |

Let WX,

be defined by the right-hand side of (1) with X; replaced by X . Similarly, let (W* In* p) be the

7,[),1’7 )
bootstrap analogues of (W_,;, II_ ) and W;’i = Wj;’p’i - T/T/:pﬂ-. By Lemma S.6(iii) and Markov’s

=€) (oA, ) ' K, (X7 /h) denote the bootstrap analogue of Wy ,;. Let s,
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inequality, ||IT% , —II = 0} (1). By this result, [|TI; , — @A =0, (1), and Lemma S.6(i), we
+.p +,p D +,p PR+ p p

have ||II%, — @Ay p|| = 0} (1). Now this result and (S.2) yield

* -1 — *
[, ™ = enen) || = o). (5.75)
Similar results hold for IT* . The following result is a bootstrap analogue of Lemma S.1.

Lemma S.7. Let {(A}, X))}, denote a bootstrap sample from {(A;, X;)}i—,. Suppose that all
assumptions and conditions in the statement of Lemma S.1 hold. Then, for every k € N, the
following results hold, with 6 and r as defined there. (i)

e :uA,erJr’,p,O
[h (Wi p) A ] TRl +op (1)
(i)
ity
+ 1,15 pt1 1
- Z +,p,zﬂA = A+ + o 1)'w?~_7p0 pptl 4 (hp+ ) .

(iii)

1 * ko yx 1 7 * k4 *

0 A - B[ (7,) | = ).
(iv) max; \W7 ATl = o} ((nh) /r ) Similar results with “+” replaced by “—" also hold.

Proof of Lemma S.7. Note that the resampling distribution of (A*, X*) is the empirical distribu-
tion of {(A;, X;)}i— ;. It follows from (S.10) and Lemma S.1(iii) that

1, k. 1 1 _ 1
B |5 072,) 0| < W] = ST =B | 4] =0, ).

Part (i) follows from this result and Lemma S.1(i).

By Lemma S.6(iii) and Markov’s inequality, (nk) '
then follows from this result and (S.75) that
x\ p+1

P (X7 /0 (X | = 05 (1), 18
nh Z ‘WJr,p,i (h) < H( +,p ( ) =0, (1).
By (S.75), Lemma S.6(i), and Lemma S.6(iii),

nhz +.pii (X*)pﬂ = 11 {(‘PA+,p)_1 +0§§(1)} (@/K+7p (u) up“dquo;(l))

+1,1
ﬁpﬂ +0 (1)

X* p+1
()

Then, the conclusion in Part (ii) follows from these results and a Taylor expansion similar to that
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n (S.5).

To prove Part (iii), we use a decomposition similar to (S.9):

%;(Wi,p,i)kfl:— [h (W) A } = nhZ( W+,p’ — (W2, )A;

(S.76)

From arguments similar to those used for the first term on the right-hand side of (S.9), together
with (S.75), Lemma S.6(iii), and Markov’s inequality, the first term on the right-hand side is o}, (1).

Then, we can obtain a bootstrap analogue of the inequality in (S.10) by using the same arguments.
1+9

By computing the population moment and applying Markov’s inequality, (nh)_1
O, (1). Now we have

+pzA2

146

1 T7* k ax 1 = % \Kk g% _
E* ﬁ z@: (W_A'_’p,i) AZ - E* |:h (W-l-,p) A :| = Op ((’I’Zh) 6) 5

and by Lemma S.6(iii), the second term on the right-hand side of (S.76) is also o}, (1).

For Part (iv), note that since every bootstrap observation is one of the original observations,
max || Ky, (X[ /h)| |Af] is bounded from above by max; || K1, (X;/h)| |Ai] = op ((nh)l/r>. The
(2

conclusion follows from this observation, Lemma S.6(i), and (S.75). [

Let ®% ,, (7) and R% (A,7) denote the bootstrap analogues of k4, (7) and Ry (A, 7). The bal-
ancing weights are taken to be wy,. Let Y* be the bootstrap analogue of Y+Z Let Prg =
n~1>. g (Y, X}, ZF) denote the average under the empirical distribution of the bootstrap sample.

Let Gig == /n (P: —P,) g. The following result is the bootstrap analogue of Lemma S.3.

Lemma S.8. Suppose that the assumptions in the statement of Theorem 3 hold. For all M > 0,

sup |R% (A, 7) + Di(1)A = R, (0,7)| = o5(1). (S.77)
A<M, relr.7]

Proof. We have

1+ VeI
wy, = = ——, where

< _IZJ PJ) Ab
- _<zw)* (£)

—_
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By Lemma S.7, we have

0,2

* * 1 w ,0 *
nhz VoiVpi = (; pzzT =+ 0, (1)

) (M(P“) p+1,1 (p+1>wp+1,1>

. * * Z7+ +)p70 Z7_ _7p70 +1 * +1

nhZ pili = @ZWp,i@ + TSN WPt 4 o5 (hPTY), (S.78)
(2

where £ = ZF — 7 (X/). By a simple variance calculation with respect to the resampling distri-

bution, Lemma S.6(iii), and Markov’s inequality,

e L

for s € {—,+}. Now, (nh)""?Y, Ky, (X;/h)&T = 03 (1) follows from this result, the fact
that (nh)~ '/ > Ksp(Xi/h) & = O, (1) and Lemma S.6(ii). Then, it follows from this result,
(S.75), and the bootstrap analogue of the equality in (S.15) that (nh)fl/2 SLuWr& = 0y (1).
Since ), W*. = 0, the bootstrap analogue of (S.16) holds. By this result and (S.78), we have
(nh) /2 Zz o= 05 (1), X = O} ((nh)*W), and @, = n~! (1 + V;IA;) (1+0: (n7)).

Decompose
RY (A7) — R (0,7) =T7 (A7) {1+ O; (™} +T5 (A7) {1+ O, (n1)},
where
. 1 X - -~ Ty (X;/h)A
17 (A7) = \/ﬁ ZK'HD <h) {]l (Y+’i < O) -1 (YJM- < pW

(A = Fz - <Xz ) (V;ZTX;> {11 (Y/j,,. < 0) —1 (f/;“,i < W)}

denote the bootstrap analogues of 17 (A, 7) and T3 (A, 7). Decomposing T (A4, 7) as in (S.33), we
have E, [T} (A,7)] = T1 (A, 7). We can write the j-th coordinate of T} (A, 1) — E, [T} (A, 7)] as
91 (-| A, 7). Applying Chen and Kato (2020, Corollary 5.5) to E. (|G|l |, we have

log (n)
E |Gl | S sup ng A7) | log (n) + . S.79
1651, <”A|<M,Te[”] ' >> )+ = (579
Let g = {g}(-|A,7): |A| £ M, 7 €[r,7]}. By Chernozhukov et al. (2014, Corollary A.1),

541( ) is VC—type with a constant envelope G and characteristics independent of n. By (S.37) and

calculations as in (S.38), we have Pg; (- | A,7) = O ((nhS)_1/2), uniformly in ||A|| < M, 7 € [1,7].

Then, it follows from this result and Chen and Kato (2020, Corollary 5.5) that ||y — P, @ =
1
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Op (\/log (n)/ (nh)3/4>. It now follows that P,¢% (- | A, 7) = O, ((nh)_l/Q), uniformly in ||A]] <

M, € [r,7]. By this result and (S.79), we have E. [||G}|l4] = O, (\/log (n)/ (nh)1/4> and
|Gy lly, = o5 (1) by Lemma S.6(iii). This gives that Ty (A,7) — E.[T7 (4,7)] = o0, (1), uni-
formly in HAH < M,7 € [r,7]. By this result, (5.40), and Lemma S.6(i), we have T} (A,7) =

—Dy (1) A+ o0y (1), uniformly for all [|A[| < M, 7 € [7,7].
For T3 (A, 1), we have

sup |75 (4, 7)|| < (max ‘V;;X;
YRS P

) (i Fran 1 7).

By Lemma S.7(iv), and X; = 0, ((nh)flﬂ), we have max; Vp*lTXI*, = 0y (1). Decompose /n -
Prga(-|7) = v/ -Ppga(-|7) + Giga (-] 7). We showed in the proof of Lemma S.3 that /n -
Png2 (- | 7) = Op (1) uniformly in 7 € [7,7]. Let gQ ={g3(-|7):7€[r,7]}. By Chernozhukov
et al. (2014, Corollary A.1), %2(2) is VC-type with a constant envelope G3 < h™! and characteristics
independent of n. By (S.37), the LIE, a bound analogous to (S.34) and a change of variables, as in
(S.38), we have Pg5 (- | 7) = O ((nhg)_l/Q), uniformly in 7 € [r,7]. By Chen and Kato (2020, Corol-

lary 5.5), [P — P[], = 0p ((nh)_l/z), and since sup,¢(; 7 Pg2(-|7) =0 ((nh)_l/Z) as shown in
2 T

the proof of Lemma 5.3, we have sup, ¢, 7 Png3 (- | 7) = O, ((nh)71/2>. Applying Chen and Kato
(2020, Corollary 5.5) under the resampling distribution, as in (S.79), we have E, [||G;';H%] =0, (1),
and |G|y, = o, (1)

Vn - Prga (- | 7) = Oy (1), uniformly in 7 € [7,7]. Now we have T3 (A, 7) = o}, (1), uniformly in
1Al < M, T € [£,7]. u

by Lemma S.6(iii). It follows from the above results and Lemma S.6(ii) that

The following result is the bootstrap analogue of Lemma S.4.

Lemma S.9. Suppose that the assumptions in the statement of Theorem 3 hold. We have the

following linearization for R (0,7):

X7 T
R0 = oS (5 )U:(>—<wzf§)vl<f>{¢%h§ing,is:}

p,0
+ A (1) VnhhPT! + o, (1),

uniformly in 7 € [7,7], where U (1) =7 — 1 (Y;* < Qyx (7 | X])).

Proof of Lemma S.9. Decompose

RL(07) = \fz o (55) e (72)

= Tr () (1405 (") +T5 (r) (L+ 05 (n71)) (S.80)
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as in the proof of Lemma S.4, where

. 1 X;
Tl (T) = \/ﬁ K+,p (

)
)
L) = gﬂgyapﬁw)
)

T3 (1) = 77 2 (;Z

*
1

\/jTh S Ky (ﬁ) Uz (r) = 03 (1), (S.81)

uniformly in 7 € [, 7].
We write T5 (1) = (T (1) — E« [T5 (7)]) + Ex [T (7)], where E, [T5 (7)] = T3 (7) and T3 (7) is
defined by (S.42). We can also write the j-th coordinate of T3 (1) — E, [T5 (7)] as G},g4 (- | 7). Let

s = {ga(-|7): 7 €[r,7]}. The class % is VC-type with characteristics independent of n and a
constant envelope proportional to h~1/2. By Chen and Kato (2020, Corollary 5.5), we have

—

og (n)

(S.82)

E. [IGrllg] < $ ( st]Pngi(- | T)) log (n) +
TE|T, T

Let %1(2) = { gr(-|7):7 €]z, ﬂ} The class %(2) is VC-type with characteristics independent of n
and a constant envelope proportional to h~!. By Chen and Kato (2020, Corollary 5.5),

E [HGnH%(z)} < \l ( sup Pgj (- | T)) log (n) + log (7@2)‘

TE|T,T]

By calculations using the LIE, (S.45) and (S.37), we have Pg} (- | 7) = O (h?), uniformly in 7 € [, 7].
It follows that

n nh

hPlog (n log (n
rm-mwz%( “>+g“>
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By this result, (S.46), and (S.82), we have E, [HGZH%} = o0p (1) and [|G;,[lg, = 0}, (1). This shows
that T3 (1) — Ex [T5 (7)] = oy (1), uniformly in 7 € [z,7]. In the proof of Lemma S.4, we showed
that

! u) uPtdu
T3<r>:mhp+1{<fo UL )m ) <r>so+o<1>}+op<1>,

uniformly in 7 € [7,7]. It now follows from these results and Lemma S.6(i) that

' u) uPtdu
T; (v) = Vnhh?t! { (fo K+(}2(+)1)! d ) o (1) 6TV (1) 0 + 0(1)} +o5(l),  (S.83)

uniformly in 7 € [, 7].

y (S.75) and Lemma S.6(iii), we have a bootstrap analogue of (S.48). Write

SR () (72) 27 =5 0+ )

where T¢ (1) and T3 (1) are bootstrap analogues of Tg (1) and 77 (7) defined by (S.49). Write
T¢ (1) = (Tg (1) — Ei [T (7)]) + Eu [T§ (7)], where E, [T¢ (17)] = Ts (7). The jk-th coordinate
of Ty (1) — E. [T¢ ()] can be written as Gige (- | 7) /vnh. By van der Vaart and Wellner (1996,
Theorem 2.14.1) and Markov’s inequality, Ex [||G}]l ] = Op (1). It follows that T (17)—E. [T (1)] =
0, (1), uniformly in 7 € [r,7]. By similar arguments, 77 (1) — E, [T7 ()] = o}, (1), uniformly in 7 €
[7,7]. In the proof of Lemma S.4, we showed that Ts (7) = mropy (27 1+ +0p (1) and E, [T7 (7)] =
T7 (1) = 0p (1), uniformly in 7 € [7,7]. Now, by Lemma S.6(i), 7§ (1) = mppuyryz7 4+ + 05 (1),

uniformly in 7 € [7,7]. Now we have

S o (55) 0 (1) Vil = manoierze .+ 03 1),

uniformly in 7 € [7,7]. By this result and (S.78), we have

( (p+1) p+1,1 (p+1), p+11

Pzy W “Hz_ W_po
* _ T+$ T i+ +:p,0 b ) / +1 *
T2 (T) - <w0,2 ) ’7—}— \/7 Z zgz (p + 1). nhh? + Op (1) s

p,0

uniformly in 7 € [1,7]. The conclusion follows from this result, (S.80), and (S.83). |

Let A% (1) := vnhH (R%, (T) — k4 (7)) and let A* (7) be defined analogously. Then, we have

Vnh (19;; (1) — 02 (T)) — el (A% (1) = A% (7)) —ef 11 (A (1) — A (7). (S.84)
The following result is a bootstrap analogue of Lemma S.5. A similar result holds for A* (7).

Lemma S.10. Suppose that the assumptions in the statement of Theorem 3 hold. We have the
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following linearization:

A% (1) = DYH(T)RL(0,7) + 0 (1),

uniformly in T € [T, 7).

Proof of Lemma S.10. Since we obtained max; =0} (1) and

* T\ *
V;D,i >‘p D

p7l

@y ="t (14 Vil A) (140 (n7)

in the proof of Lemma S.8, we have max; iE;;i =0, (n_l). Moreover,
Pr, [@}, >0, Vi] > P verael < 215
Ty [wm > U, z] 2 Pry mzax pi Ap| < 2 p L.

When 1’17;7i > 0 for all 7, by a slight adaptation of Cai and Xu (2008, Lemma A.2) to the bootstrap

sample,
o XF
wp,iK+7p <hz)

where FE, is the maximal multiplicity of observations in the bootstrap sample. By Motwani and
Raghavan (1995, Theorem 3.1), E, = op(log(n)). By this result and the union bound, for all

e, M >0,
>M] >€]

s X € D €
wp,z-K+,p <h> H > M] > 2} + Pr {Pr* [Elz cwk < O] > 5] .

<(p+1) E,max
7

I

_ X -
Zw;’iK+7p <hz> Yy (YZ* — T‘;— (X7 R, (7-))

n

~ % Xz* * T *\ Sk
log (n) wp,iK-Hp <h> wT (Y; —Tp (Xz ) Kyp (T)>

nk, (p + 1)
—————"max
log (n) i

Pr [Pr*

< Pr [Pr* [ i S

By max; |wy, ;| = O}, (n™1), By = 0, (log (n)) and Lemma S.6(i), one can choose M > 0 such that the
upper limit of the first term on the right-hand side is bounded by £/2. By Pr., [@;Z > 0, Vi} —p 1,
the limit of the second term is zero. This gives R} (A% (7),7) = Op(log (n) /v/nh), uniformly in
T € [1,7].

By using the same arguments, we obtain a bootstrap analogue of (S.61). By this result, for all

M;n,e >0,

Pr | Pr. inf ~ATR* AT)< M ] >z—:}

[ [uAn:M,Te[T,ﬂ HAT) <My

< Pr |Pr. sup |RL(A,7) + Dy(m)A — R(0,7)]| > n] > 5]
1A|I=M, r€[r,7] 2
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+ Pr (5.85)

Pr, [ sup [[R(0,7)] > M{ inf mineig (D+(7))} - 277] > %

TE[T,T] T€E[T,7]

In the proof of Lemma S.8, we obtained (nh)_1/2 i Wy = Oy (1). It follows from this result,
(S.81), and Lemma 8.9 that sup ¢, 7 [|R5.(0,7)|| = Oy (1). Now, by Lemmas S.8 and S.9, for all
n,e > 0, there exists an M > 0 such that both terms on the right-hand side of (S.85) are bounded
by £/2 for all sufficiently large n. Therefore, for all 7, > 0, there exists an M > 0 such that

lim sup Pr [Pr* [ inf —ATRY (A7) < Mn] > 6] <e. S.86
nfoo | Al=M, relz,7] +HAT) (5.56)

Note that when wy,; > 0 for all 7, the bootstrap analogue of (S.64) holds. By the union bound, for
all M,n,e > 0,

Pr |Pr, inf R (A, D) <n| >¢
[ [IlAlle,Te[r,ﬂ” HADI n} }

€ €
< i _ATR* — w s < —1.
< Pr [Pr* |:A=]gl,f7"€[T,T] A'RL (A1) < Mn] > 2} +Pr {Pr* El Wy, < 0] > 2]

It follows from this result, Pr, [@;l >0, Vz} —p 1, and (S.86) that for all £, > 0, there exists
M > 0 such that

lim sup Pr |Pr, inf RY (A, 1) < ]>5} <Eé. S.87
’ [ [IIAIIZM,TG[T,T} 1R (A ) <n (S.87)

ntoo
By the bootstrap analogue of (S.66), (S.87) and sup,¢|, 7[R (A% (7),7)[ = o0, (1), we have
A% (1) = O;(1), uniformly in 7 € [z, 7].

By the bootstrap analogue of (S.67) and Lemma S.8, for all M,n,e > 0,

lim sup Pr
ntoo

Pr, [ sup HRi(Ai (1),7) + Dy(1)A%L (1) — Ri(O,T)H > 77] > E]

TE[T,T)

< limsup Pr

ntoo

Pr, [ sup [|A% (7)) > M] > 5] .

TE[1,7] 2

By sup.¢j; 7 | A% (7)|] = O3(1), one can choose M > 0 such that the right-hand side is bounded by
€/2. Now it follows that

RL(AL(7),7) + D+(n)AL (1) = RL(0,7) = 0, (1),

uniformly in 7 € [7,7]. The conclusion follows from this result and sup, ¢, 7 | R4 (A% (1), 7)|| =
oy (1). [
Proof of Theorem 3. By Lemmas S.9 and S.10, e;—+1,1A*+ (1) = ;,rH’lD;l () R (0,7) + o5 (1),
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uniformly in 7 € [r,7], since sup ¢, 7 HD_T_1 (7’)“ < oo by Assumption 4(iv). By (S.75) and
(nh)~1/? S Ko (X7/h)ET = 05 (1), s € {—,+}, obtained in the proof of Lemma S.8, we have
(nh)~'/? > (W;Z - W;Z) & =05 (1). Substituting the linearization of Lemma S.9, we obtain the
bootstrap analogue of (S.68). The analogue for e; +1.14% (7) follows in the same way. Combining
these with (S.84) and (S.68), the bias terms cancel, and the o, (1) remainders of (S.68) and of its

counterpart for A_ (7) are oy, (1) by Lemma S.6(i). Therefore, we have

Vih (T5() = 95 (7)) = Zg (7) + 03 (1), where

* _ 1 (1) 1 9i(n)
Z:, (1) = \/ﬁzi: 7 nzj: gl (S.88)

uniformly in 7 € [1,7], where ¢ (7) denotes the bootstrap analogue of ¢; (7) defined by (S.70).
Clearly, Zy , (1) = Gyg7 (- | 7), and Zj ,, (7) is the bootstrap analogue of the leading term Zj,, ()
in (S.69). By Mammen (1992, Theorem 1) and the Cramér-Wold device,

(Z;’n (11) ... ,Z;n (TJ)) ~r (L (1), .- Zy (7)) in R, (S.89)

forall  <--- <7y in [,7].

Let 6 € (0,1). Consider a finite 6-net {r1,...,7n,} of [1,7], and for any 7 € [7,7], let 75 (1) €
{T1,...,7n;} be chosen such that |ms (1) — 7| < 6. Let Zj , 5(7) = Zy,, (5 (7)) and Zys (1) =

Zp (75 (7)). Then, by the triangle inequality,

sup  |E. [f (Zy,)] —Ef (Zp)]] <
fEBL1(£>°[7,7])

B (120 — Zpnall o A2

+  sup B [f(Z05)] — Bl Zoo)l| + [E[1Zy - Zpsl o A2]| . (S:90)
fEBLy(£°[r,7])

*
p,n,6

term on the right-hand side is op, (1). Let T := {(7‘, e, 72 |r -7 < 6}. For the third term,
note that

By (S.89) and the continuous mapping theorem, Z ~y Lp s in £ [1,7|. Therefore, the second

|\ Z, — va‘SHoo < sup ‘Zp (1) -7, (T,)’ .
(r,7)ETs

It follows from this result, the DCT and the fact that Z, concentrates on the set of continuous

functions on [r, 7] with probability one that

gﬁ}E 1Zp — Zps]|, A 2] = 0. (S.91)

For the first term on the right-hand side of (S.90), note that

|20 = Zymsll oo < sUD |25, (7) = 25y, ()]
(r,7)ETs
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Let 9 = {g7 (- | 7) —g7 (- | 7') : (1,7") € Ts}. By Chernozhukov et al. (2014, Lemma A.6), ¥ is
VC-type with the envelope 2G7 and characteristics independent of n. Then, we have

E.| sup \z;n(f)—zgm(f’)!] = E. [HGZHgé]?and
(r,7")ETs

9 1
ppm R S O )
By (S.72) and (S.74), the right-hand side of the above inequality can be written as w@? (§) + xn (6),
where w (0) is deterministic with lims o (6) = 0 and x, (§) = op (1) for all 6 > 0. By arguments
similar to those in the proofs of Lemma S.1(i) and (iii), P,G% = ¢ + 0, (1) for some ¢ > 0, where
G7 is defined by (S.71). Let § be an arbitrarily small number satisfying 2e? (§) < ¢?/2. Then,
for any such fixed 4, since x5, (6) = o0, (1) and P,,G2 = ¢ + 0, (1), we have |x, ()] < @?(§) and
/2 < ]P’nG% < 2¢? wpal. By this result, Lemma A.6, and Corollary 5.1 of Chernozhukov et al.
(2014) with o = v/2w (), we have

* * 1
E. [IGl,] = Wﬂ@}(ml|<w ¢ SPGE<22) 4o, (1)
\/E [max; G2 (Y, X7, Z7)] o
< log log +0, (1),
@ (9)

(S.92)

where C' is a positive constant that depends on ¢ and on the VC characteristics of ¢; defined in the

proof of Theorem 2. By arguments similar to those in the proof of Lemma S.1(iv), we have

\/E* [maxi G% (Yz*’ Xz*’ Zz*)] < max; G7 (Y;, X, Zz)

Tn < Jn =0,(1). (S5.93)

Since limg o @ (0) \/log (C/w (§)) = 0 and (S.91), for any € > 0, one can choose some sufficiently
small § such that the sum of the right-hand side of (5.92) and |E [||Z, — Zy s A 2] ‘ is bounded by
€/2 wpal. Since the second term on the right-hand side of (S.90) is o, (1) for any fixed ¢, it follows
that the distance between Zj ,, and Z, on the left-hand side of (S.90) is o, (1).

We have shown that the leading term Z7,, in the linearization (S.88) converges in distribution

p,n

to Zy, conditionally on the original data. Note that by the triangle inequality and Zj ,, ~. Z; in

0 [1,7],

sup
JFEBLy(£>°[1,7])

E. |1 (Vah (3,00 - 35 )] —Elf @)

< |E4 | sup

TE[T,T]

+0p(1).

Vi (T (7) = 05 (7)) = Z ()| 2

p p
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The conclusion follows from this result, (S.88) and Lemma S.6(iv). [

S.4 Proof of Theorem 4

We now sketch the proof of the first part of Theorem 4, the weak convergence of Z;b (| ().
The argument extends the proof of Theorem 2 by indexing every sample object by the pair (7, h)
and establishing each intermediate bound uniformly over the rectangle (7,h) € [1,7] x H, where
H := [cho,Thp]. Assumption 6 enters through the following fact: for g of bounded variation supported

n [—1,1], the function class {x — g (x/h) : h € H} is VC-type with a constant envelope and VC
characteristics depending only on g. We add the bandwidth index A € H to the kernel weights
and the Lagrange multiplier and show that the remainder terms in the statements of Lemmas S.1
and S.2 are uniform in h € H. We then add the index h € H to any function class appearing
in the proofs of Lemmas S.3-S.5. The proofs of Lemmas S.3-S.5 extend to uniform-in-bandwidth
statements: the remainder terms in the statements of Lemmas S.3-S.5 are all uniform in h € H.
These lead to Zg (1| h) = Zpy (7| h) + 0p (1), uniformly in (7,h) € [r,7] x H, where ¢; (7 | h)
denotes ¢; (7) computed at bandwidth h and Z,, (7 | h) denotes (nh)_1/2 > ¢i (7| h). Now since
{(ryh (7)) : 7 € [1,7]} is contained in the rectangle [1,7] x H, by taking h = h (7), we have

Z& (7 | h(T)) Z@Tyh )40, (1), (S.94)

uniformly in 7 € [, 7].

Let g7 (- | 7) denote g7 (- | 7) with h replaced by h (1), so that G,,g7 (- | 7) equals the leading term
of (S.94). An envelope function proportional to h81/21l (lz] <eho) {1+ ||z — pz (x)||} satisfies the
same moment bounds as G7 with h replaced by hg, so the Lindeberg envelope condition follows as in
the proof of Theorem 2, and % = {g7 (- | 7) : 7 € [1,7]} is VC-type with characteristics independent

of n.

By the change of variables x = hgu and the DCT, every kernel second moment that produced
ngg /¢ in the corresponding calculation in the proof of Theorem 2 now converges to €, (¢ (1), c (7)) /.
Hence P (g7 (- | 7) g7 (- | 7)) = €5p (7, 7).

For the equicontinuity condition (19.27) of van der Vaart (1998), we decompose ¢ (7 | h (7)) =
¢u (T | h (1)) — ¢ (7| h(7)). Then, we have

1 o)
b)) m%mw»)

- , 2
Way @) g7y~ Wap (b)) (T,)>

N

T) VI (T)ps (')

(

35



(W2, (h(r)) 11\ !
| A (1) 2 (7) +<¢s(7) sw')) NG

- N
. (ws,pm(f)) ws,,,mm)) 02 ()

(U () -U ()

N
(]
—
e

Vh(T) Vh (')

By similar arguments, the suprema of the first and second terms on the right-hand side of the second

(.95)

inequality over |7 — 7’| < 4, are both o (1) for every d,, | 0. For the third term, note that since

U? (7') < 1, by a change of variables

E (W-hp (h(r)) Wip(h (T/))>2U2 ()
h(T) h(’]’,

< :2 /0 e {c—1/2 (1) K4 po (Jﬂ) — V2 (7Y Ky po <C(“T,)> }2 Fx (hou) du.

Note that K4 o (+) is also Lipschitz on R, under the Lipschitz condition in Assumption 6 and the
bounded support condition in Assumption 2 for K (). The right-hand side of the above inequality
can be bounded by the product of an O (1) term and |7 — 7’|, by the Lipschitz continuity of K 0 (-)
and ¢ (). The same result holds when + is replaced by —.

By adding and subtracting W, (h (7)) €T~ (') /v/h (1) for s € {+,—}, we have

2
1 1
(T h(T)) — ——0, (7 | h (7
( o 1)~ o (| ()))

W2 (h(r
< T P em-en]

- - 2
Wep (h (7)) Wsp (R(T))\ (7 1)
E ! — T
" < NG N ) ()

By the Cauchy—Schwarz inequality and the bounded conditional second moment of £ (Assumption
3(iv)), the first term is bounded by the product of an O (1) term and ||y (7) — 7 (7)||%. As the third
term on the right-hand side of the second inequality in (S.95), the second term admits an upper
bound of the product of an O (1) term and |7 — 7/|. All hypotheses of van der Vaart (1998, Theorem

19.28) are thus verified: Gpg7 ~ Zg in £>° [1,7], a centered tight Gaussian process with covariance

kernel €% ,. This completes the proof of the first part.

The second part follows from similar uniform-in-bandwidth modifications to the proof of Theorem

(V]
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S.5 Proof of Theorem 5

Let 'yeb denote the regression coefficient of Z; in (28). Let

X; =R 2
fiyp = arg;mn;@,,m <h> I; {ei —r] (X)) B} , (S.96)

~

where € = Y; — Z,/ 3¢ b Let 7i— ) be defined analogously. Clearly, ﬁ fp= egﬂ’z (Hgp — Bep)-
Let

—1 X, X,
b _
WTpr = e;+1,2 (Hib,p) Kip (lll) and Wj—pz = e;+172 (pA+p) ! Kip <hl> ,

and let <WTE/§Z,WLP7Z»> be defined analogously. Denote WTEb = WTZZ;Z ergi and V_V;’Z. —

W - Wip,z

+7p’/[/

Lemma S.11. Suppose that the assumptions in the statement of Lemma S.1 hold. The following
results hold for all k € N. (1) If pa is uniformly continuous on B\ {0},

0,k
1 /= k HA 4w, 1. =

and

0,k
1 /- k BA—w 1
~(wt — Tl -
E [h < _7p> A] = +o0(1) for even k, and E [h

/JLAvigp

W,pWLpA} = - +o(1),

where the sign flip follows from fo K_po@)K-p1(t)dt = —¢p. (ii) If pa is (p+ 1)-times contin-
uwously differentiable with uniformly continuous ,u(p+1) on B\ {0},

(p+1)
1 o b 1 Ha 1,1
3 00 OpdWS g (X0) = i 2 W0 o op (A7)
[

(iii) If for some § > 0, [y s 18 bounded on B\ {0},
1 feb st
—hZWm WA =B S W, WAl =0, (1)

The results in (i1) and (iii) with “+” replaced by “—" also hold.

Proof of Lemma S.11. Part (i) follows from the same arguments used to prove Lemma S.1(i).
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For Part (ii), by (S.4),

LZ W (X0 = LZ wie (7 (X, Z et iy (in)XpH
n2 < WiV g pilA(Li) = 75 i WpiWW ey pi \"p T2 WpiW pi p+Dnl i
(S.97)
By the definition of Wfﬁl, 2N W Wiezl ( pT (Xi) py) = /JJ(A{)JF. Write
(p+1) (5 (p+1)
Z Teb “(ffﬂ) (tXi) p+1 l -~ Teb (“f (tXi) _“fﬂr ) Xi - hP
2 2. OriWVepi T X T 72 Doy (p+1)! h

(p+1)

NA+ ted X \PH
b1 pr, iy <h hP. (S.98)

By (S.22), Lemma S.2, and arguments similar to those used in the proof of Lemma S.1(ii), one can
show that h=1 ", @ Wleﬁ (X Ry = wifp{’ll + 0, (1) and the first term on the right-hand side
of (S.98) is oy, (RP).

Part (iii) follows from (S.3), (S.23) and arguments similar to those in the proof of Lemma

S.1(iii). |

Proof of Theorem 5. By the partitioned regression argument as in CCFT,

B =

—1
1 ~ X’L T 1 ~ T XZ eb -1 1 ~ XZ T
Bk (5) 27— S (S g, (3)) (1) (2 fonarn (5) 27)

se{+,—} ¢ i

frman()an- x (Shoa (1) )" (S (3))

( se{+,—} ¢ i

By (S.22), Lemma S.1(iv) and Lemma S.2, we have max; |[nw,; — 1| = 0, (1). By this result,

prz ( >ZZT hZK< )ZZT+0,,(1)

By the von Bahr—Esseen inequality, the probability limit of the leading term on the right-hand side
is pyz7 +¢/2. By similar arguments, we derive the probability limits of all other terms on the
right-hand side of (S.99). Then, we have ?;jb —p 7. Let € :==Y; — Z~. By using the first-order

conditions for (5.96), we can write
g w Td’e‘ — g W, TEbZT qeb (S.100)
TJ? h2 24 ¢ h2 124 @ T ) :
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y (S.22), Lemma S.2, and Chebyshev’s inequality,

1 N X; _
2 pr,iK—i-,p (h) §&i =0y ((nhg) 1/2> )

where & == Z; — pz (X;). Then, by this result, (S.3), and (S.23)

< H <Hib,p)1H % Z@p,iKJr,p (%) &i

By Lemma S.11(ii), the balancing condition u(le = u(le, and the above result, the coefficients of

‘y\gb — v in (S.100) are O, ((nh3)_1/2). It follows that the second term on the right-hand side of
(S.100) is o, ((nh3)_1/2). By Lemma S.11(ii),

0y ((nh*) ™).

teb
h2 Z Wp,i W+ep {

(p+1)
b (1 He + 11y b 3\—1/2
hzz pii Tepzi—/ieﬁ)rJF( 6Jrl)' Wi pJF*Zva fngﬁop <(nh’) )’

where (; == ¢; — pe (X;). A similar result with + replaced by — also holds. It now follows from the
above result, (S.100) and the fact that ugll - ,ugll = v; that

o~ 1 _
5y =0 + Brph + o5 Z @y WG+ 0p ((nh?’) 1/2) . (S.101)

y (S.22) and Lemma S.2,

S BG4 m (TR) G o () )
-1
€ e 1 1
= nh2 Z T b — ( h Z T b<2 p7 > (nh Z%,Z%ﬁ) (W ZV;M>
o <(”h3) 1/2)' (S.102)

By Lemma S.11(i, iii) applied coordinatewise,
L bevT 1 b teb >T
% Z W;j gz‘/;),l = % Z (W+7p, W«T»ep 17 + W sDy lwfep ’L) C’LZz
i i
S
= ((5) (IU’CZT;‘r — MCZT,—) + Op (1) .

By this result and (S.27),

-1
1 b 1 C -
<nh E:VVJ“3 Gi pz) (nh va,zvzu—;) = ( p ) (:UJQZT — MCZT,—) leZT,:I: +0,(1).
i 0

pa
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By the above result and (S.17),

—1
1 e 1 1
(mxmran) (Fow) (2xw)
S _ 1 _
(wé}) (Hezm 4 = bezm—) Bpgr o (W ZV> +op ((nn%) ™). (8.103)

»,0
Since E[¢ | X] =0and Z == (1, ZT)T, we have iz o = <0,Covs [Z, e]T> for s € {—,+}. Combined
with (S.16) and (S.31), the leading term equals

Sp T 1 1 1 T
<w02> (Covy [Z,¢] = Cov_ [Z,€]) (Vary [Z]) W;Wp,i&- = nhgzi:Wp,iZi Vi.ps

p,0

where the last equality uses the definition of ;. Recall the residualization & = Z; — puz (X;), so
that Z; = ,uz(XZ) +&. By (814),

(p+1) 11 () pr11 |
/J,Z + +7p70 MZ - 7pa0

1 . 1 _
m Z Wp,iZi Yip = W Z W, ,zf@' Yi.p + (p n 1) -hP + op (hp) ’

which converts the %; ), bias into %, ;,. Then,
19T710 = Ui+ Byph” + nh2 Z Wg;b@ - # Z WhiZi p + 0p ((nhg)_l/2)
= D+ B+ — Z (WG = W&l 1) + 0 ((nh?) 7). (S.104)
By (S.3), (S.23), and Chebyshev’s inequality, we have

\ﬁ Z ( Wys'G = Wi/ %,p) = ( — W& wp> +op(1)

-3

Z
Z ( Wp,ifi—r”y’r,p) + op(1).
By this result and (S.104),

Vnh3 <7§$zy A %*T,php) = \/% Z (W;igi - Wp,if;r’YT,p) + op(1).

Since E[¢ | X] =0and E[{ | X] =0, while VV; and W), are functions of X alone, each summand

in the preceding display has mean zero by the LIE. As the summands are i.i.d., the variance of their
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normalized sum equals the expectation of the squared summand divided by h, which expands as

Var

S (- W) | = w [} (7)) 2w e,
+E [iv‘vﬁ <§T7T,p)2] .

We evaluate the three pieces. By Lemma S.11(i) applied with A = ¢? (so that Pz g = o?) on each

side and summed,
0,2 92

E[; (W;M =17 ).

By Lemma S.1(i) applied with A = (fT'yT7p)2,

0,2 T
1 - 2 W0 Ve, Vars (2] 4,
E[hW5 (€7 0) } — i o).

For the cross-moment, by Lemma S.11(i) applied with A = (gT’yT?p (sothat ppa + = Covy [Z, e]T Yi.p)s
1 s - S
E [th ngng} = <;) (Covy [Z,e] — Cov_ [Z,e]) vip +0(1).

By the definition of v, Covi[Z, €] — Cov_[Z, €] = (ngg/gp)Vari[Z]’ytp; hence

02 T
1= 2w, 0% pVars [Z] v p
2-E [hWJWpCETwp} = 20t 5 +o(1),
Collecting terms, we have
Var | Z <WTi<i — Wil n p) = Yp+o(1). (S.105)

Now we show that ¥+, is strictly positive. To see this, note that p%,;  is the sum over s of the inte-
grals of Var, [Ksp1 (£) € — Kspo (t) Z v p] over [0,1] for s = + and over [—1,0] for s = —. The inte-

-
grand can be written as a] (t) Var, [B] as (t) for a (t) = ( Kspi (t) —Ksp1 ()7 — Kspo () ’ygp ) )

which is bounded below by mineig (Var, [B])IC?AD,1 (t). It follows from Assumption 3(iii) that

Vit p > 0. Let 6 > 0 be the moment exponent in Assumption 3(iv). By the ¢, inequality,

2+6 1 _ _ 240
] = G [ sl
_ (240 -
E {h—l ’WJ‘ + sz} ) [h_l \Wp\%é |§T%’p‘2+5}

(nh)5/2

2. [‘\/17 (W6 = Woatl 1)

N
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By a change of variables and the envelope condition in Assumption 3(iv), the two expectations in

the numerator are O (1). By this result, (5.105) and %4, > 0, Lyapunov’s condition

5B ()2 (.6 W)

(Var {(nh)fl/Q > (Wzli@ - WP»’@TW”’)} ) o

holds. The conclusion follows from Lyapunov’s central limit theorem and Slutsky’s lemma. |
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