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S1 Proof of Theorem 1

maxi is understood as max1≤i≤n. For a square matrix A, ∥A∥ is understood as the spectral norm of A.

“With probability approaching one” is abbreviated as “wpa1”. “Law of iterated expectations” is abbreviated

as “LIE”. “a > b” is understood as a ≤ C · b, for some universal constant C > 0 that does not depend on the

distribution of the variables or the sample size but may depend on the kernel function.

S1.1 Proof of Part 1

Denote

Πp,+ := E

[
1

h
rp

(
X

h

)
r⊤p

(
X

h

)
K

(
X

h

)
1 (X > 0)

]
Πp,− := E

[
1

h
rp

(
X

h

)
r⊤p

(
X

h

)
K

(
X

h

)
1 (X < 0)

]

and

W̃p;+,i := e⊤p+1,1Π
−1
p,+rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0)

W̃p;−,i := e⊤p+1,1Π
−1
p,−rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi < 0)

W̃p,i := W̃p;+,i − W̃p;−,i.

We can easily show

Π̂p,s −Πp,s = Op

(
(nh)

−1/2
)

Πp,s = φ ·Vp;s +O (h) , (S1)

where the first equality follows from Chebyshev’s inequality, change of variables, Taylor expansion and con-

tinuity of fX , and the second equality follows from change of variables and continuity of fX . It follows that

∀s ∈ {−,+},

|mineig (Πp,s)−mineig (φ ·Vp;s)| ≤ ∥Πp,s − φ ·Vp;s∥ = o (1) (S2)
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and ∣∣∣mineig
(
Π̂p,s

)
−mineig (Πp,s)

∣∣∣ ≤ ∥∥∥Π̂p,s −Πp,s

∥∥∥ = op (1) . (S3)

Then, if follows from this result, the equality

A−1 − B−1 = −B−1 (A− B)B−1 +B−1 (A− B)A−1 (A− B)B−1 (S4)

for positive definite matrices A and B, and mineig (Vp;s) > 0 that ∀s ∈ {−,+}

∥∥Π−1
p,s − φ−1 ·V−1

p;s

∥∥ = O (h)∥∥∥Π̂−1
p,s −Π−1

p,s

∥∥∥ = Op

(
(nh)

−1/2
)
. (S5)

Lemma 1. Let V denote a random variable and {V1, ..., Vn} are i.i.d. copies of V . Assume that nh →

∞. Suppose that K is a symmetric continuous PDF supported on [−1, 1]. Let B ⊆ [x, x] denote an open

neighborhood of 0. The following results hold for all (s, k) ∈ {−,+} × N: (a) if gV is uniformly continuous

on B \ {0},

E

[
1

h
W̃ k

p;sV

]
=
µV,sω

0,k
p

φk−1
+ o (1) ;

(b) if gV is (p+ 1)-times continuously differentiable with uniformly continuous g(p+1)
V on B \ {0},

1

nh

∑
i

Ŵp;s,igV (Xi) = µV,s +
µ
(p+1)
V,s

(p+ 1)!
ωp+1,1
p;s hp+1 + op

(
hp+1

)
;

(c) if gV 2 is bounded on B \ {0},

1

nh

∑
i

Ŵ k
p;s,iVi − E

[
1

h
W̃ k

p;sV

]
= Op

(
(nh)

−1/2
)
;

(d) if g|V |r is bounded on B \ {0} for some r > 2, maxi

∣∣∣Ŵp;s,iVi

∣∣∣ = Op

(
(nh)

1/r
)

.

Proof of Lemma 1. We take s = + without loss of generality. For Part (a), we have

E

[
1

h
W̃ k

p;+V

]
= E

[
1

h
W̃ k

p;+gV (X)

]
=

∫ x

0

1

h

(
e⊤p+1,1Π

−1
p,+rp

(x
h

))k
Kk
(x
h

)
gV (x) fX (x) dx

=

∫ x
h

0

(
e⊤p+1,1Π

−1
p,+rp (y)

)k
Kk (y) gV (hy) fX (hy) dy
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=
µV,sω

0,k
p

φk−1
+ o (1)

where the first equality follows from LIE, the third equality follows from change of variables, and the fourth

equality follows from (S5), continuity of gV and fX and applying the equality

ak − bk = (a− b)
(
ak−1 + ak−2b+ · · ·+ abk−2 + bk−1

)
(S6)

to
(
e⊤p+1,1Π

−1
p,+rp (x/h)

)k −
(
e⊤p+1,1

(
φ−1 ·V−1

p;+

)
rp (x/h)

)k
.

By Taylor’s theorem, for Xi > 0,

gV (Xi) = µV,+ + µ
(1)
V,+Xi +

(
µ
(2)
V,+

2!

)
X2

i + · · ·+

(
µ
(p)
V,+

p!

)
Xp

i +
g
(p+1)
V

(
X̃i

)
(p+ 1)!

Xp+1
i ,

for some X̃i between 0 and Xi. Denote µ+ :=
(
µV,+, µ

(1)
V,+, µ

(2)
V,+/2, ..., µ

(p)
V,+/p!

)⊤
. Then, we write

1

nh

∑
i

Ŵp;+,igV (Xi) =
1

nh

∑
i

Ŵp;+,i

(
r⊤p (Xi)µ+

)
+

1

nh

∑
i

Ŵp;+,i

g
(p+1)
V

(
X̃i

)
(p+ 1)!

Xp+1
i . (S7)

Clearly, by the definition of Ŵp;+,i,

1

nh

∑
i

Ŵp;+,i

(
r⊤p (Xi)µ+

)
=

1

nh

∑
i

e⊤p+1,1Π̂
−1
p,+rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0) r⊤p

(
Xi

h

)
Hµ+

= e⊤p+1,1Hµ+

= µV,+. (S8)

Write

1

nh

∑
i

Ŵp;+,i

g
(p+1)
V

(
X̃i

)
(p+ 1)!

Xp+1
i =

1

nh

∑
i

Ŵp;+,i

(
g
(p+1)
V

(
X̃i

)
− µ

(p+1)
V,+

)
(p+ 1)!

Xp+1
i +

1

nh

∑
i

Ŵp;+,i

µ
(p+1)
V,+

(p+ 1)!
Xp+1

i .

(S9)

By change of variables and continuity of fX ,

E

[
1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥
∣∣∣∣∣
(
Xi

h

)p+1
∣∣∣∣∣K

(
Xi

h

)
1 (Xi > 0)

]
= E

[
1

h

∥∥∥∥rp(Xh
)∥∥∥∥
∣∣∣∣∣
(
Xi

h

)p+1
∣∣∣∣∣K

(
X

h

)
1 (X > 0)

]

=

∫ x

0

1

h

∥∥∥rp (x
h

)∥∥∥ ∣∣∣∣(xh)p+1
∣∣∣∣ ∣∣∣K (xh)∣∣∣ fX (x) dx = O (1) .
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Then, by Markov’s inequality,

1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥
∣∣∣∣∣
(
Xi

h

)p+1
∣∣∣∣∣
∣∣∣∣K (Xi

h

)∣∣∣∣1 (Xi > 0) = Op (1) . (S10)

By this result and (S5),

1

nh

∑
i

∣∣∣∣∣Ŵp;+,i

(
Xi

h

)p+1
∣∣∣∣∣ ≤

∥∥∥Π̂−1
p,+

∥∥∥( 1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥
∣∣∣∣∣
(
Xi

h

)p+1
∣∣∣∣∣K

(
Xi

h

)
1 (Xi > 0)

)
= Op (1) . (S11)

By this result, |K (Xi/h)| > 1 (|Xi| ≤ h) and continuity of g(p+1)
V , we have

∣∣∣∣∣∣ 1nh
∑
i

Ŵp;+,i

(
g
(p+1)
V

(
X̃i

)
− µ

(p+1)
V,+

)
(p+ 1)!

Xp+1
i

∣∣∣∣∣∣
≤

(
1

nh

∑
i

∣∣∣∣∣Ŵp;+,i
(Xi/h)

p+1

(p+ 1)!

∣∣∣∣∣
)

·
(

sup
0<x<h

∣∣∣g(p+1)
V (x)− µ

(p+1)
V,+

∣∣∣)hp+1 = op
(
hp+1

)
.

It now follows from this result, (S7), (S8) and (S9) that

1

nh

∑
i

Ŵp;+,igV (Xi) = µV,+ +
1

nh

∑
i

Ŵp;+,i

µ
(p+1)
V,+

(p+ 1)!
Xp+1

i + op
(
hp+1

)
. (S12)

By triangle inequality, (S5) and (S10),

∣∣∣∣∣ 1nh∑
i

Ŵp;+,i

(
Xi

h

)p+1

− 1

nh

∑
i

W̃p;+,i

(
Xi

h

)p+1
∣∣∣∣∣ ≤ 1

nh

∑
i

∣∣∣∣∣(Ŵp;+,i − W̃p;+,i

)(Xi

h

)p+1
∣∣∣∣∣

≤
∥∥∥Π̂−1

p,+ −Π−1
p,+

∥∥∥{ 1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥ ∣∣∣∣K (Xi

h

)∣∣∣∣
∣∣∣∣∣
(
Xi

h

)p+1
∣∣∣∣∣1 (Xi > 0)

}

= Op

(
(nh)

−1/2
)
.

By (S5), Chebyshev’s inequality, change of variables and continuity of fX ,

1

nh

∑
i

W̃p;+,i

(
Xi

h

)p+1

− E

[
1

h
W̃p;+

(
Xi

h

)p+1
]
= Op

(
(nh)

−1/2
)
.

By (S5), change of variables and continuity of fX ,

E

[
1

h
W̃p;+

(
Xi

h

)p+1
]

=

∫ x

0

1

h

(
e⊤p+1,1Π

−1
p,+rp

(x
h

))(x
h

)p+1

K
(x
h

)
fX (x) dx
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= ωp+1,1
p;+ + o (1) .

It now follows from these results that

1

nh

∑
i

Ŵp;+,i

µ
(p+1)
V,+

(p+ 1)!
Xp+1

i =

(
1

nh

∑
i

Ŵp;+,i

(
Xi

h

)p+1
)

µ
(p+1)
V,+

(p+ 1)!
hp+1

=
µ
(p+1)
V,+

(p+ 1)!
ωp+1,1
p;+ hp+1 + op

(
hp+1

)
.

Part (b) follows from this result and (S12).

For Part (c), write

1

nh

∑
i

Ŵ k
p;+,iVi − E

[
1

h
W̃ k

p;+V

]
=

1

nh

∑
i

(
Ŵ k

p;+,i − W̃ k
p;+,i

)
Vi +

{
1

nh

∑
i

W̃ k
p;+,iVi − E

[
1

h
W̃ k

p;+V

]}
.

Then, by triangle inequality, applying (S6) to
(
e⊤p+1,1Π̂

−1
p,+rp (Xi/h)

)k
−
(
e⊤p+1,1Π

−1
p,+rp (Xi/h)

)k
, LIE, change

of variables, boundedness of g|V |, Markov’s inequality, and using (S5), we have

∣∣∣∣∣ 1nh∑
i

(
Ŵ k

p;+,i − W̃ k
p;+,i

)
Vi

∣∣∣∣∣ ≤ 1

nh

∑
i

∣∣∣Ŵ k
p;+,i − W̃ k

p;+,i

∣∣∣ |Vi| = Op

(
(nh)

−1/2
)
.

It follows from (S5), LIE, change of variables, Chebyshev’s inequality and boundedness of gV 2 that

1

nh

∑
i

W̃ k
p;+,iVi − E

[
1

h
W̃ k

p;+V

]
= Op

(
(nh)

−1/2
)
.

Part (c) follows from these results.

For Part (d),

max
i

∣∣∣Ŵp;+,iVi

∣∣∣ ≤ (max
i

∣∣∣Ŵp;+,iVi

∣∣∣r)1/r ≤

(∑
i

∣∣∣Ŵp;+,iVi

∣∣∣r)1/r

=

(
1

nh

∑
i

∣∣∣Ŵp;+,iVi

∣∣∣r)1/r

(nh)
1/r

. (S13)

By LIE, change of variables, Markov’s inequality and boundedness of g|V |r ,

1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥rK (Xi

h

)
1 (Xi > 0) |Vi|r = Op (1) .

By this result, triangle inequality and (S5),

1

nh

∑
i

∣∣∣Ŵp;+,iVi

∣∣∣r ≤ 1

nh

∑
i

∣∣∣Ŵp;+,i

∣∣∣r |Vi|r
S6



=
∥∥∥Π̂−1

p,+

∥∥∥r ( 1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥rK (Xi

h

)
1 (Xi > 0) |Vi|r

)
= Op (1) . (S14)

The conclusion follows from this result and (S13). ■

Let A be a random variable/vector/matrix. {A1, ..., An} are i.i.d. copies of A. Denote ∆̃A,k :=

E
[
h−1W̃ k

pA
]
, Ψ̂A,k := (nh)

−1∑
i Ŵ

k
p,iAi, ∆̃k := E

[
h−1W̃ k

p

]
, Ψ̂k := (nh)

−1∑
i Ŵ

k
p,i, ∆̃A := E

[
h−1W̃pA

]
and Ψ̂A := (nh)

−1∑
i Ŵp,iAi. Also denote Ψ̃A,k := (nh)

−1∑
i W̃

k
p,iAi, Ψ̃k := (nh)

−1∑
i W̃

k
p,i and Ψ̃A :=

(nh)
−1∑

i W̃p,iAi.

Lemma 2. Suppose that Assumptions in the statement of Theorem 1 hold. Then, λebp = Op

(
(nh)

−1/2
)

and

λebp = ∆̃−1
Z̄Z̄⊤,2

Ψ̂Z̄ +Op

(
(nh)

−1
)
.

Proof. Since λebp is defined to be the optimizer of a convex optimization problem:

λebp := argmax
λ

∑
i

log
(
1 + λ⊤

(
Ŵp,iZ̄i

))
,

therefore, we have the first-order conditions:

∑
i

Ŵp,iZ̄i

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

) = 0dz+1.

Then, by

1

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

) = 1−

(
λebp
)⊤ (

Ŵp,iZ̄i

)
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) (S15)

and the first-order conditions, we have

1

nh

∑
i

Ŵp,iZ̄i =

 1

nh

∑
i

Ŵ 2
p,iZ̄iZ̄

⊤
i

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

)
λebp (S16)

and
1

nh

∑
i

Ŵp,i

(
Z̄⊤
i λ

eb
p

)
=

1

nh

∑
i

Ŵ 2
p,i

(
Z̄⊤
i λ

eb
p

)2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) . (S17)

Note that for all i,

0 < 1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

)
≤ 1 + max

i

(
λebp
)⊤ (

Ŵp,iZ̄i

)
≤ 1 +

∥∥λebp ∥∥max
i

∥∥∥Ŵp,iZ̄i

∥∥∥ ,
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where the first inequality follows from construction of λebp . Then, by this result and (S17),

∥∥λebp ∥∥∥∥∥Ψ̂Z̄

∥∥∥ ≥ 1

nh

∑
i

Ŵp,i

(
Z̄⊤
i λ

eb
p

)
=

1

nh

∑
i

Ŵ 2
p,i

(
Z̄⊤
i λ

eb
p

)2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) ≥ 1

nh

∑
i

Ŵ 2
p,i

(
Z̄⊤
i λ

eb
p

)2
1 +

∥∥λebp ∥∥max
i

∥∥∥Ŵp,iZ̄i

∥∥∥ .
Then by rearranging, we have

(
λebp
)⊤

Ψ̂Z̄Z̄⊤,2λ
eb
p ≤

∥∥λebp ∥∥∥∥∥Ψ̂Z̄

∥∥∥{1 + ∥∥λebp ∥∥max
i

∥∥∥Ŵp,iZ̄i

∥∥∥}

and (
λebp
)⊤

∆̃Z̄Z̄⊤,2λ
eb
p ≤

∥∥λebp ∥∥∥∥∥Ψ̂Z̄

∥∥∥{1 + ∥∥λebp ∥∥max
i

∥∥∥Ŵp,iZ̄i

∥∥∥}+
∥∥λebp ∥∥2 ∥∥∥Ψ̂Z̄Z̄⊤,2 − ∆̃Z̄Z̄⊤,2

∥∥∥ .
Then it is clear that

∥∥λebp ∥∥2 mineig
(
∆̃Z̄Z̄⊤,2

)
≤
∥∥λebp ∥∥∥∥∥Ψ̂Z̄

∥∥∥{1 + ∥∥λebp ∥∥max
i

∥∥∥Ŵp,iZ̄i

∥∥∥}+
∥∥λebp ∥∥2 ∥∥∥Ψ̂Z̄Z̄⊤,2 − ∆̃Z̄Z̄⊤,2

∥∥∥
and by rearranging,

(
mineig

(
∆̃Z̄Z̄⊤,2

)
−
∥∥∥Ψ̂Z̄

∥∥∥max
i

∥∥∥Ŵp,iZ̄i

∥∥∥− ∥∥∥Ψ̂Z̄Z̄⊤,2 − ∆̃Z̄Z̄⊤,2

∥∥∥)∥∥λebp ∥∥ ≤
∥∥∥Ψ̂Z̄

∥∥∥ . (S18)

Note that by Lemma 1(a), ∆̃Z̄Z̄⊤,2 =
(
ω0,2
p /φ

)
µZ̄Z̄⊤,±+o (1) and under our assumptions, µZ̄Z̄⊤,± is positive

definite. Then we have mineig
(
∆̃Z̄Z̄⊤,2

)
= mineig

((
ω0,2
p /φ

)
µZ̄Z̄⊤,±

)
+o (1) and mineig

((
ω0,2
p /φ

)
µZ̄Z̄⊤,±

)
>

0. Therefore, mineig
(
∆̃Z̄Z̄⊤,2

)
is bounded away from zero when n is sufficiently large. We have Ψ̂Z̄ =(

0, Ψ̂⊤
Z

)⊤
and by Lemma 1(b),

Ψ̂Z =
1

nh

∑
i

Ŵp,igZ (Xi) +
1

nh

∑
i

Ŵp,i (Zi − gZ (Xi))

=
1

nh

∑
i

Ŵp,i (Zi − gZ (Xi)) +

(
µ
(p+1)
Z,+ ωp+1,1

p;+ − µ
(p+1)
Z,− ωp+1,1

p;−

)
(p+ 1)!

hp+1 + op
(
hp+1

)
. (S19)

By Lemma 1(c), (nh)−1∑
i Ŵp,i (Zi − gZ (Xi)) = Op

(
(nh)

−1/2
)
. Then it follows that

∥∥∥Ψ̂Z̄

∥∥∥ = Op

(
(nh)

−1/2
)
.

By Lemma 1(d),
∥∥∥Ψ̂Z̄

∥∥∥maxi

∥∥∥Ŵp,iZ̄i

∥∥∥ = op (1). By Lemma 1(c),
∥∥∥Ψ̂Z̄Z̄⊤,2 − ∆̃Z̄Z̄⊤,2

∥∥∥ = Op

(
(nh)

−1/2
)
.

Therefore, we have the coefficient of
∥∥λebp ∥∥ in the parentheses on the left hand side of (S18) is bounded away

from zero wpa1. This result,
∥∥∥Ψ̂Z̄

∥∥∥ = Op

(
(nh)

−1/2
)

and (S18) implies that
∥∥λebp ∥∥ = Op

(
(nh)

−1/2
)
.
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Now (S15) and (S16) imply that

Ψ̂Z̄ =

 1

nh

∑
i

Ŵ 2
p,iZ̄iZ̄

⊤
i ·

1−

(
λebp
)⊤ (

Ŵp,iZ̄i

)
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

)
λebp

and

Ψ̂Z̄ = Ψ̂Z̄Z̄⊤,2λ
eb
p − 1

nh

∑
i

Ŵ 2
p,iZ̄i

(
Z̄⊤
i λ

eb
p

) (
λebp

(
Ŵp,iZ̄i

))
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) . (S20)

By arguments similar to those used to prove (S11), (nh)−1∑
i

∥∥∥Ŵp,iZ̄i

∥∥∥3 = Op (1). Therefore, by this result,∥∥λebp ∥∥ = Op

(
(nh)

−1/2
)

and Lemma 1(d),

∥∥∥∥∥∥ 1

nh

∑
i

Ŵ 2
p,iZ̄i

(
Z̄⊤
i λ

eb
p

) ((
λebp
)⊤ (

Ŵp,iZ̄i

))
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

)
∥∥∥∥∥∥ ≤

(
1
nh

∑
i

∥∥∥Ŵp,iZ̄i

∥∥∥3)∥∥λebp ∥∥2
1−

∥∥λebp ∥∥max
i

∥∥∥Ŵp,iZ̄i

∥∥∥
= Op

(
(nh)

−1
)
. (S21)

The second conclusion follows from this result, (S20),
∥∥∥Ψ̂Z̄Z̄⊤,2 − ∆̃Z̄Z̄⊤,2

∥∥∥ = Op

(
(nh)

−1/2
)

and
∥∥λebp ∥∥ =

Op

(
(nh)

−1/2
)
. ■

Proof of Theorem 1 Part 1. Denote ϑ̂ebY :=
∑

i w
eb
i Ŵp,iYi/h and ϑ̂ebD :=

∑
i w

eb
i Ŵp,iDi/h for notational

simplicity. By using

1

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

) = 1−
(
λebp
)⊤ (

Ŵp,iZ̄i

)
+

((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) ,
we have

ϑ̂ebY =
1

nh

∑
i

Ŵp,iYi

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

)
=

1

nh

∑
i

Ŵp,iYi

1−
(
λebp
)⊤ (

Ŵp,iZ̄i

)
+

((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

)


= Ψ̂Y − Ψ̂⊤
Y Z̄,2λ

eb
p +

1

nh

∑
i

(
Ŵp,iYi

)((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) . (S22)
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By Lemma 1(c), Ψ̂Y Z̄,2− ∆̃Y Z̄,2 = Op

(
(nh)

−1/2
)
. By arguments similar to those used in the proof of (S21),

1

nh

∑
i

(
Ŵp,iYi

)((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) = Op

(
(nh)

−1
)
.

By these results, we have ϑ̂ebY = Ψ̂Y − ∆̃⊤
Y Z̄,2

λebp + Op

(
(nh)

−1
)
. And similarly, ϑ̂ebD = Ψ̂D − ∆̃⊤

DZ̄,2
λebp +

Op

(
(nh)

−1
)
. By these results and Lemma 1(b,c), ϑ̂ebD−µD,† = Op

(
(nh)

−1/2
)

and ϑ̂ebY −µY,† = Op

(
(nh)

−1/2
)
.

By these results and simple algebra, we have

ϑ̂ebY

ϑ̂ebD
− µY,†

µD,†
=

(
ϑ̂ebY
µD,†

− µY,†

µD,†

)
+

ϑ̂ebY
µD,†

·

(
µD,†

ϑ̂ebD
− 1

)

=
Ψ̂Y − ∆̃⊤

Y Z̄,2
λebp − µY,†

µD,†
−
ϑ
(
Ψ̂D − ∆̃⊤

DZ̄,2
λebp − µD,†

)
µD,†

+Op

(
(nh)

−1
)

=
Ψ̂M − ∆̃⊤

MZ̄,2
λebp

µD,†
+Op

(
(nh)

−1
)
. (S23)

By writing ∆̃Z̄Z̄⊤,2 as a block matrix and inverting,

∆̃−1
Z̄Z̄⊤,2

=

 ∆̃−1
2 0⊤dz

0dz 0dz×dz

+

 − ∆̃
Z⊤,2

∆̃2

Idz

(∆̃ZZ⊤,2 −
∆̃Z,2∆̃Z⊤,2

∆̃2

)−1 [
− ∆̃Z,2

∆̃2
Idz

]
. (S24)

Then, by Lemma 2, we have

∆̃⊤
MZ̄,2λ

eb
p =

[
∆̃M,2 ∆̃⊤

MZ,2

]
∆̃−1

Z̄Z̄⊤,2

 0

Ψ̂Z

+Op

(
(nh)

−1
)

= γ̃⊤M Ψ̂Z +Op

(
(nh)

−1
)
, (S25)

where

γ̃M :=

(
∆̃ZZ⊤,2 −

∆̃Z,2∆̃Z⊤,2

∆̃2

)−1(
∆̃MZ,2 −

∆̃M,2∆̃Z,2

∆̃2

)
.

By Lemma 1(a), ∆̃ZZ⊤,2 =
(
ω0,2
p /φ

)
µZZ⊤,± + o (1), ∆̃Z,2 = 2

(
ω0,2
p /φ

)
µZ + o (1), ∆̃2 = 2

(
ω0,2
p /φ

)
+ o (1),

∆̃MZ,2 = 2
(
ω0,2
p /φ

)
µMZ,±+o (1) and ∆̃M,2 = 2

(
ω0,2
p /φ

)
µM +o (1). Therefore, it follows from these results,

(S4) and the fact that for s ∈ {−,+}, µZZ⊤,s − µZµZ⊤ is positive definite that γ̃M = γM + o (1). Therefore,

by this result, Ψ̂Z = Op

(
(nh)

−1/2
)
, (S23) and (S25), we have ϑ̂ebp −ϑ = Ψ̂ϵ/µD,†+op

(
(nh)

−1/2
)
. By lemma
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1(b),

Ψ̂ϵ =
1

nh

∑
i

Ŵp,igϵ (Xi) +
1

nh

∑
i

Ŵp,i (ϵi − gϵ (Xi))

=

(
µ
(p+1)
ϵ,+ ωp+1,1

p;+ − µ
(p+1)
ϵ,− ωp+1,1

p;−

)
(p+ 1)!

hp+1 +
1

nh

∑
i

Ŵp,i (ϵi − gϵ (Xi)) + o
(
hp+1

)
.

Then, we write

1

nh

∑
i

(
Ŵp,i − W̃p,i

)
(ϵi − gϵ (Xi))

= e⊤p+1,1

(
Π̂−1

p,+ −Π−1
p,+

)( 1

nh

∑
i

rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0) (ϵi − gϵ (Xi))

)
.

By change of variables and Chebyshev’s inequality,

1

nh

∑
i

rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0) (ϵi − gϵ (Xi)) = Op

(
(nh)

−1/2
)
.

Therefore, by this result and (S5), (nh)−1∑
i

(
Ŵp,i − W̃p,i

)
(ϵi − gϵ (Xi)) = Op

(
(nh)

−1
)
. It then follows

that

Ψ̂ϵ =

(
µ
(p+1)
ϵ,+ ωp+1,1

p;+ − µ
(p+1)
ϵ,− ωp+1,1

p;−

)
(p+ 1)!

hp+1 +
1

nh

∑
i

W̃p,i (ϵi − gϵ (Xi)) + op

(
(nh)

−1/2
)
. (S26)

By Lemma 1(a),

Var

[
1√
nh

∑
i

W̃p,i (ϵi − gϵ (Xi))

]
= E

[
1

h
W̃ 2

p (ϵ− gϵ (X))
2

]

=
ω0,2
p σ2

φ
+ o (1) . (S27)

Let ς ∈ (0, 1). We have

∑
i

E

[∣∣∣∣ 1√
nh
W̃p,i (ϵi − gϵ (Xi))

∣∣∣∣2+ς
]

=
1

(nh)
1+ς/2

∑
i

E

[∣∣∣W̃p,i (ϵi − gϵ (Xi))
∣∣∣2+ς

]

≲
E

[
h−1

∣∣∣W̃p

∣∣∣2+ς (
|ϵ|2+ς

+ |gϵ (X)|2+ς
)]

(nh)
ς/2

,

where the inequality follows from Loève’s cr inequality. By (S5), change of variables and Markov’s inequal-
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ity, E

[
h−1

∣∣∣W̃p

∣∣∣2+ς

|ϵ|2+ς

]
= O (1) and E

[
h−1

∣∣∣W̃p

∣∣∣2+ς

|gϵ (X)|2+ς

]
= O (1). Therefore, we have verified

Lyapunov’s condition

∑
i

E

[∣∣∣∣ 1√
nh
W̃p,i (ϵi − gϵ (Xi))

∣∣∣∣2+ς
]
→ 0.

By Lyapunov’s central limit theorem,

1√
nh

∑
i W̃p,i (ϵi − gϵ (Xi))√

Var
[

1√
nh

∑
i W̃p,i (ϵi − gϵ (Xi))

] →d N(0, 1) .

It follows from this result, (S26) and (S27) that

√
nh

Ψ̂ϵ −

(
µ
(p+1)
ϵ,+ ωp+1,1

p;+ − µ
(p+1)
ϵ,− ωp+1,1

p;−

)
(p+ 1)!

hp+1

→d N

(
0,
ω0,2
p σ2

φ

)
. (S28)

The conclusion follows from this result, ϑ̂ebp − ϑ = Ψ̂ϵ/µD,† + op

(
(nh)

−1/2
)

and Slutsky’s lemma. ■

S1.2 Proof of Part 2

The following lemma is an analogue of Lemma 1.

Lemma 3. Let V denote a random variable and {V1, ..., Vn} are i.i.d. copies of V . Assume that nh → ∞.

Suppose that K is a symmetric continuous PDF supported on [−1, 1]. Let B denote a neighborhood of 0. The

following results hold for all (s, k) ∈ {−,+} × N. (a) If mV is uniformly continuous on B \ {0}, for k ≥ 2,

E

[
1

h
W k

p;sV

]
= ψV,sω

0,k
p + o (1) ;

(b) If mV is (p+ 1)-times continuously differentiable with uniformly continuous m(p+1)
V on B \ {0},

E

[
1

h
Wp;sV

]
= ψV,s +

ψ
(p+1)
V,s

(p+ 1)!
ωp+1,1
p;s hp+1 + o

(
hp+1

)
;

(c) If gV 2 is bounded on B \ {0},

1

nh

∑
i

W k
p;s,iVi − E

[
1

h
W k

p;sV

]
= Op

(
(nh)

−1/2
)
;

(d) If g|V |r is bounded on B \ {0}, maxi |Wp;s,iVi| = Op

(
(nh)

1/r
)
.
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Proof of Lemma 3. We take s = + without loss of generality. By LIE, change of variables and continuity

of gV and fX ,

E

[
1

h
W k

p;+V

]
=

∫ x

0

1

h
Kk

p;+

(x
h

)
mV (x) dx

=

∫ x
h

0

Kk
p;+ (y)mV (hy) dy

= ψV,+ω
0,k
p + o (1) . (S29)

Part (a) follows from the above calculation.

Part (b) is a straightforward extension of Bickel and Doksum (2015, Proposition 11.3.1), which follows

from LIE and (p+ 1)-th order Taylor expansion. Denote ψ+ :=
(
ψV,+, ψ

(1)
V,+, ψ

(2)
V,+/2, ..., ψ

(p)
V,+/p!

)⊤
. By

Taylor’s theorem,

E

[
1

h
Wp;+V

]
=

∫ x
h

0

Kp;+ (y)mV (hy) dy

=

∫ x
h

0

Kp;+ (y)
(
ψ⊤
+Hrp (y)

)
dy +

∫ x
h

0

Kp;+ (y)

(
m

(p+1)
V

(
t̃
)

(p+ 1)!

)
(hy)

p+1
dy, (S30)

where 0 < t̃ < hy denotes the mean value. By the definition of Kp;+, when h is sufficiently small, we have

∫ x
h

0

Kp;+ (y)
(
ψ⊤
+Hrp (y)

)
dy = e⊤p+1,1Hψ+ = ψV,+. (S31)

By continuity of gV and fX ,

∫ x
h

0

Kp;+ (y)

(
m

(p+1)
V

(
t̃
)

(p+ 1)!

)
(hy)

p+1
dy =

ψ
(p+1)
V,+ ωp+1,1

p;+

(p+ 1)!
hp+1 + o

(
hp+1

)
.

Part (b) follows from this result and (S30).

By LIE and change of variables,

Var

[
1

h
W k

p;+V

]
=

1

h
·

{
E

[
1

h
W 2k

p;+V
2

]
− h

(
E

[
1

h
W k

p;+V

])2
}

= O
(
h−1

)
Part (c) follows from this result and Chebyshev’s inequality.

For Part (d), by arguments similar to those used to prove (S13)

max
i

|Wp;+,iVi| ≤

(
1

nh

∑
i

|Wp;+,iVi|r
)1/r

(nh)
1/r

. (S32)
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By LIE, change of variables, Markov’s inequality and boundedness of g|V |r , (nh)
−1∑

i |Wp;+,iVi|r = Op (1).

The conclusion follows from this result and (S32). ■

Let A be a random variable/vector/matrix. {A1, ..., An} are i.i.d. copies of A. Denote ∆A,k :=

E
[
h−1W k

pA
]
, ΨA,k := (nh)

−1∑
iW

k
p,iAi, ∆k := E

[
h−1W k

p

]
, Ψk := (nh)

−1∑
iW

k
p,i, ∆A := E

[
h−1WpA

]
,

ΨA := (nh)
−1∑

iWp,iAi and Ψ := (nh)
−1∑

iWp,i.

Lemma 4. Suppose that Assumptions in the statement of Theorem 1 hold. Then, λmc
p = Op

(
(nh)

−1/2
)

and

λmc
p = ∆−1

Z̄Z̄⊤,2
ΨZ̄ +Op

(
(nh)

−1
)
.

Proof of Lemma 4. By arguments similar to those used in the proof of Lemma 2,

(
λmc
p

)⊤
∆Z̄Z̄⊤,2λ

mc
p ≤

∥∥λmc
p

∥∥ ∥ΨZ̄∥
{
1 +

∥∥λmc
p

∥∥max
i

∥∥Wp,iZ̄i

∥∥}+
∥∥λmc

p

∥∥2 ∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ (S33)

and (
mineig

(
∆Z̄Z̄⊤,2

)
− ∥ΨZ̄∥max

i

∥∥Wp,iZ̄i

∥∥− ∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥)∥∥λmc
p

∥∥ ≤ ∥ΨZ̄∥ . (S34)

Write ΨZ̄ = ΨZ̄ − ∆Z̄ + ∆Z̄ . It follows from Lemma 3(c) that ΨZ̄ − ∆Z̄ is Op

(
(nh)

−1/2
)
. By Lemma

3(b), ∆Z̄ = O
(
hp+1

)
. Therefore, ΨZ̄ = Op

(
(nh)

−1/2
)
. It also follows from this result, Lemma 3(d) that

∥ΨZ̄∥
(
maxi

∥∥Wp,iZ̄i

∥∥) = op (1). By Lemma 3(c),
∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ = Op

(
(nh)

−1/2
)
. Since it follows

from Lemma 3(a) that ∆Z̄Z̄⊤,2 = ψZ̄Z̄⊤,±ω
0,2
p +o (1), we have mineig

(
∆Z̄Z̄⊤,2

)
= mineig

(
ψZ̄Z̄⊤,±ω

0,2
p

)
+o (1).

Therefore wpa1,

mineig
(
∆Z̄Z̄⊤,2

)
− ∥ΨZ̄∥max

i

∥∥Wp,iZ̄i

∥∥− ∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ > 1

2
·mineig

(
ψZ̄Z̄⊤,±ω

0,2
p

)
> 0. (S35)

By this result and (S34), λmc
p = Op

(
(nh)

−1/2
)
.

By arguments similar to those used to show (S20), we have

ΨZ̄ = ΨZ̄Z̄⊤,2λ
mc
p − 1

nh

∑
i

W 2
p,iZ̄i

(
Z̄⊤
i λ

mc
p

) ((
λmc
p

)⊤ (
Wp,iZ̄i

))
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

) . (S36)

By Lemma 3(a) and Markov’s inequality, (nh)−1∑
i

∥∥Wp,iZ̄i

∥∥3 = Op (1). Then by using this result, Lemma

3(d) and λmc
p = Op

(
(nh)

−1/2
)
, the second term on the right hand side of (S36) is Op

(
(nh)

−1
)
. The

second conclusion follows from this result,
∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ = Op

(
(nh)

−1/2
)
, λmc

p = Op

(
(nh)

−1/2
)

and

(S36). ■

Proof of Theorem 1 Part 2. Denote ϑ̂mc
Y :=

∑
i w

mc
i Wp,iYi/h and ϑ̂mc

D :=
∑

i w
mc
i Wp,iDi/h for notational
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simplicity. By writing ∆Z̄Z̄⊤,2 as a block matrix and inverting,

∆−1
Z̄Z̄⊤,2

=

 ∆−1
2 0⊤dz

0dz 0dz×dz

+

 −∆
Z⊤,2

∆2

Idz

(∆ZZ⊤,2 −
∆Z,2∆Z⊤,2

∆2

)−1 [
−∆Z,2

∆2
Idz

]
. (S37)

Let

γ̄M :=

(
∆ZZ⊤,2 −

∆Z,2∆Z⊤,2

∆2

)−1(
∆MZ,2 −

∆M,2∆Z,2

∆2

)
.

It follows from Lemma 3(a) that ∆Z,2 = 2ω0,2
p ψZ + o (1), ∆2 = 2ω0,2

p φ, ∆M,2 = 2ω0,2
p ψM + o (1), ∆ZZ⊤,2 =

ω0,2
p ψZZ⊤,± + o (1) and ∆MZ,2 = ω0,2

p ψMZ,± + o (1). It follows from these results, (S4) and the fact that for

s ∈ {−,+}, µZZ⊤,s − µZµZ⊤ is positive definite that γ̄M = γM + o (1). It follows from Lemma 3(b,c) that

ΨZ̄ = Op

(
(nh)

−1/2
)
. By these results,

∆⊤
MZ̄,2∆

−1
Z̄Z̄⊤,2

ΨZ̄ =
∆M,2

∆2
·Ψ+ γ̄⊤M

(
ΨZ − ∆Z,2

∆2
·Ψ
)

= µM ·Ψ+ γ⊤M (ΨZ − µZ ·Ψ) + op

(
(nh)

−1/2
)
. (S38)

By arguments similar to those used to show (S22),

ϑ̂mc
Y = ΨY −Ψ⊤

Y Z̄,2λ
mc
p +

1

nh

∑
i

(Wp,iYi)
((
λmc
p

)⊤ (
Wp,iZ̄i

))2
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

) . (S39)

Then,

∣∣∣∣∣∣∣
1

nh

∑
i

(Wp,iYi)
((
λmc
p

)⊤ (
Wp,iZ̄i

))2
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

)
∣∣∣∣∣∣∣ ≤

(
1
nh

∑
i

∥∥Wp,iZ̄i

∥∥2 |Wp,iYi|
)∥∥λmc

p

∥∥2
1−

∥∥λmc
p

∥∥max
i

∥∥Wp,iZ̄i

∥∥
= Op

(
(nh)

−1
)
. (S40)

It follows from Lemma 1(c) that ΨY Z̄,2 − ∆Y Z̄,2 = Op

(
(nh)

−1/2
)
. Therefore, ϑ̂mc

Y = ΨY − ∆⊤
Y Z̄,2

λmc
p +

Op

(
(nh)

−1
)
. Similarly, ϑ̂mc

D = ΨD−∆⊤
DZ̄,2

λmc
p +Op

(
(nh)

−1
)
. By Lemma 1(b,c), ΨY −ψY,† = Op

(
(nh)

−1/2
)

and ΨD − ψD,† = Op

(
(nh)

−1/2
)
. By arguments similar to those used to show (S23),

ϑ̂mc
Y

ϑ̂mc
D

− ψY,†

ψD,†
=

ΨM −∆⊤
MZ̄,2

λmc
p

ψD,†
+Op

(
(nh)

−1
)
.
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Therefore, by this result and (S38),

√
nh
(
ϑ̂mc
p − ϑ

)
=

1

ψD,†
· 1√

nh

∑
i

Wp,i (ϵi − µϵ) + op (1) , (S41)

where ϵi :=Mi − Z⊤
i γM . Let ϵ̊i := ϵi − µϵ. Then,

√
nh

(
ϑ̂mc
p − ϑ− ∆ϵ̊

ψD,†

)
=

1

ψD,†
·
∑
i

(
Wp,i̊ϵi√
nh

− E

[
Wp̊ϵ√
nh

])
+ op (1) (S42)

follows from subtracting both sides of (S41) by
√
nh ·∆ϵ̊/ψD,†. By Lemma 3(b),

∆ϵ̊ =

(
ψ
(p+1)
ϵ,+ − µϵφ

(p+1)
)
ωp+1,1
p;+ −

(
ψ
(p+1)
ϵ,− − µϵφ

(p+1)
)
ωp+1,1
p;−

(p+ 1)!
· hp+1 + o

(
hp+1

)
and ∆ϵ̊2,2 = ω0,2

p ψϵ̊2,± + o (1). It follows from simple algebraic calculations that ψϵ̊2,± = σ2φ. Then, we have

Var

[
Wp̊ϵ√
h

]
= ∆ϵ̊2 − h∆2

ϵ̊ = ω0,2
p σ2φ+ o (1) . (S43)

Let ς ∈ (0, 1). Then,

∑
i

E

[∣∣∣∣Wp,i̊ϵi√
nh

− E

[
Wp̊ϵ√
nh

]∣∣∣∣2+ς
]

=
1

(nh)
1+ς/2

∑
i

E
[
|Wp,i̊ϵi − E [Wp̊ϵ]|2+ς

]

>
E
[
h−1 |Wp̊ϵ|2+ς

]
+ h−1 |E [Wp̊ϵ]|2+ς

(nh)
ς/2

, (S44)

where the inequality follows from Loève’s cr inequality and the equality follows from (S43), E
[
h−1 |Wp̊ϵ|2+ς

]
=

O (1) and E [Wp̊ϵ] = O
(
hp+2

)
. (S44) verifies Lyapunov’s condition. By Lyapunov’s central limit theorem,

1√
nh

∑
i (Wp,i̊ϵi − E [Wp̊ϵ])√

Var
[

1√
nh

∑
i (Wp,i̊ϵi − E [Wp̊ϵ])

] →d N(0, 1) .

The conclusion follows from this result, (S42), (S43) and Slutsky’s lemma. ■
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S2 Proof of Theorem 2

S2.1 Calculating the nonlinearity bias of ϑ̂mc
p

Let Gi :=

[
Di 0⊤dz+1

]⊤
. Denote Σ :=

(
∆⊤

G∆
−1
UU⊤,2

∆G

)−1

, N := ∆−1
UU⊤,2

∆GΣ and Q := ∆−1
UU⊤,2

−

N∆⊤
G∆

−1
UU⊤,2

. By writing ∆UU⊤,2 as a block matrix and inverting,

∆−1
UU⊤,2

=


(
∆M2,2 −∆MZ̄⊤,2∆

−1
Z̄Z̄⊤,2

∆MZ̄,2

)−1

−
∆

MZ̄⊤,2
∆−1

Z̄Z̄⊤,2

∆M2,2−∆
MZ̄⊤,2

∆−1

Z̄Z̄⊤,2
∆MZ̄,2

−
∆−1

Z̄Z̄⊤,2
∆MZ̄,2

∆M2,2−∆
MZ̄⊤,2

∆−1

Z̄Z̄⊤,2
∆MZ̄,2

∆−1
Z̄Z̄⊤,2

−∆−1
Z̄Z̄⊤,2

(
∆MZ̄,2∆MZ̄⊤,2

∆M2,2−∆
MZ̄⊤,2

∆−1

Z̄Z̄⊤,2
∆MZ̄,2

)
∆−1

Z̄Z̄⊤,2

 .
(S45)

By straightforward calculation,

Q =

 0 0⊤dz+1

0dz+1 ∆−1
Z̄Z̄⊤,2

 . (S46)

Consider the singular value decomposition of ∆−1/2

UU⊤,2
(−∆G):

S⊤∆
−1/2

UU⊤,2
(−∆G) T =

 Λ

0dz+1

 ,

where S⊤S = Idz+2, T = 1 and Λ :=
√

∆⊤
G∆

−1
UU⊤,2

∆G. We follow Chen and Cui (2007) to rotate the

moment conditions by S⊤∆
−1/2

UU⊤,2
so that results from Chen and Cui (2007) can be applied. Let Vi (θ) :=

S⊤∆
−1/2

UU⊤,2
Ui (θ), Vi := Vi (ϑ) and Hi := S⊤∆

−1/2

UU⊤,2
(−Gi). It is easy to see that the criterion function is

invariant to the rotation:

ℓmc
p (θ | h) = sup

λ

1

n

∑
i

log
(
1 + λ⊤ (Wp,iVi (θ))

)
.

Let λ̂mc
p denote the Lagrange multipliers

λ̂mc
p := argmax

λ

1

n

∑
i

log
(
1 + λ⊤

(
Wp,iVi

(
ϑ̂mc
p

)))
.

It is clear that we have λ̂mc
p =

(
S⊤∆

1/2

UU⊤,2

)(
0,
(
λmc
p

)⊤)⊤. Lemma 4 implies that λ̂mc
p = Op

(
(nh)

−1/2
)
. Let

Ω := Λ−1. Then, ∆V V ⊤,2 = Idz+2 and ∆H := S⊤∆
−1/2

UU⊤,2
(−∆G) =

[
Λ 0⊤dz+1

]⊤
. By inverting the block

matrices and simple algebra,
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 −∆V V ⊤,2 ∆H

∆⊤
H 0


−1

=

 −∆−1
V V ⊤,2

+∆−1
V V ⊤,2

∆H

(
∆⊤

H∆−1
V V ⊤,2

∆H

)−1

∆⊤
H∆−1

V V ⊤,2
∆−1

V V ⊤,2
∆H

(
∆⊤

H∆−1
V V ⊤,2

∆H

)−1(
∆⊤

H∆−1
V V ⊤,2

∆H

)−1

∆⊤
H∆−1

V V ⊤,2

(
∆⊤

H∆−1
V V ⊤,2

∆H

)−1



=


0 0⊤dz+1 Ω

0dz+1 −Idz+1 0dz+1

Ω 0⊤dz+1 Ω2

 =

 −S⊤∆
1/2

UU⊤,2
Q∆

1/2

UU⊤,2
S −S⊤∆

1/2

UU⊤,2
N

−N⊤∆
1/2

UU⊤,2
S Σ

 . (S47)

The first order conditions are given by

0 =
∑
i

Wp,iVi

(
ϑ̂mc
p

)
1 +

(
λ̂mc
p

)⊤ (
Wp,iVi

(
ϑ̂mc
p

))
0 =

∑
i

(Wp,iHi)
⊤
λ̂mc
p

1 +
(
λ̂mc
p

)⊤ (
Wp,iVi

(
ϑ̂mc
p

)) . (S48)

Let ϑ̊mc
p := ϑ̂mc

p − ϑ. Theorem 1 implies that ϑ̊mc
p = Op

(
(nh)

−1/2
)
. Denote V̂ mc

i := Vi

(
ϑ̂mc
p

)
. By simple

algebra, we expand the right hand sides of (S48) to get

0 =
∑
i

Wp,iV̂
mc
i

1−
(
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)
+

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

−

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))3

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

)


0 =
∑
i

(Wp,iHi)
⊤
λ̂mc
p

1−
(
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)
+

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

)
 . (S49)

By V̂ mc
i = Vi + Hiϑ̊

mc
p , triangle inequality, Lemma 3(a,c,d), Markov’s inequality, Lemma 4 and ϑ̊mc

p =

Op

(
(nh)

−1/2
)
, we have

1

nh

∑
i

Wp,iV̂
mc
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))3

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

) = Op

(
(nh)

−3/2
)

1

nh

∑
i

(
(Wp,iHi)

⊤
λ̂mc
p

)((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

) = Op

(
(nh)

−3/2
)
.

S18



By V̂ mc
i = Vi +Hiϑ̊

mc
p , ϑ̊mc

p = Op

(
(nh)

−1/2
)

, Lemma 3(a), and Markov’s inequality,

1

nh

∑
i

Wp,iV̂
mc
i =

1

nh

∑
i

Wp,iVi +
1

nh

∑
i

Wp,iHiϑ̊
mc
p

1

nh

∑
i

Wp,iV̂
mc
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))
=

1

nh

∑
i

W 2
p,iViV

⊤
i λ̂

mc
p +

1

nh

∑
i

W 2
p,iVi

((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
+

1

nh

∑
i

W 2
p,iHiϑ̊

mc
p

(
V ⊤
i λ̂

mc
p

)
+Op

(
(nh)

−3/2
)

1

nh

∑
i

Wp,iV̂
mc
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

=
1

nh

∑
i

W 3
p,iVi

(
V ⊤
i λ̂

mc
p

)2
+Op

(
(nh)

−3/2
)

1

nh

∑
i

(Wp,iHi)
⊤
λ̂mc
p

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))
=

1

nh

∑
i

W 2
p,i

(
H⊤

i λ̂
mc
p

)(
V ⊤
i λ̂

mc
p

)
+Op

(
(nh)

−3/2
)

By plugging these results into the right hand side of (S49), we have

−∆V V ⊤,2λ̂
mc
p +∆H ϑ̊

mc
p = − 1

nh

∑
i

Wp,iVi +
1

nh

∑
i

W 2
p,iVi

((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
− 1

nh

∑
i

W 3
p,iVi

(
V ⊤
i λ̂

mc
p

)2
+

1

nh

∑
i

W 2
p,iHiϑ̊

mc
p

(
V ⊤
i λ̂

mc
p

)
+
(
ΨV V ⊤,2 −∆V V ⊤,2

)
λ̂mc
p − (ΨH −∆H) ϑ̊mc

p

+Op

(
(nh)

−3/2
)

∆H λ̂
mc
p =

1

nh

∑
i

W 2
p,i

(
H⊤

i λ̂
mc
p

)(
V ⊤
i λ̂

mc
p

)
− (ΨH −∆H)

⊤
λ̂mc
p +Op

(
(nh)

−3/2
)
. (S50)

We now switch to coordinate notations. Let αk := ∆V (k) , αkl := ∆V (k)V (l),2, αklm := ∆V (k)V (l)V (m),3, and

γk:l := ∆V (k)H(l),2. Let Ak := ΨV (k) , Akl := ΨV (k)V (l),2 −∆V (k)V (l),2 and Ck := ΨH(k) −∆H(k) . By multiplying

both sides of (S50) by (S47) and replacing
(
λ̂mc
p , ϑ̊mc

p

)
with their leading terms in the stochastic expansion,

we can get a stochastic expansion for
(
λ̂mc
p , ϑ̊mc

p

)
in the form of a quadratic polynomial of

(
Ak, Akl, Ck

)
. The

algebraic calculations have been done in Chen and Cui (2007) so that we use them directly here. In the

following proofs, summation over repeated indices is taken implicitly with the “
∑

” notation suppressed and

ranges of indices fixed: k, l,m, n, o, v = 1, ..., dz + 2 and a, b, c, d = 1, ..., dz + 1, e, f, g, h = 1, ..., p. By these

calculations and Lemma 3(c), we have

ϑ̊mc
p = −ΩA1 +ΩA1 1+aA1+a +Ω2C1A1 − Ωα1 1+a 1+bA1+aA1+b − Ω2γ1+a:1A1+aA1 +Op

(
(nh)

−3/2
)
.

Let Åk := ΨV (k) − αk, then we have

ϑ̊mc
p = −Ω

(
Å1 + α1

)
+ Imc

1 + Imc
2 + Imc

3 +Op

(
(nh)

−3/2
)
, (S51)
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where

Imc
1 := ΩA1 1+aÅ1+a +Ω2C1Å1 − Ωα1 1+a 1+bÅ1+aÅ1+b − Ω2γ1+a:1Å1+aÅ1

Imc
2 := ΩA1 1+aα1+a +Ω2C1α1 − 2Ωα1 1+a 1+bÅ1+aα1+b − Ω2γ1+a:1Å1+aα1 − Ω2γ1+a:1α1+aÅ1

Imc
3 := −Ωα1 1+a 1+bα1+aα1+b − Ω2γ1+a:1α1+aα1.

Imc
2 is the interaction term of the smoothing bias and stochastic variability. Imc

3 is the second-order smoothing

bias. The nonlinearity bias is defined to be the leading term of the expectation of Imc
1 . By straightforward

calculation and Lemma 3(b), we have

E
[
A1 1+aÅ1+a

]
=

1

n

{
E

[(
1

h
W 2

p V
(1)V (1+a)

)(
1

h
WpV

(1+a)

)]
− E

[
1

h
W 2

p V
(1)V (1+a)

]
E

[
1

h
WpV

(1+a)

]}
=

1

nh
· α1 1+a 1+a

E
[
C1Å1

]
=

1

n

{
E

[(
1

h
WpH

(1)

)(
1

h
WpV

(1)

)]
− E

[
1

h
WpH

(1)

]
E

[
1

h
WpV

(1)

]}
=

1

nh
· γ1:1 +O

(
n−1h1+p

)
E
[
Å1+aÅ1+b

]
=

1

n

{
E

[(
1

h
WpV

(1+a)

)(
1

h
WpV

(1+b)

)]
− E

[
1

h
WpV

(1+a)

]
E

[
1

h
WpV

(1+b)

]}
= 1 (a = b) +O

(
n−1h2(1+p)

)
E
[
Å1+aÅ1

]
=

1

n

{
E

[(
1

h
WpV

(1+a)

)(
1

h
WpV

(1)

)]
− E

[
1

h
WpV

(1+a)

]
E

[
1

h
WpV

(1)

]}
= O

(
n−1h2(1+p)

)
.

Therefore, we have E [Imc
1 ] = (nh)

−1 (
Ω2γ1:1 + o (1)

)
. Since

S⊤∆
−1/2

UU⊤,2
(−∆G)√

∆⊤
G∆

−1
UU⊤,2

∆G

= edz+2,1, (S52)

by (S47), we have

H(1) =
∆⊤

G∆
−1
UU⊤,2

G√
∆⊤

G∆
−1
UU⊤,2

∆G

V (1) = −
∆⊤

G∆
−1
UU⊤,2

U√
∆⊤

G∆
−1
UU⊤,2

∆G

.
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Therefore

Ω2γ1:1 = −
E
[
1
hW

2
p

(
∆⊤

G∆
−1
UU⊤,2

G
)(

∆⊤
G∆

−1
UU⊤,2

U
)]

(
∆G∆

−1
UU⊤,2

∆G

)2 . (S53)

By (S45), we have

∆⊤
G∆

−1
UU⊤,2

G =
∆D ·D

∆M2,2 −∆MZ̄⊤,2∆
−1
Z̄Z̄⊤,2

∆MZ̄,2

∆⊤
G∆

−1
UU⊤,2

U =
∆D

(
M −∆MZ̄⊤,2∆

−1
Z̄Z̄⊤,2

Z̄
)

∆M2,2 −∆MZ̄⊤,2∆
−1
Z̄Z̄⊤,2

∆MZ̄,2

∆⊤
G∆

−1
UU⊤,2

∆G =
∆2

D

∆M2,2 −∆MZ̄⊤,2∆
−1
Z̄Z̄⊤,2

∆MZ̄,2

. (S54)

By (S37),

M −∆MZ̄⊤,2∆
−1
Z̄Z̄⊤,2

Z̄ =

(
M − ∆M,2

∆2

)
− γ̄⊤M

(
Z − ∆Z,2

∆2

)
.

By these results, γ̄M = γM + o (1), ∆M,2/∆2 = µM + o (1), ∆Z,2/∆2 = µZ + o (1), (S53) and Lemma 3(a,b),

Ω2γ1:1 = −∆−2
D · E

[
1

h
W 2

p

(
M −∆MZ̄⊤,2∆

−1
Z̄Z̄⊤,2

Z̄
)
D

]
= ω0,2

p ·
Cov|0± [ϵ,D]

φµ2
D,†

+ o (1) . (S55)

S2.2 Calculating the nonlinearity bias of ϑ̂eb
p

Similarly, denote Σ̃ :=
(
∆̃⊤

G∆̃
−1
UU⊤,2

∆̃G

)−1

, Ñ := ∆̃−1
UU⊤,2

∆̃GΣ̃ and Q̃ := ∆̃−1
UU⊤,2

− Ñ∆̃⊤
G∆̃

−1
UU⊤,2

. By writing

∆̃UU⊤,2 as a block matrix and inverting,

∆̃−1
UU⊤,2

=


(
∆̃M2,2 − ∆̃MZ̄⊤,2∆̃

−1
Z̄Z̄⊤,2

∆̃MZ̄,2

)−1

−
∆̃

MZ̄⊤,2
∆̃−1

Z̄Z̄⊤,2

∆̃M2,2−∆̃
MZ̄⊤,2

∆̃−1

Z̄Z̄⊤,2
∆̃MZ̄,2

−
∆̃−1

Z̄Z̄⊤,2
∆̃MZ̄,2

∆̃M2,2−∆̃
MZ̄⊤,2

∆̃−1

Z̄Z̄⊤,2
∆̃MZ̄,2

∆̃−1
Z̄Z̄⊤,2

− ∆̃−1
Z̄Z̄⊤,2

(
∆̃MZ̄,2∆̃MZ̄⊤,2

∆̃M2,2−∆̃
MZ̄⊤,2

∆̃−1

Z̄Z̄⊤,2
∆̃MZ̄,2

)
∆̃−1

Z̄Z̄⊤,2


(S56)

and by straightforward calculation,

Q̃ =

 0 0⊤dz+1

0dz+1 ∆̃−1
Z̄Z̄⊤,2

 . (S57)
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Consider the singular value decomposition of ∆̃−1/2

UU⊤,2

(
−∆̃G

)
:

S⊤∆̃
−1/2

UU⊤,2

(
−∆̃G

)
T =

 Λ

0dz+1

 ,

where S⊤S = Idz+2, T = 1 and Λ :=
√
∆̃⊤

G∆̃
−1
UU⊤,2

∆̃G. Let Vi (θ) := S⊤∆̃
−1/2

UU⊤,2
Ui (θ), Vi := S⊤∆̃

−1/2

UU⊤,2
Ui and

Hi := S⊤∆̃
−1/2

UU⊤,2
(−Gi). The estimator ϑ̂ebp = argminθℓ

eb
p (θ | h) is invariant the rotation, where

ℓebp (θ | h) = sup
λ

1

n

∑
i

log
(
1 + λ⊤

(
Ŵp,iVi (θ)

))
.

Let λ̂ebp to denote the associated Lagrange multipliers:

λ̂ebp := argmax
λ

1

n

∑
i

log
(
1 + λ⊤

(
Ŵp,iVi

(
ϑ̂ebp

)))
.

Then λ̂ebp = S⊤∆̃
1/2

UU⊤,2

(
0,
(
λebp
)⊤)⊤ and Lemma 2 implies that λ̂ebp = Op

(
(nh)

−1/2
)
. Let Ω := Λ−1. Then,

∆̃V V ⊤,2 = Idz+2 and ∆̃H := S⊤∆̃
−1/2

UU⊤,2

(
−∆̃G

)
=

[
Λ 0⊤dz+1

]⊤
. By inverting the block matrices,

 −∆̃V V ⊤,2 ∆̃H

∆̃⊤
H 0


−1

=

 −∆̃−1
V V ⊤,2

+ ∆̃−1
V V ⊤,2

∆̃H

(
∆̃⊤

H∆̃−1
V V ⊤,2

∆̃H

)−1

∆̃⊤
H∆̃−1

V V ⊤,2
∆̃−1

V V ⊤,2
∆̃H

(
∆̃⊤

H∆̃−1
V V ⊤,2

∆̃H

)−1(
∆̃⊤

H∆̃−1
V V ⊤,2

∆̃H

)−1

∆̃⊤
H∆̃−1

V V ⊤,2

(
∆̃⊤

H∆̃−1
V V ⊤,2

∆̃H

)−1



=


0 0⊤dz+1 Ω

0dz+1 −Idz+1 0dz+1

Ω 0⊤dz+1 Ω2

 =

 −S⊤∆̃
1/2

UU⊤,2
Q̃∆̃

1/2

UU⊤,2
S −S⊤∆̃

1/2

UU⊤,2
Ñ

−Ñ⊤∆̃
1/2

UU⊤,2
S Σ̃

 . (S58)

Let ϑ̊ebp := ϑ̂ebp − ϑ. Theorem 1 implies that ϑ̊ebp = Op

(
(nh)

−1/2
)
. We expand the right hand sides of the

first order conditions

0 =
∑
i

Ŵp,iVi

(
ϑ̂ebp

)
1 +

(
λ̂ebp

)⊤ (
Ŵp,iVi

(
ϑ̂ebp

))
0 =

∑
i

(
Ŵp,iHi

)⊤
λ̂ebp

1 +
(
λ̂ebp

)⊤ (
Ŵp,iVi

(
ϑ̂ebp

))

S22



and use Lemma 1 and Vi
(
ϑ̂ebp

)
= Vi +Hiϑ̊

eb
p to get

−∆̃V V ⊤,2λ̂
eb
p + ∆̃H ϑ̊

eb
p = − 1

nh

∑
i

Ŵp,iVi +
1

nh

∑
i

Ŵ 2
p,iVi

((
λ̂ebp

)⊤
Hiϑ̊

eb
p

)
− 1

nh

∑
i

Ŵ 3
p,iVi

(
V ⊤
i λ̂

eb
p

)2
+

1

nh

∑
i

Ŵ 2
p,iHiϑ̊

eb
p

(
V ⊤
i λ̂

eb
p

)
+
(
Ψ̂V V ⊤,2 − ∆̃V V ⊤,2

)
λ̂ebp −

(
Ψ̂H − ∆̃H

)
ϑ̊ebp

+Op

(
(nh)

−3/2
)

∆̃H λ̂
eb
p =

1

nh

∑
i

Ŵ 2
p,i

(
H⊤

i λ̂
eb
p

)(
V ⊤
i λ̂

eb
p

)
−
(
Ψ̂H − ∆̃H

)⊤
λ̂ebp +Op

(
(nh)

−3/2
)
. (S59)

Denote Ak := Ψ̂V (k) , Akl := Ψ̂V (k)V (l),2 − ∆̃V (k)V (l),2 and Ck := Ψ̂H(k) − ∆̃H(k) . Let αklm := ∆̃V (k)V (l)V (m),3, and

γk:l := ∆̃V (k)H(l),2. By (S58), (S59), calculations in Chen and Cui (2007) and Lemma 1(c),

ϑ̊ebp = −ΩA1 +ΩA1 1+aA1+a +Ω2C1A1 −Ωα1 1+a 1+bA1+aA1+b −Ω2γ1+a:1A1+aA1 +Op

(
(nh)

−3/2
)
. (S60)

Denote Φef
s :=

(
Π−1

p,s

)(ef) and Sef
s := Π̂

(ef)
p,s −Π

(ef)
p,s for s ∈ {−,+}. Let

Se:k
+ :=

1

nh

∑
i

r(e)p

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0)

(
V

(k)
i − gV (k) (Xi)

)
Se:k
− :=

1

nh

∑
i

r(e)p

(
Xi

h

)
K

(
Xi

h

)
1 (Xi < 0)

(
V

(k)
i − gV (k) (Xi)

)
Υek

+ := E

[
1

h
r(e)p

(
X

h

)
K

(
X

h

)
1 (X > 0)H(k)

]
Υek

− := E

[
1

h
r(e)p

(
X

h

)
K

(
X

h

)
1 (X < 0)H(k)

]
Πef:kl

+ := E

[
1

h
r(e)p

(
X

h

)
r(f)p

(
X

h

)
K

(
X

h

)
1 (X > 0)V (k)V (l)

]
Πef:kl

− := E

[
1

h
r(e)p

(
X

h

)
r(f)p

(
X

h

)
K

(
X

h

)
1 (X < 0)V (k)V (l)

]
.

Let αk := (nh)
−1∑

i Ŵp,igV (k) (Xi), Ãk := (nh)
−1∑

i W̃p,i

(
V

(k)
i − gV (k) (Xi)

)
, Ãkl := Ψ̃V (k)V (l),2 − ∆̃V (k)V (l),2

and C̃k := Ψ̃H(k) − ∆̃H(k) . Note that

Ak − αk − Ãk =
1

nh

∑
i

(
Ŵp,i − W̃p,i

)(
V

(k)
i − gV (k) (Xi)

)
=

1

nh

∑
i

e⊤p+1,1

(
Π̂−1

p,+ −Π−1
p,+

)
rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0)

(
V

(k)
i − gV (k) (Xi)

)
− 1

nh

∑
i

e⊤p+1,1

(
Π̂−1

p,− −Π−1
p,−

)
rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi < 0)

(
V

(k)
i − gV (k) (Xi)

)
,
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Akl − Ãkl =
1

nh

∑
i

(
Ŵp,i − W̃p,i

)
V

(k)
i V

(l)
i

=
1

nh

∑
i

e⊤p+1,1

(
Π̂−1

p,+ −Π−1
p,+

)
rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0)V

(k)
i V

(l)
i

− 1

nh

∑
i

e⊤p+1,1

(
Π̂−1

p,− −Π−1
p,−

)
rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi < 0)V

(k)
i V

(l)
i

and

Ck − C̃k =
1

nh

∑
i

(
Ŵp,i − W̃p,i

)
H

(k)
i

=
1

nh

∑
i

e⊤p+1,1

(
Π̂−1

p,+ −Π−1
p,+

)
rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0)H

(k)
i

− 1

nh

∑
i

e⊤p+1,1

(
Π̂−1

p,− −Π−1
p,−

)
rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi < 0)H

(k)
i .

By Chebyshev’s inequality, change of variables and also (S1), (S4) and (S5),

Ak = Ãk + αk − Φ1e
+S

ef
+Φfg

+S
g:k
+ +Φ1e

−S
ef
−Φfg

−S
g:k
− +Op

(
(nh)

−3/2
)

Akl = Ãkl − 2 · Φ1e
+S

ef
+Φfg

+Π
gh:kl
+ Φh1

+ + 2 · Φ1e
−S

ef
−Φfg

−Π
gh:kl
− Φh1

− +Op

(
(nh)

−1
)

Ck = C̃k − Φ1e
+S

ef
+Φfg

+Υ
gk
+ +Φ1e

−S
ef
−Φfg

−Υ
gk
− +Op

(
(nh)

−1
)
.

Then, by these results and (S60),

ϑ̊ebp = −Ω
(
Ã1 + αk

)
+ Ieb1 + Ieb2 + Ieb3 +Op

(
(nh)

−3/2
)
,

where

Ieb1 := −Ω
(
−Φ1e

+S
ef
+Φfg

+S
g:1
+ +Φ1e

−S
ef
−Φfg

−S
g:1
−

)
+Ω

(
Ã1 1+a − 2 · Φ1e

+S
ef
+Φfg

+Π
gh:1 1+a
+ Φh1

+ − 2 · Φ1e
−S

ef
−Φfg

−Π
gh:1 1+a
− Φh1

−

)
Ã1+a

+Ω2
(
C̃1 − Φ1e

+S
ef
+Φfg

+Υ
g1
+ +Φ1e

−S
ef
−Φfg

−Υ
g1
−

)
Ã1 − Ωα1 1+a 1+bÃ1+aÃ1+b − Ω2γ1+a:1Ã1+aÃ1

Ieb2 := Ω
(
Ã1 1+a − 2 · Φ1e

+S
ef
+Φfg

+Π
gh:1 1+a
+ Φh1

+ − 2 · Φ1e
−S

ef
−Φfg

−Π
gh:1 1+a
− Φh1

−

)
α1+a

+Ω2
(
C̃1 − Φ1e

+S
ef
+Φfg

+Υ
g1
+ +Φ1e

−S
ef
−Φfg

−Υ
g1
−

)
α1 − Ωα1 1+a 1+bÃ1+aα1+b

−Ω2γ1+a:1Ã1+aα1 − Ω2γ1+a:1α1+aÃ1

Ieb3 := −Ωα1 1+a 1+bα1+aα1+b − Ω2γ1+a:1α1+aα1.
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Similarly, Ieb2 is the interaction term of the smoothing bias and stochastic variability. Ieb3 is the second-

order smoothing bias. The nonlinearity bias is defined to be the leading term of the expectation of Ieb1 . By

straightforward calculation and LIE,

E
[
Sef
+S

g:1
+

]
= E

[
Sef
−S

g:1
−

]
= E

[
Sef
+Ã

1+a
]
= E

[
Sef
−Ã

1+a
]
= E

[
Sef
+Ã

1
]
= E

[
Sef
−Ã

1
]
= 0.

Therefore,

E
[
Ieb1
]
= Ω · E

[
Ã1 1+aÃ1+a

]
+Ω2 · E

[
C̃1Ã1

]
−Ωα1 1+a 1+b · E

[
Ã1+aÃ1+b

]
−Ω2γ1+a:1 · E

[
Ã1+aÃ1

]
. (S61)

Similarly, by straightforward calculation,

E
[
Ã1 1+aÃ1+a

]
=

1

n

{
E

[
1

h2
W̃ 3

p V
(1)V (1+a)

(
V (1+a) − gV (1+a) (X)

)]}
E
[
C̃1Ã1

]
=

1

n

{
E

[
1

h2
W̃ 2

pH
(1)
(
V (1) − gV (1) (X)

)]}
E
[
Ã1+aÃ1+b

]
=

1

n

{
E

[
1

h2
W̃ 2

p

(
V (1+a) − gV (1+a) (X)

)(
V (1+b) − gV (1+b) (X)

)]}
E
[
Ã1+aÃ1

]
=

1

n

{
E

[
1

h2
W̃ 2

p

(
V (1+a) − gV (1+a) (X)

)(
V (1) − gV (1) (X)

)]}
. (S62)

Then, by
S⊤∆̃

−1/2

UU⊤,2

(
−∆̃G

)
√
∆̃⊤

G∆̃
−1
UU⊤,2

∆̃G

= edz+2,1,

we have

H(1) =
∆̃⊤

G∆̃
−1
UU⊤,2

G√
∆̃⊤

G∆̃
−1
UU⊤,2

∆̃G

V (1) = −
∆̃⊤

G∆̃
−1
UU⊤,2

U√
∆̃⊤

G∆̃
−1
UU⊤,2

∆̃G

. (S63)

By (S24), (S57) and (S58),

V (1+a)gV (1+a) (X) = Z̄⊤∆̃−1
Z̄Z̄⊤gZ̄ (X)

= ∆̃−1
2 +

(
Z⊤ − ∆̃Z⊤.2

∆̃2

)(
∆̃ZZ⊤,2 −

∆̃Z,2∆̃Z⊤,2

∆̃2

)−1(
gZ (X)− ∆̃Z,2

∆̃2

)
.
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By (S56),

∆̃⊤
G∆̃

−1
UU⊤,2

G =
∆̃D ·D

∆̃M2,2 − ∆̃MZ̄⊤,2∆̃
−1
Z̄Z̄⊤,2

∆̃MZ̄,2

∆̃⊤
G∆̃

−1
UU⊤,2

∆̃G =
∆̃2

D

∆̃M2,2 − ∆̃MZ̄⊤,2∆̃
−1
Z̄Z̄⊤,2

∆̃MZ̄,2

∆̃⊤
G∆̃

−1
UU⊤,2

U = ∆̃D ·
M − ∆̃MZ̄⊤,2∆̃

−1
Z̄Z̄⊤,2

Z̄

∆̃M2,2 − ∆̃MZ̄⊤,2∆̃
−1
Z̄Z̄⊤,2

∆̃MZ̄,2

∆̃⊤
G∆̃

−1
UU⊤,2

gU (X) = ∆̃D ·
gM (X)− ∆̃MZ̄⊤,2∆̃

−1
Z̄Z̄⊤,2

gZ̄ (X)

∆̃M2,2 − ∆̃MZ̄⊤,2∆̃
−1
Z̄Z̄⊤,2

∆̃MZ̄,2

. (S64)

By these results, the fact that ∆̃D = µD,† + o (1), ∆̃Z,2 = 2
(
ω0,2
p /φ

)
µZ + o (1) and ∆̃2 = 2

(
ω0,2
p /φ

)
+ o (1),

(S62) and Lemma 1(a),

Ω · E
[
1

h
W̃ 3

p V
(1)V (1+a)gV (1+a) (X)

]
= −

E
[
1
hW̃

3
p

(
∆̃⊤

G∆̃
−1
UU⊤,2

U
)(

Z̄⊤∆̃−1
Z̄Z̄⊤gZ̄ (X)

)]
∆̃⊤

G∆̃
−1
UU⊤,2

∆̃G

= −∆̃−1
2 ∆̃−1

D E

[
1

h
W̃ 3

p

(
M − ∆̃MZ̄⊤,2∆̃

−1
Z̄Z̄⊤,2

Z̄
)]

−∆̃−1
D ·E

 1

h
W̃ 3

p

(
M − ∆̃MZ̄⊤,2∆̃

−1
Z̄Z̄⊤,2

Z̄
)(

Z⊤ − ∆̃Z⊤.2

∆̃2

)(
∆̃ZZ⊤,2 −

∆̃Z,2∆̃Z⊤,2

∆̃2

)−1(
gZ (X)− ∆̃Z,2

∆̃2

)
= o (1) .

Then by (S64), ∆̃D = µD,† + o (1), ∆̃Z,2 = 2
(
ω0,2
p /φ

)
µZ + o (1), ∆̃2 = 2

(
ω0,2
p /φ

)
+ o (1), ∆̃M,2 =

2
(
ω0,2
p /φ

)
µM + o (1), (S24) and Lemma 1(a), we have

Ω2 · E
[
1

h
W̃ 2

pH
(1)gV (1) (X)

]
= −

E
[
1
hW̃

2
p

(
∆̃⊤
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−1
UU⊤,2

G
)(

∆̃⊤
G∆̃

−1
UU⊤,2
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(
∆̃⊤
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UU⊤,2

∆̃G
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D E

[
1

h
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(
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Z̄Z̄⊤,2

gZ̄ (X)
)]
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[
1

h
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(
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∆̃2

− γ̃⊤M

(
gZ (X)− ∆̃Z,2

∆̃2
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= o (1) .

Therefore,

Ω · E
[
Ã1 1+aÃ1+a

]
=

1

nh
·
(
Ω · α1 1+a 1+a + o (1)

)
Ω2 · E

[
C̃1Ã1

]
=

1

nh
·
(
Ω2γ1:1 + o (1)

)
. (S65)
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By (S57), (S58) and (S63),

Ωα1 1+a 1+bE

[
1

h
W̃ 2

p gV (1+a) (X) gV (1+b) (X)

]

= −
tr
((

E
[
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hW̃

3
p

(
∆̃⊤
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UU⊤,2

U
)
Z̄Z̄⊤

])
∆̃−1

Z̄Z̄⊤,2
E
[
1
hW̃

2
p gZ̄ (X) gZ̄⊤ (X)

]
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)
∆̃⊤
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UU⊤,2

∆̃G

. (S66)

By Lemma 1(a),

E

[
1

h
W̃ 2

p gZ̄ (X) gZ̄⊤ (X)

]
= 2 ·

ω0,2
p

φ
·

 1 µZ⊤

µZ µZµZ⊤
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by (S24),
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By this result, (S66) and Lemma 1(a),

Ωα1 1+a 1+bE
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h
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]
=
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3
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∆̃⊤
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=

(
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p

φ
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[
1

h
W̃ 3

p

(
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Z̄
)]

+ o (1)

= o (1) .

And, by (S24), (S58), (S63), (S64) and Lemma 1(a),
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1

h
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]

=
E
[
1
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2
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∆̃⊤
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G
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1
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2
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(
∆̃⊤
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(
∆̃⊤

G∆̃
−1
UU⊤,2

∆̃G

)2
= ∆̃−2

D · E
[
1

h
W̃ 2

pDZ̄
⊤
]
∆̃−1

Z̄Z̄⊤,2
E

[
1

h
W̃ 2

p gZ̄ (X)

(
gM (X)− ∆̃M,2

∆̃2

− γ̃⊤M

(
gZ (X)− ∆̃Z,2

∆̃2

))]
= o (1) .

Then,

Ωα1 1+a 1+b · E
[
Ã1+aÃ1+b

]
=

1

nh
·
(
Ω · α1 1+a 1+a + o (1)

)
Ω2γ1+a:1 · E

[
Ã1+aÃ1

]
= o

(
(nh)

−1
)
. (S67)
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And, by ∆̃D = µD,† + o (1), (S24), (S63), (S64) and Lemma 1(a),

Ω2γ1:1 =
E
[
1
hW̃

2
p

(
∆̃⊤

G∆̃
−1
UU⊤,2

G
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∆̃⊤
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U
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1
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[
1

h
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(
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(
Z − ∆̃Z,2
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))]

= ω0,2
p ·

Cov|0± [ϵ,D]

φµ2
D,†

+ o (1) .

The conclusion follows from this result, (S61), (S65) and (S67).

S3 Proof of Theorem 3

The following lemma provides simple bounds for projection coefficients.

Lemma 5. Let V be a random variable and ω be a nonnegative random variable. Assume that E
[
ωPP⊤] is

invertible. Then,

mineig
((

E
[
ωPP⊤])−1

)
∥E [ωPV ]∥2 ≤ E

[
ωV 2

]
.

Proof of Lemma 5. Denote β :=
(
E
[
ωPP⊤])−1

E [ωPV ]. Then, we have

0 ≤ E
[
ω
(
V − P⊤β

)2]
= E

[
ωV 2

]
+ β⊤E

[
ωPP⊤]β − 2 · β⊤E [ωPV ]

= E
[
ωV 2

]
− E

[
ωP⊤V

] (
E
[
ωPP⊤])−1

E [ωPV ]

≤ E
[
ωV 2

]
−mineig

((
E
[
ωPP⊤])−1

)
∥E [ωPV ]∥2 .

■

Lemma 6. Suppose that the assumptions in the statement of Theorem 3 are satisfied. Then,
∥∥η∗ − ρ⊤γP

∥∥
∞ =

O ((αk + h)βk), where γP := ∆̃−1
PP⊤,2

∆̃MP,2.

Proof of Lemma 6. Let γ∗ := argminγ
∥∥η∗ − ρ⊤γ

∥∥
∞. Then, by triangle inequality,

∥∥η∗ − ρ⊤γP
∥∥
∞ ≤

∥∥η∗ − ρ⊤γ∗
∥∥
∞ +

∥∥ρ⊤γ∗ − ρ⊤γP
∥∥
∞ , (S68)
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where αk :=
∥∥η∗ − ρ⊤γ∗

∥∥
∞. Write

∣∣ρ⊤ (z) γ∗ − ρ⊤ (z) γP
∣∣ = ρ⊤ (z) ∆̃−1

PP⊤,2
∆̃PP⊤,2γ

∗ − ρ⊤ (z) ∆̃−1
PP⊤,2

∆̃PM,2

≤ ∥ρ (z)∥
∥∥∥∆̃−1

PP⊤,2

∥∥∥∥∥∥∆̃PM,2 − ∆̃PP⊤,2γ
∗
∥∥∥ .

Then by this result and writing ∆̃PM,2 − ∆̃PP⊤,2γ
∗ as E

[
h−1W̃ 2

pP
(
M − P⊤γ∗

)]
, we have
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∥∥
∞ ≤ βk ·maxeig
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∆̃−1

PP⊤,2

)∥∥∥∆̃PM,2 − ∆̃PP⊤,2γ
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∥∥∥
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(
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){∥∥∥∥E [ 1hW̃ 2
pP (M − η∗ (Z))

]∥∥∥∥+ ∥∥∥∥E [ 1hW̃ 2
pP
(
η∗ (Z)− P⊤γ∗

)]∥∥∥∥} .(S69)

It follows from mineig
(
∆̃PP⊤,2

)
≥ ∆̃2σ if h is sufficiently small and Lemma 1(a) that maxeig

(
∆̃−1

PP⊤,2

)
=(

mineig
(
∆̃PP⊤,2

))−1

= O (1). Similarly, it follows from the fact that

(
mineig

(
∆̃−1

PP⊤,2

))−1
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(
∆̃PP⊤,2

)
≤ ∆̃2σ

if h is sufficiently small and Lemma 1(a) that
(
mineig

(
∆̃−1

PP⊤,2

))−1

= O (1). Then, by this result, Lemma

5 and Lemma 1(a),

∥∥∥∥E [ 1hW̃ 2
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)]∥∥∥∥2 ≤
(
mineig

(
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PP⊤,2

))−1

E

[
1

h
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p
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≤

(
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(
∆̃−1

PP⊤,2
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∆̃2α
2
k
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(
α2
k

)
. (S70)

By LIE and triangle inequality,

∥∥∥∥E [ 1hW̃ 2
pP (M − η∗ (Z))

]∥∥∥∥ ≤
∥∥∥∥E [ 1hW̃ 2

p;+P
(
gM |ZX (Z,X)− µ∗

+ (Z)
)]∥∥∥∥

+

∥∥∥∥E [ 1hW̃ 2
p;−P

(
gM |ZX (Z,X)− µ∗

− (Z)
)]∥∥∥∥

+

∥∥∥∥E [ 1hW̃ 2
p;+P

(
µ∗
+ (Z)− η∗ (Z)

)]
+ E

[
1

h
W̃ 2

p;−P
(
µ∗
− (Z)− η∗ (Z)

)]∥∥∥∥ .(S71)

By Lemma 5 with ω = W̃ 2
p;+/h, Lipschitz continuity (Assumption 4(e)) and Lemma 1(a),

∥∥∥∥E [ 1hW̃ 2
p;+P

(
gM |ZX (Z,X)− µ∗

+ (Z)
)]∥∥∥∥2
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≤

(
mineig
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E

[
1

h
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⊤
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(
h2
)
. (S72)

A similar bound can be shown for the second term on the right hand side of (S71). Denote η† (Z) :=(
µ∗
+ (Z)− µ∗

− (Z)
)
/2. Then,

E

[
1

h
W̃ 2

p;+P
(
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[
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h
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]
.

Denote K̃p;s := e⊤p+1,1Π
−1
p;srp (t)K (t) for s ∈ {−,+}. Then, W̃p;+ = K̃p;+ (X/h)1 (X > 0) and W̃p;− =

K̃p;− (X/h)1 (X < 0). Now we can write

E
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h
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]
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∫ ∞

0

K̃2
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h

)
E
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And, for x, y in the right neighborhood of 0, by Lemma 5 with ω = 1,
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E
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.

By this result, change of variables and Lipschitz continuity (Assumption 4(e)),
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]
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0
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Similarly, ∥∥∥∥E [ 1hW̃ 2
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]
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0
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)
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By these results,
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By Lemma 5 with ω = 1 and the expectation being replaced by the conditional expectation given X = x,

∥∥E [Pη† (Z) | X = x
]∥∥2 ≤ maxeig

(
E
[
PP⊤ | X = x

])
E
[(
η† (Z)

)2 | X = x
]
.

By this result and Assumption 5(b),
∥∥ψPη†(Z),s

∥∥ = O (1) for s ∈ {−,+}. By Assumption 5(a), ψPη†(Z),+ =

ψPη†(Z),−. And by (S5),
∫ 1

0
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p +O (h),

∫ 1

0
K̃2
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p +O (h), it follows that
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h
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)
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]∥∥∥∥ = O (h) .

It follows from this result, (S71) and (S72) that
∥∥∥E [h−1W̃ 2

pP (M − η∗ (Z))
]∥∥∥ = O (h). By this result, (S69),

(S70) and maxeig
(
∆̃−1

PP⊤,2

)
= O (1), we have

∥∥ρ⊤γ∗ − ρ⊤γP
∥∥
∞ = O (βk (αk + h)). The conclusion follows

from this result and (S68). ■

Lemma 7. Under the assumptions in the statement of Theorem 3, (a)
∥∥∥Ψ̂P

∥∥∥ = Op

(√
k/ (nh)

)
; (b)∥∥∥Ψ̂PP⊤,2 − ∆̃PP⊤,2

∥∥∥ = Op

(
βk
√

log (k) / (nh)
)
; (c) max

i

∥∥∥Ŵp,iPi

∥∥∥ = Op (βk).

Proof of Lemma 7. For (a), write

Ψ̂P =
1

nh

∑
i

Ŵp,iPi =
1

nh

∑
i

Ŵp,igP (Xi)+
1

nh

∑
i

W̃p,i (Pi − gP (Xi))+
1

nh

∑
i

(
Ŵp,i − W̃p,i

)
(Pi − gP (Xi)) .

(S73)

Then, by Taylor expansion and µP,+ = µP,−,

1

nh

∑
i

Ŵp,igP (Xi) =

 1

nh

∑
i

Ŵp,i

g
(p+1)
P

(
X̃i

)
(p+ 1)!

(
Xi

h

)p+1
hp+1, (S74)

where X̃i denotes the mean value that lies between 0 and Xi. Then by Assumption 5(d) and (S11),∥∥∥(nh)−1∑
i Ŵp,igP (Xi)

∥∥∥ = Op

(√
k · hp+1

)
. Then, for the second term on the right hand side of (S73),

E

∥∥∥∥∥ 1
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∥∥∥∥∥
2
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)
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(S75)

Since tr
(
∆̃PP⊤,2

)
≤ E

[
h−1W̃ 2

p tr
(
E
[
PP⊤ | X

])]
≤ ∆̃2σk, when h is sufficiently small, by Lemma 1(a), we

S31



have tr
(
∆̃PP⊤,2

)
= O (k). By this result, Markov’s inequality and (S75), we have

1
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∑
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)
. (S76)

Write

1
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i − gP⊤ (Xi)
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)
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. (S77)

Then, since the operator norm is dominated by the Frobenius norm,

∥∥∥∥∥ 1
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h

)
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)
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(
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follows from arguments similar to those used to show (nh)
−1∑

i W̃p,i (Pi − gP (Xi)) = Op

(√
k/ (nh)

)
.

Therefore, it follows from this result and (S5) that
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(
Π̂−1

p,+ −Π−1
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){ 1

nh

∑
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(
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(√
k
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)
.

Similarly, the second term of (S77) is also Op

(√
k/ (nh)

)
. The conclusions follows from these results, (S73),

(S74), (S76) and (S77).

For (b), write

Ψ̂PP⊤,2 − ∆̃PP⊤,2 = Ψ̂PP⊤,2 − Ψ̃PP⊤,2 + Ψ̃PP⊤,2 − ∆̃PP⊤,2. (S78)

Write
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First, by triangle inequality, Loève’s cr inequality and (S5),

∥∥∥∥∥ 1
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By LIE, tr
(
E
[
PP⊤ | X

])
≤ kσ if X ∈ (−h, 0) ∪ (0, h) and h is sufficiently small, and change of variables,

E
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= O (k) .

By this result, Markov’s inequality and (S5), the first term on the right hand side of the second inequality is

Op (k/ (nh)). A similar result holds for the second term. Therefore,
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By triangle inequality, (S5),

∥∥∥∥∥ 1
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, (S82)

since
∥∥E [PiP

⊤
i | Xi

]∥∥ ≤ σ if Xi ∈ (−h, 0) ∪ (0, h) and h is sufficiently small. Since the operator norm is

dominated by the Frobenius norm, by triangle inequality and Loève’s cr inequality,
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(S83)

Then, by simple calculation,
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And, by LIE, tr
(
E
[
PP⊤ | X

])
≤ kσ if X ∈ (−h, 0)∪(0, h) and h is sufficiently small, and change of variables,
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Therefore,
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.

By Markov’s inequality and (S5), the first term on the right hand side of (S83) is Op

((
β2
kk
)
/ (nh)

2
)
. A

similar result holds for the second term. Therefore,

∥∥∥∥∥ 1
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⊤
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⊤
i | Xi
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√
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.

It follows from this result and (S82) that

∥∥∥∥∥ 1
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∑
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(
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)
W̃p,iPiP

⊤
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√
k

nh
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.

By (S79), (S81) and this result,

∥∥∥Ψ̂PP⊤,2 − Ψ̃PP⊤,2
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By Belloni et al. (2015, Lemma 6.2) with pi = W̃p,iPi/
√
h and ∥pi∥ > βk/

√
h,

E
[∥∥∥Ψ̃PP⊤,2 − ∆̃PP⊤,2

∥∥∥] > β2
klog (k)
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√√√√ log (k)
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∥∥∥
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.

It follows from this result and
∥∥∥∆̃PP⊤,2

∥∥∥ ≤ ∆̃2σ that

∥∥∥Ψ̃PP⊤,2 − ∆̃PP⊤,2
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√
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)

Part (b) follows from this result, (S78) and (S84).

Part (c) follows from max
i

∥∥∥Ŵp,iPi

∥∥∥ >
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s∈{−,+}
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p,s

∥∥∥) (supz∈Z ∥ρ (z)∥), (S1) and (S5). ■

By Lagrangian multiplier method, we get

wsieve
i =

1

n
· 1

1 +
(
λebp
)⊤ (

Ŵp,iPi

) ,
where

λsievep := argmax
λ

∑
i

log
(
1 + λ⊤

(
Ŵp,iPi

))
.

We have following result on the rate of convergence and linearization of λsievep .

Lemma 8. Under the assumptions in the statement of Theorem 3, we have
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)
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Proof of Lemma 8. By similar arguments as in the proof of Lemma 2,
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The first conclusion follows from Lemma 7 and ∆̃2 = 2ω0,2
p /φ+ o (1), which follows from Lemma 1(a).

By using the first order conditions, we have
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Then, by triangle inequality, Lemma 7(b,c),
∥∥λsievep

∥∥ = Op
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)
and
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)
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By Lemma 7(b) and
∥∥λsievep

∥∥ = Op

(√
k/ (nh)

)
,
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)
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)
.

The second conclusion follows from this result, (S85), (S86) and
∥∥∥∆̃−1
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(
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)
= O (1). ■

Proof of Theorem 3. Denote ϑ̂sieveY :=
∑

i w
sieve
i Ŵp,iYi/h and ϑ̂sieveD :=

∑
i w

sieve
i Ŵp,iDi/h for notational

simplicity. By similar arguments as in the proof of (S22),
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) . (S87)

Then, by triangle inequality, Lemma 7(b,c),
∥∥∥∆̃PP⊤,2

∥∥∥ = O (1) and Lemma 8,
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Write Ψ̂Y P,2 − ∆̃Y P,2 = Ψ̂Y P,2 − Ψ̃Y P,2 + Ψ̃Y P,2 − ∆̃Y P,2. We have

Ψ̂Y P,2 − Ψ̃Y P,2 =
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Ŵp,i + W̃p,i

)
PiYi
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=
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By triangle inequality,

∥∥∥∥∥ 1
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By LIE, change of variables and tr
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E
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It now follows from this result, (S90), Markov’s inequality and (S5) that
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A similar result holds for the second term on the right hand side of the second inequality in (S89). By these

results,
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By Markov’s inequality, we have ΨY P,2−∆̃Y P,2 = Op
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By similar arguments,
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By Lemma 1(b,c), Ψ̂Y = µY,† + O
(
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)

and Ψ̂D = µD,† + O
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)
. Denote ϵ∗i := Mi − η∗ (Zi).
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where we have

Ψ̂M − Ψ̂η∗(Z) = Ψ̂ϵ∗
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Ŵp,i

(
η∗ (Zi)− γ⊤P ρ (Zi)

)
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Denote η̊ := η∗ − γ⊤P ρ. By Lemma 6, ∥η̊∥∞ ↓ 0 as n ↑ ∞. Write

1
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Then, by Taylor expansion, triangle inequality, (S11), µη̊(Z),+ = µη̊(Z),− and Assumption 4(b),
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(
Xi

h

)p+1
∣∣∣∣∣
}(

sup
x∈(−h,0)∪(0,h)

∣∣∣g(p+1)
η̊(Z) (x)

∣∣∣) hp+1

(p+ 1)!

= o
(
hp+1

)
,

where X̃i denotes the mean value that lies between 0 and Xi. And by simple calculation, ∥η̊∥∞ = o (1) and
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By this result and Markov’s inequality,
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By (S5), similar calculation and Markov’s inequality,
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It follows from these results and (S95) that (nh)−1∑
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It follows from similar arguments as in the proof of (S28) that

√
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The conclusion follows from this result, (S96) and Slutsky’s lemma. ■

S4 Proof of Theorem 4

Let f : R2 → R be any function. Denote Ȳi := (Yi, Di)
⊤. Let

Rf (θ) := max
w1,...,wn

2
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log (n · wi)
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∑
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∑
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Note that Rf (θ) ≤ max {2
∑

i log (n · wi) :
∑

i wi = 1} = 0 and similarly, R (µ) ≤ 0. Then it is easy to see

that by arguments in Section 3 of the main text,
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By similar arguments as those in Owen (2001, Section 2.4), we can write
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∑
i

wiWp,iZ̄i = 0dz+1,
∑
i

wi = 1

}

and

{θ : Rf (θ)−R∗ ≥ −cτ} =

{
θ : ∃w1, ..., wn such that 2

∑
i

log (n · wi)−R∗ ≥ −cτ ,

f

(∑
i

wi
1

h
Wp,iȲi

)
= θ,

∑
i

wiWp,iZ̄i = 0dz+1,
∑
i

wi = 1

}

=

{
f

(∑
i

wi
1

h
Wp,iȲi

)
: 2
∑
i

log (n · wi)−R∗ ≥ −cτ ,
∑
i

wiWp,iZ̄i = 0dz+1,
∑
i

wi = 1

}

= f

({∑
i

wi
1

h
Wp,iȲi : 2

∑
i

log (n · wi)−R∗ ≥ −cτ ,
∑
i

wiWp,iZ̄i = 0dz+1,
∑
i

wi = 1

})
= f ({µ : R (µ)−R∗ ≥ −cτ}) . (S98)

For any α ∈ [0, 1] and µ1, µ2 ∈ {µ : R (µ)−R∗ ≥ −cτ}, denote µ̄ := αµ1 + (1− α)µ2. Let (w̄1, ..., w̄n),

(w1,1, ..., w1,n) and (w2,1, ..., w2,n) be the optimal weights associated with R (µ̄), R (µ1) and R (µ2) in (S97).

Then, since
∑

i w1,iWp,iȲi/h = µ1 and
∑

i w2,iWp,iȲi/h = µ2, we have
∑

i (αw1,i + (1− α)w2,i)Wp,iȲi/h =

µ̄. By definition of (w̄1, ..., w̄n), (w1,1, ..., w1,n) and (w2,1, ..., w2,n), concavity of log (·) and Jensen’s inequality,

∑
i

log (n · w̄i) ≥
∑
i

log (n · (αw1,i + (1− α)w2,i)) ≥ α
∑
i

log (n · w1,i)+(1− α)
∑
i

log (n · w2,i) ≥
−cτ +R∗

2
.

It follows from these inequalities that R (µ̄)−R∗ ≥ −cτ . Therefore, {µ : R (µ)−R∗ ≥ −cτ} ⊆ R2 is convex.

Write

R̃ (θ) := max
w1,...,wn

2
∑
i

log (n · wi)
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subject to
∑
i

wi Wp,i

 Yi − θDi

Z̄i

 = 0dz+2,
∑
i

wi = 1.

Then, R̃ (θ) = −2n · ℓmc
p (θ | h). Note that we have 2n · ℓmc

p

(
ϑ̂mc
p | h

)
= −R∗. Then, LRp (θ | h) ≤ cτ if and

only if R̃ (θ)−R∗ ≥ −cτ . And, it is clear that CSp,τ (h) =
{
θ : R̃ (θ)−R∗ ≥ −cτ

}
.

Consider the coordinate projection fD ({µ : R (µ)−R∗ ≥ −cτ}) of {µ : R (µ)−R∗ ≥ −cτ}, where fD (x, y) :=

y. Then, by (S98) with f = fD, we have fD ({µ : R (µ)−R∗ ≥ −cτ}) = {θ : RfD (θ)−R∗ ≥ −cτ}, where

RfD (θ) := max
w1,...,wn

2
∑
i

log (n · wi)

subject to
∑
i

wi
1

h
Wp,iDi = θ,

∑
i

wiWp,iZ̄i = 0dz+1,
∑
i

wi = 1.

Note that CSD
τ (h) := {θ : RfD (θ)−R∗ ≥ −cτ} is an EL confidence set for ψD,†. And it can be shown by

similar arguments as in the proof of Theorem 5 that R∗ − RfD (ψD,†) →d χ
2
1 and Pr

[
ψD,† ∈ CSD

τ (h)
]
→

1 − τ . Let θ̂D := argmaxθRfD (θ). By similar arguments, θ̂D =
∑

i w
mc
i Wp,iDi/h (i.e., θ̂D is a covariate-

adjusted estimator of ψD,†) and RfD

(
θ̂D

)
= R∗. Assume µD,† > 0 without loss of generality. It is clear

that θ̂D ∈ CSD
τ (h). By convexity of {µ : R (µ)−R∗ ≥ −cτ}, CSD

τ (h) is also convex. Let σ2
D := ∆D,2 −

∆DZ̄⊤,2∆
−1
Z̄Z̄⊤,2

∆DZ̄,2. By Lemma 3(a), σ2
D > 0 is bounded away from zero when h is sufficiently small. By

similar arguments as in the proofs of Theorems 1 and 5, we can show θ̂D →p ψD,† and a result similar to

Owen (1988, Corollary 1): for any δ ∈ R, RfD

(
θ̂D

)
− RfD

(
θ̂D + σDδ/

√
nh
)
→p δ

2. Fix δ0 > 0 such that

δ20 > cτ . Then wpa1, R∗ − RfD

(
θ̂D − σDδ0/

√
nh
)
> cτ and by convexity of CSD

τ (h) and the fact that

θ̂D ∈ CSD
τ (h),

ψD,†

2
< θ̂D − σDδ0√

nh
≤ inf CSD

τ (h) = inf fD ({µ : R (µ)−R∗ ≥ −cτ}) ≤ θ̂D.

Therefore, wpa1, {µ : R (µ)−R∗ ≥ −cτ} ⊆ R× [ψD,†/2,∞). Let f̄ (x, y) := x/y. f̄ is a continuous function

on R × [ψD,†/2,∞). Then it is clear that R̃ (θ) = Rf̄ (θ) and by (S98), CS τ (h) =
{
R̃ (θ)−R∗ ≥ −cτ

}
=

f̄ ({µ : R (µ)−R∗ ≥ −cτ}). By similar arguments, wpa1,

sup fD ({µ : R (µ)−R∗ ≥ −cτ}) = supCSD
τ (h) ≤ θ̂D +

σDδ0√
nh

<
3

2
ψD,†

and therefore, fD ({µ : R (µ)−R∗ ≥ −cτ}) is bounded. By using the same arguments to the other coordi-

nate projection, we can show that wpa1, {µ : R (µ)−R∗ ≥ −cτ} is bounded. The conclusion follows from

convexity and boundedness of {µ : R (µ)−R∗ ≥ −cτ} and continuity of f̄ .
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S5 Proof of Theorem 5

For a sequence of classes of R-valued functions Fn defined on S (a compact set in a finite-dimensional

Euclidean space), let ∥f∥Q,2 :=
(∫
f2dQ

)1/2 and N
(
ε,Fn, ∥·∥Q,2

)
denote the ε-covering number, i.e., the

smallest integer m such that there are m balls of radius ε > 0 (with respect to ∥·∥Q,2) centered at points in

Fn whose union covers Fn. A function FFn
: S → R+ is an envelope of Fn if supf∈Fn

|f | ≤ FFn
. We say

that Fn is a (uniform) Vapnik–Chervonenkis-type (VC-type) class with respect to the envelope FFn
(see, e.g.,

Chernozhukov et al., 2014b, Definition 2.1) if there exist some positive constants (VC characteristics) AFn ≥ e

and VFn
> 1 that are independent of the sample size n such that supQ∈Qfd

S
N
(
ε ∥FFn

∥Q,2 ,Fn, ∥·∥Q,2

)
≤

(AFn
/ε)

VFn ∀ε ∈ (0, 1] where Qfd
S denotes the collection of all finitely discrete probability measures on S. In

the proofs in this section, whenever applied to quantities that depend on h, the Op (·) and op (·) (O (·) and

o (·)) notations are understood as being uniform in h ∈ H :=
[
h, h

]
. For notational simplicity, let n := nh

and n := nh.

Lemma 9. Let V denote a random variable and {V1, ..., Vn} are i.i.d. copies of V . Let B denote an open

neighborhood of 0. Suppose that h and h satisfy h = o (1) and K is a symmetric continuous PDF supported

on [−1, 1]. The following results hold for all (s, k) ∈ {−,+} × N, uniformly in h ∈ H: (a) if gV is Lipschitz

continuous on B \ {0}, for k ≥ 2,

E

[
1

h
W k

p;sV

]
= ψV,sω

0,k
p +O

(
h
)
;

(b) if gV is (p+ 1)-times continuously differentiable with uniformly continuous g(p+1)
V on B \ {0},

E

[
1

h
Wp;sV

]
= ψV,s +

ψ
(p+1)
V,s

(p+ 1)!
ωp+1,1
p;s hp+1 + o

(
h
p+1
)
;

(c) if g|V |r is bounded on B \ {0} for some integer r > 2,

1√
nh

∑
i

(
W k

p;s,iVi − E
[
W k

p;sV
])

= Op

(√
log (n) + log (n) · n

1/r

n1/2

)
;

(d) if g|V |r is bounded on B \ {0} for some integer r > 2, maxi |Wp;s,iVi| /
√
nh = Op

(
n1/r/n1/2

)
.

Proof of Lemma 9. We take s = + without loss of generality. Part (a) and Part (b) are straightforward

extensions of Lemma 3(a,b) and therefore follow from similar arguments. For (c), denote q̄ (V,X | h) :=

h−1/2W k
p;+V and Q̄ := {q̄ (· | h) : h ∈ H}. Denote PV

n f := n−1
∑

i f (Vi, Xi), PV f := E [f (V,X)] and GV
n :=
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√
n
(
PV
n − PV

)
. Then we have

∥∥GV
n

∥∥
Q̄
= sup

h∈H

∣∣∣∣∣ 1√
nh

∑
i

(
W k

p;+,iVi − E
[
W k

p;+V
])∣∣∣∣∣ .

Let σ2
Q̄
:= supf∈Q̄PV f2. It follows from LIE and change of variables that σ2

Q̄
= suph∈HE

[
h−1W 2k

p;+gV 2 (X)
]
=

O (1). Since K is supported on [−1, 1], we can write q̄ (v, x | h) = Kk
p;+ (x/h)h−1/2

1 (0 < x < h) v. Since

Assumption 3(b) also implies that Kk
p;+ has bounded variation ∀k ∈ N. By Giné and Nickl (2015, Proposi-

tion 3.6.12),
{
x 7→ Kk

p;+ (x/h) : h ∈ H
}

is VC-type with respect to a constant envelope and its VC charac-

teristics are independent of n. By Kosorok (2007, Lemma 9.6),
{
(x, v) 7→ h−1/2

1 (0 < x < h) v : h ∈ H
}

is

VC-subgraph with an envelope (x, v) 7→ h−1/2
1
(
0 < x < h

)
|v| and VC index being at most 3. By Kosorok

(2007, Theorem 9.3) and Chernozhukov et al. (2014b, Corollary A.1), Q̄ is VC-type with respect to an en-

velope FQ̄ that is proportional to (x, v) 7→ h−1/2
1
(
0 < x < h

)
|v|. By Chen and Kato (2020, Corollary 5.5),

E
[∥∥GV

n

∥∥
Q̄

]
> σQ̄

√
log (n) + log (n)

(
PV |FQ̄|r

)1/r
n1/r/

√
n, where PV |FQ̄|r = O

(
h/hr/2

)
. (c) follows from

Markov’s inequality.

For Part (d), since |K (Xi/h)| > 1 (|Xi| ≤ h),

maxi |Wp;+,iVi|√
nh

>
maxi1

(
0 < Xi < h

)
|Vi|√

n
≤
(∑

i 1
(
0 < Xi < h

)
|Vi|r

)1/r
√
n

. (S99)

Then,

E

[∑
i

1
(
0 < Xi < h

)
|Vi|r

]
= n

∫ h

0

g|V |r (x) fX (x) dx = O (n) ,

where the second equality follows from boundedness of g|V |r and continuity of fX . By this result, (S99) and

Markov’s inequality, we have maxi |Wp;+,iVi| /
√
nh = Op

(
n1/r/n1/2

)
. ■

We define

λ̃mc
p := argmax

λ

∑
i

log
(
1 + λ⊤ (Wp,iUi)

)
.

Then we have

LRp (ϑ | h) = 2n
(
ℓmc
p (ϑ | h)− ℓmc

p

(
ϑ̂mc
p | h

))
= 2

{∑
i

log

(
1 +

(
λ̃mc
p

)⊤
(Wp,iUi)

)
−
∑
i

log
(
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

))}
.

The following lemma provides uniform-in-bandwidth rate of convergence and linearization for λmc
p and λ̃mc

p

Lemma 10. Suppose that the assumptions in the statement of Theorem 5 hold. Assume that nh
2p+3

=
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O (1), and log (n)
(
n1/4/n1/2

)
= o (1). Then, the following results hold uniformly in h ∈ H: (a)

√
nh ·

λmc
p = Op

(√
log (n)

)
and

√
nh · λmc

p = ∆−1
Z̄Z̄⊤,2

(√
nh ·ΨZ̄

)
+ Op

(
log (n)

(
n1/r/n1/2

))
; (b)

√
nh · λ̃mc

p =

Op

(√
log (n)

)
and

√
nh · λ̃mc

p = ∆−1
UU⊤,2

(√
nh ·ΨU

)
+Op

(
log (n)

(
n1/r/n1/2

))
.

Proof of Lemma 10. By arguments similar to those used in the proof of Lemma 2,

(
λmc
p

)⊤
∆Z̄Z̄⊤,2λ

mc
p ≤

∥∥λmc
p

∥∥ ∥ΨZ̄∥
{
1 +

∥∥λmc
p

∥∥max
i

∥∥Wp,iZ̄i

∥∥}+
∥∥λmc

p

∥∥2 ∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥
and (

mineig
(
∆Z̄Z̄⊤,2

)
− ∥ΨZ̄∥max

i

∥∥Wp,iZ̄i

∥∥− ∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥)∥∥λmc
p

∥∥ ≤ ∥ΨZ̄∥ . (S100)

Write
√
nh ·ΨZ̄ =

1√
nh

n∑
i=1

(
Wp,iZ̄i − E

[
WpZ̄

])
+

√
nh ·∆Z̄ .

It follows from Lemma 9(c) that the first term on the right hand side is Op

(√
log (n)

)
. By Lemma 9(b),

√
nh ·∆Z̄ = O

(√
nh

2p+3
)
. Therefore,

√
nh ·ΨZ̄ = Op

(√
log (n)

)
. It also follows from this result, Lemma

9(d) that ∥ΨZ̄∥
(
maxi

∥∥Wp,iZ̄i

∥∥) = op (1). By Lemma 9(c),
∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ = Op

(√
log (n) /n

)
. Since

it follows from Lemma 9(a) that ∆Z̄Z̄⊤,2 = ψZ̄Z̄⊤,±ω
0,2
p + o (1), we have

inf
h∈H

mineig
(
∆Z̄Z̄⊤,2

)
= mineig

(
ψZ̄Z̄⊤,±ω

0,2
p

)
+O

(
h
)
.

Therefore wpa1, for all h ∈ H,

mineig
(
∆Z̄Z̄⊤,2

)
− ∥ΨZ̄∥max

i

∥∥Wp,iZ̄i

∥∥− ∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ > 1

2
·mineig

(
ψZ̄Z̄⊤,±ω

0,2
p

)
> 0.

Therefore, by (S100) and
√
nh ·ΨZ̄ = Op

(√
log (n)

)
,
∥∥∥√nh · λmc

p

∥∥∥ = Op

(√
log (n)

)
. By arguments similar

to those used to show (S20), we have

ΨZ̄ = ΨZ̄Z̄⊤,2λ
mc
p − 1

nh

∑
i

W 2
p,iZ̄i

(
Z̄⊤
i λ

mc
p

) ((
λmc
p

)⊤ (
Wp,iZ̄i

))
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

) . (S101)

By writing (nh)
−1∑

i

∥∥Wp,iZ̄i

∥∥2 = Ψ∥Z̄∥2
,2

as
(
Ψ∥Z̄∥2

,2
−∆∥Z̄∥2

,2

)
+∆∥Z̄∥2

,2
and Lemma 9(a,c), we have

Ψ∥Z̄∥2
,2
= Op (1). Then by using this result, Lemma 9(d) and

∥∥∥√nh · λmc
p

∥∥∥ = Op

(√
log (n)

)
, we have

∥∥∥∥∥∥ 1√
nh

∑
i

W 2
p,iZ̄i

(
Z̄⊤
i λ

mc
p

) ((
λmc
p

)⊤ (
Wp,iZ̄i

))
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

)
∥∥∥∥∥∥ ≤

(
1
nh

∑
i

∥∥Wp,iZ̄i

∥∥2)∥∥∥√nh · λmc
p

∥∥∥∥∥λmc
p

∥∥(max
i

∥∥Wp,iZ̄i

∥∥)
1−

∥∥λmc
p

∥∥max
i

∥∥Wp,iZ̄i

∥∥
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= Op

(
log (n) · n

1/r

n1/2

)
. (S102)

The second conclusion follows from this result,
∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ = Op

(√
log (n) /n

)
,
∥∥∥√nh · λmc

p

∥∥∥ =

Op

(√
log (n)

)
and (S101). Part (b) follows from the same arguments. ■

The following lemma shows that {LRp (ϑ | h) : h ∈ H} can be approximated by the square of an empirical

process indexed by h ∈ H. Denote PT
nf := n−1

∑
i f (Ti, Xi), PT f := E [f (T,X)] and GT

n :=
√
n
(
PT
n − PT

)
,

where Ti :=
(
Yi, Di, Z

⊤
i

)⊤ (similarly, T :=
(
Y,D,Z⊤)⊤). Denote ∥F∥PT ,r :=

(
PT |F |r

)1/r. Let ξ (x) :=

E
[̊
ϵ2 | |X| = x

]
and q (· | h) be defined by q (Ti, Xi | h) := h−1/2Wp,i̊ϵi/

√
ξ (|Xi|) f|X| (|Xi|)ω0,2

p , where f|X|

denotes the PDF of |X|.

Lemma 11. Suppose that the assumptions in the statement of Theorem 5 hold. Then,

LRp (ϑ | h) =
{
GT

n q (· | h)
}2

+Op

(
log (n)h+ log (n)

3/2

(
n1/r

n1/2

))
.

Proof of Lemma 11. By Taylor expansion, 2n · ℓmc
p

(
ϑ̂mc
p | h

)
is equal to the sum of 2

(
λmc
p

)⊤ (∑
iWp,iZ̄i

)
,

−
∑

i

((
λmc
p

)⊤ (
Wp,iZ̄i

))2
and a remainder term bounded by

∑
i

∣∣∣(λmc
p

)⊤ (
Wp,iZ̄i

)∣∣∣3 /(1− ∣∣∣(λmc
p

)⊤ (
Wp,iZ̄i

)∣∣∣)3
up to a constant. By Lemma 9(d), Lemma 10 and (nh)

−1∑
i

∥∥Wp,iZ̄i

∥∥2 = Op (1),

∑
i

∣∣∣(λmc
p

)⊤ (
Wp,iZ̄i

)∣∣∣3(
1−

∣∣∣(λmc
p

)⊤ (
Wp,iZ̄i

)∣∣∣)3 ≤

(∑
i

∥∥Wp,iZ̄i

∥∥2)∥∥λmc
p

∥∥3 (max
i

∥∥Wp,iZ̄i

∥∥)(
1−

∥∥λmc
p

∥∥max
i

∥∥Wp,iZ̄i

∥∥)3
= Op

(
log (n)

3/2 ·

(
n1/r

n1/2

))
.

Therefore,

∑
i

log
(
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

))
= 2

(
λmc
p

)⊤(∑
i

Wp,iZ̄i

)
−
∑
i

((
λmc
p

)⊤ (
Wp,iZ̄i

))2
+Op

(
log (n)

3/2 ·

(
n1/r

n1/2

))
.

It follows from these results, Lemma 10(a) and ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2 = Op

(√
log (n) /n

)
that

∑
i

log
(
1 +

(
λmc
p

)⊤ (
Wp,iZ̄i

))
=
(√

nh ·ΨZ̄

)⊤
∆−1

Z̄Z̄⊤,2

(√
nh ·ΨZ̄

)
+Op

(
log (n)

3/2 ·

(
n1/r

n1/2

))
.
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Similarly, we have

∑
i

log

(
1 +

(
λ̃mc
p

)⊤
(Wp,iUi)

)
=
(√

nh ·ΨU

)⊤
∆−1

UU⊤,2

(√
nh ·ΨU

)
+Op

(
log (n)

3/2 ·

(
n1/r

n1/2

))
.

By (S46),

LRp (ϑ | h) =
(√

nh ·ΨU

)⊤ (
∆−1

UU⊤,2
−Q

)(√
nh ·ΨU

)
+Op

(
log (n)

3/2 ·

(
n1/r

n1/2

))
.

Then by (S54),

(√
nh ·ΨU

)⊤ (
∆−1

UU⊤,2
−Q

)(√
nh ·ΨU

)
=

(√
nh ·ΨU

)⊤
∆−1

UU⊤,2
∆G

(
∆⊤

G∆
−1
UU⊤,2

∆G

)−1

∆⊤
G∆

−1
UU⊤,2

(√
nh ·ΨU

)
=

(nh)
(
ΨM −∆MZ̄⊤,2∆

−1
Z̄Z̄⊤,2

ΨZ̄

)2
∆M2,2 −∆MZ̄⊤,2∆

−1
Z̄Z̄⊤,2

∆MZ̄,2

. (S103)

By γ̄M = γM +O
(
h
)

which follows from Lemma 9(a) and

∆MZ̄⊤,2∆
−1
Z̄Z̄⊤,2

∆MZ̄,2 =
∆2

M,2

∆2
+ γ̄⊤M

(
∆MZ,2 −

∆M,2∆Z,2

∆2

)
,

which follows from (S37), we have

∆M2,2 −∆MZ̄⊤,2∆
−1
Z̄Z̄⊤,2

∆MZ̄,2 = E

[
1

h
W 2

p

(
M −∆M,2∆

−1
2 − Z⊤γ̄M +∆−1

2 ∆Z⊤,2γ̄M
)2]

= ∆ϵ̊2,2 +O
(
h
)
.

By
∥∥∥√nh ·ΨU

∥∥∥ = Op

(√
log (n)

)
and γ̄M = γM +O

(
h
)
, the numerator on the right hand side of the second

equality in (S103) is
{
(nh)

−1/2∑
iWp,i̊ϵi

}2

+ Op

(
log (n)h

)
. Let q̃ (Ti, Xi | h) := h−1/2Wp,i̊ϵi/

√
∆ϵ̊2,2 and

Q̃ := {q̃ (· | h) : h ∈ H}. Then it is clear that
{
(nh)

−1/2∑
iWp,i̊ϵi

}2

/∆ϵ̊2,2 =
{
GT

n q̃ (· | h)
}2 and therefore,

LRp (ϑ | h) =
{
GT

n q̃ (· | h)
}2

+Op

(
log (n)h+ log (n)

3/2 ·

(
n1/r

n1/2

))
.

Denote Q := {q (· | h) : h ∈ H} and D := {q (· | h)− q̃ (· | h) : h ∈ H}. Then it follows arguments similar

to those used in the proof of Lemma 9(c) that Q̃ and Q are both VC-type with respect to envelopes FQ̃

and FQ, where FQ̃ (Ti, Xi) is proportional to h−1/2
1
(
|Xi| ≤ h

)
|̊ϵi| /

√
infh∈H∆ϵ̊2,2 and FQ (Ti, Xi) is propor-

tional to h−1/2
1
(
|Xi| ≤ h

)
|̊ϵi| /

√
ξ (|Xi|) f|X| (|Xi|), respectively. By change of variables, PTF r

Q̃
≍ PTF r

Q =

O
(
h/hr/2

)
. By Chernozhukov et al. (2014b, Lemma A.6), D is VC-type with respect to the envelope
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FD = FQ̃ + FQ. Let

σ2
D := sup

f∈D
PT f2 = sup

h∈H
E
[
(q (T,X | h)− q̃ (T,X | h))2

]
.

By LIE and the fact that (Wp;+ +Wp;−)
2
= K2

p;+ (|X| /h),

E
[
(q (T,X | h)− q̃ (T,X | h))2

]
= E

 1

h
(Wp;+ +Wp;−)

2
ϵ̊2

 1√
∆ϵ̊2,2

− 1√
ξ (|X|) f|X| (|X|)ω0,2

p

2


=

∫ ∞

0

1

h
K2

p;+

( z
h

)√ξ (z) f|X| (z)

∆ϵ̊2,2
− 1√

ω0,2
p

2

dz. (S104)

Note that ∆ϵ̊2,2 =
∫∞
0
h−1K2

p;+ (z/h) ξ (z) f|X| (z) dz and therefore, it follows from mean value expansion

and (S104) that σ2
D = O

(
h
2
)
. By Chen and Kato (2020, Corollary 5.5), E

[∥∥GT
n

∥∥
D

]
> σD

√
log (n) +

log (n) ∥FD∥PT ,r n
1/r/

√
n and therefore, E

[∥∥GT
n

∥∥
D

]
= O

(√
log (n) · h+ log (n)

(
n1/r/n1/2

))
. Let σ2

Q̃
:=

supf∈Q̃PT f2 and σ2
Q := supf∈QPT f2. It is easy to see that PT f2 = 1, if f ∈ Q or f ∈ Q̃ and therefore,

σ2
Q̃
= σ2

Q = 1. Similarly, E
[∥∥GT

n

∥∥
Q̃

]
> σQ̃

√
log (n)+log (n)

∥∥FQ̃

∥∥
PT ,r

n1/r/
√
n and a similar inequality with

Q̃ replaced by Q holds. Therefore, E
[∥∥GT

n

∥∥
Q̃

]
≍ E

[∥∥GT
n

∥∥
Q

]
= O

(√
log (n)

)
. Then it follows from Markov’s

inequality that
{
GT

n q̃ (· | h)
}2 −

{
GT

n q (· | h)
}2

= Op

(
log (n)h+ log (n)

3/2 (
n1/r/n1/2

))
. The conclusion

follows from this result and LRp (ϑ | h) =
{
GT

n q̃ (· | h)
}2

+Op

(
log (n)h+ log (n)

3/2 (
n1/r/n1/2

))
. ■

Proof of Theorem 5. Denote ZQ± := supf∈Q±
GT

nf =
∥∥GT

n

∥∥
Q

. Since FQ is also an envelope of Q± :=

Q ∪ (−Q) (−Q := {−f : f ∈ Q}) and the covering number of Q± is at most twice that of Q, Q± is also

VC-type with respect to FQ. By standard calculus calculations (see, e.g., the proof of Chernozhukov et al.,

2014b, Corollary 5.1) and Chernozhukov et al. (2014b, Lemma 2.1), there exists a zero-mean Gaussian

process
{
GT (f) : f ∈ Q±

}
that is a tight random element in ℓ∞ (Q±) and also satisfies E

[
GT (f)GT (g)

]
=

Cov [f (T,X) , g (T,X)], ∀f, g ∈ Q±.1 By Giné and Nickl (2015, Theorem 3.7.28), almost surely the sample

paths Q± ∋ f 7→ GT (f) are prelinear and therefore, almost surely, ∀f ∈ Q, GT (f) + GT (−f) = 0,

and supf∈Q±
GT (f) =

∥∥GT
∥∥
Q

. Let Γ̄G (h) := GT (q (· | h)) and therefore, the zero-mean Gaussian process{
Γ̄G (h) : h ∈ H

}
is a tight random element in ℓ∞ (H) and has the covariance structure E

[
Γ̄G (h) Γ̄G (h′)

]
=

Cov [q (T,X | h) , q (T,X | h′)], ∀ (h, h′) ∈ H2. By definition,
∥∥Γ̄G

∥∥
H =

∥∥GT
∥∥
Q

. By change of variables and

LIE, supf∈QPT |f |3 = suph∈HE
[
|q (T,X | h)|3

]
> h−1/2 and similarly supf∈QPT |f |4 > h−1. Also, PTF r

Q >

h/hr/2. By Chernozhukov et al. (2016, Theorem 2.1) with B (f) = 0, F = Q±, q = r, Kn = log (n), σ = 1,
1Tightness of

{
GT (f) : f ∈ Q±

}
is equivalent to the condition that Q endowed with the intrinsic pseudo metric (f, g) 7→

∥f − g∥PT ,2 :=
(
PT (f − g)2

)1/2
is totally bounded and almost surely the sample paths f 7→ GT (f) are uniformly continuous

with respect to the intrinsic pseudo metric. By Kosorok (2007, Lemmas 7.2 and 7.4),
{
GT (f) : f ∈ Q±

}
is also separable as a

stochastic process.
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b > h−1/2 and γ = log (n)
−1, there exists Z̃Q± =d supf∈Q±

GT (f) =
∥∥GT

∥∥
Q

which satisfies ZQ± − Z̃Q± =

Op (υn), where “=d” is understood as being equal in distribution and υn :=
{
log (n) (log (n)n)

1/r
}
/n1/2 +

log (n) /n1/6. By Dudley’s entropy integral bound (Giné and Nickl, 2015, Theorem 2.3.7), Chen and Kato

(2020, Lemma A.2) and standard calculus calculations (see, e.g., calculations in the proof of Chernozhukov

et al., 2014b, Corollary 5.1),

E
[∥∥GT

∥∥
Q

]
>
∫ σQ∨n−1/2∥FQ∥PT ,2

0

√
1 + log

(
N
(
ε,Q, ∥·∥PT ,2

))
dε

>
(
σQ ∨ n−1/2 ∥FQ∥PT ,2

)√
log (n) = O

(√
log (n)

)
. (S105)

By Lemma 11, suph∈HLRp (ϑ | h) =
∥∥GT

n

∥∥2
Q
+Op

(
log (n)h+ log (n)

3/2 (
n1/r/n1/2

))
. By (S105) and the fact

that E
[∥∥GT

n

∥∥
Q

]
= O

(√
log (n)

)
, we have Z2

Q±
− Z̃2

Q±
= Op

(√
log (n)υn

)
. Therefore, suph∈HLRp (ϑ | h) =

Z̃2
Q±

+ Op

(√
log (n)υn + log (n)h

)
. By Dudley (2002, Theorem 9.2.2) and suph∈HLRp (ϑ | h) − Z̃2

Q±
=

op

(
log (n)

−1
)
, there exists a null sequence εn ↓ 0 such that Pr

[∣∣∣suph∈HLRp (ϑ | h)− Z̃2
Q±

∣∣∣ > εn/log (n)
]
≤

εn and by the fact that (a− b)
2 ≤

∣∣a2 − b2
∣∣ ∀a, b ≥ 0 ,

Pr

[∣∣∣∣√suph∈HLRp (ϑ | h)− Z̃Q±

∣∣∣∣ >√εn/log (n)] ≤ εn. (S106)

It is easy to check that for random variables (V,W ) and constants r1, r2, t > 0 such that Pr [|V −W | > r1] ≤

r2,

|Pr [V ≤ t]− Pr [W ≤ t]| ≤ Pr [|W − t| ≤ r1] + r2. (S107)

Then, by (S106) and (S107),

∣∣∣Pr [suph∈HLRp (ϑ | h) ≤ z1−τ

(
h/h

)2]− Pr
[
Z̃2
Q±

≤ z1−τ

(
h/h

)2]∣∣∣
≤ Pr

[∣∣∣Z̃Q± − z1−τ

(
h/h

)∣∣∣ ≤√εn/log (n)]+ εn. (S108)

Since Z̃Q± =d

∥∥GT
∥∥
Q

and
{
GT (f) : f ∈ Q

}
is a centered Gaussian process with E

[
GT (f)

2
]
= 1, ∀f , by

using the Gaussian anti-concentration inequality (Chernozhukov et al., 2014a, Corollary 2.1) and (S105),

Pr
[∣∣∣Z̃Q± − z1−τ

(
h/h

)∣∣∣ ≤√εn/log (n)] >√εn/log (n)(E [∥∥GT
∥∥
Q

]
+ 1
)
= O (

√
εn) . (S109)

It then follows from (S108) and (S109) that

Pr
[
LRp (ϑ | h) ≤ z1−τ

(
h/h

)2
,∀h ∈ H

]
= Pr

[∥∥Γ̄G

∥∥
H ≤ z1−τ

(
h/h

)]
+ o (1) .
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Let N be an N(0, 1) random variable that is independent of
{
Γ̄G (h) : h ∈ H

}
. Let Γ̃G (h) := Γ̄G (h) +

E [q (T,X | h)] · N . By change of variables, suph∈H |E [q (T,X | h)]| = O
(
h
1/2
)
.
{
Γ̃G (h) : h ∈ H

}
is a

zero-mean Gaussian process which satisfies
∥∥∥Γ̃G

∥∥∥
H

=
∥∥Γ̄G

∥∥
H + Op

(
h
1/2
)

and has the covariance struc-

ture E
[
Γ̃G (h) Γ̃G (h′)

]
= E [q (T,X | h) q (T,X | h′)], ∀ (h, h′) ∈ H2. By LIE and change of variables,

E [q (T,X | h) q (T,X | h′)] =
√
h/h′

∫∞
0

Kp;+ (z)Kp;+ ((h/h′) z) dz/ω0,2
p . Let ΓG (s) := Γ̃G (s · h), s ∈

[
1, h/h

]
.

Then it is easy to see that the zero-mean Gaussian process
{
ΓG (s) : s ∈

[
1, h/h

]}
has a covariance structure

given by (20) in the main text and ∥ΓG∥[1,h/h] =
∥∥∥Γ̃G

∥∥∥
H
. By Dudley (2002, Theorem 9.2.2) and

∥∥∥Γ̃G

∥∥∥
H
−∥∥Γ̄G

∥∥
H = op

(
log (n)

−1/2
)
, there exists a sequence ε̃n ↓ 0 such that Pr

[∣∣∣∥∥∥Γ̃G

∥∥∥
H
−
∥∥Γ̄G

∥∥
H

∣∣∣ > ε̃n/
√

log (n)
]
≤

ε̃n. By similar arguments, we have Pr
[∥∥∥Γ̃G

∥∥∥
H
≤ z1−τ

(
h/h

)]
− Pr

[∥∥Γ̄G

∥∥
H ≤ z1−τ

(
h/h

)]
= o (1) . By the

definition of z1−τ

(
h/h

)
and ∥ΓG∥[1,h/h] =

∥∥∥Γ̃G

∥∥∥
H
, Pr

[∥∥∥Γ̃G

∥∥∥
H
≤ z1−τ

(
h/h

)]
= 1 − τ . It then follows that

Pr
[
LRp (ϑ | h) ≤ z1−τ

(
h/h

)2
,∀h ∈ H

]
= 1− τ + o (1) . ■

S6 Proof of Theorem 6

We write δ = O⋆
p (an) for some bounded sequence an if there exists some positive constants c > 0 such that

Pr [|δ| > c · an] = O
(
log (n) / (nh)

3/2
)
. It is straightforward to check that if δ1 = O⋆

p (an) and δ2 = O⋆
p (bn),

then δ1δ2 = O⋆
p (anbn) and δ1 + δ2 = O⋆

p (an + bn), i.e., the algebra of the Op notations carry over to O⋆
p

notations. We say that an event occurs wp⋆ if its probability is 1−O
(
log (n) / (nh)

3/2
)
.

Lemma 12. Let V denote a random variable and {V1, ..., Vn} are i.i.d. copies of V . Assume that nh→ ∞.

Suppose that K is a symmetric continuous PDF supported on [−1, 1]. Let B denote a neighborhood of 0. The

following results hold for all (s, k) ∈ {−,+} × N.

(a) If g|V |3 is bounded on B \ {0}, (nh)−1∑
i

∣∣W k
p;s,iVi

∣∣ = O⋆
p (1);

(b) If g|V |5 is bounded on B \ {0},

1

n

∑
i

1

h
W k

p;s,iVi − E

[
1

h
W k

p;sV

]
= O⋆

p

(√
log (n)

nh

)
;

(c) If if g|V |3r is bounded on B \ {0}, maxi |Wp;s,iVi| = O⋆
p

(
(nh)

1/r
)
.

Proof of Lemma 12. For Part (a), let c > 0 be an arbitrary positive constant,

Pr

[
1

nh

∑
i

∣∣W k
p;s,iVi

∣∣ > E

[
1

h

∣∣W k
p;sV

∣∣]+ c

]
≤ Pr

∣∣∣∣∣ 1nh∑
i

∣∣W k
p;s,iVi

∣∣− E

[
1

h

∣∣W k
p;sV

∣∣]∣∣∣∣∣
3

> c3


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> c−3


(
1

n
· E

[(
1

h

∣∣W k
p;sV

∣∣− E

[
1

h

∣∣W k
p;sV

∣∣])2
])3/2

+
1

n2
· E

[∣∣∣∣ 1h ∣∣W k
p;sV

∣∣− E

[
1

h

∣∣W k
p;sV

∣∣]∣∣∣∣3
]

= O
(
(nh)

−3/2
)
,

where the second inequality follows from Markov’s inequality and Rosenthal’s inequality and the equality

follows from change of variables and Loève’s cr inequality. The conclusion follows from the above results and

E
[
h−1

∣∣W k
p;sV

∣∣] = O (1), which follows from change of variables.

For Part (b), let rn :=
√

(nh) /log (n), V i := Vi1 (|Vi| > rn) and V i := Vi1 (|Vi| ≤ rn). Then we write

1√
nh

∑
i

(
W k

p;s,iVi − E
[
W k

p;sV
])

= W +W, where

W :=
1√
nh

∑
i

(
W k

p;s,iV i − E
[
W k

p;sV
])

W :=
1√
nh

∑
i

(
W k

p;s,iV i − E
[
W k

p;sV
])
.

Let σ2
W := Var

[
h−1/2W k

p;sV
]
. By σ2

W ≤ E
[
h−1W 2k

p;sV
2
]
, LIE and change of variables, σ2

W = O (1).∣∣W k
p;s,iV i − E

[
W k

p;sV
]∣∣ is bounded by an upper bound that is proportional to rn. Let c0 > 0 denote an arbi-

trary positive constant. By Bernstein’s inequality (Giné and Nickl, 2015, Theorem 3.1.7 with u = log (nc0)

and c > rn), we have Pr
[
|W | ≥

(√
2c0σ2

W + c0/3
)√

log (n)
]
≤ 2n−c0 . By σ2

W = O (1) and taking c0 to be

sufficiently large, W = O⋆
p

(√
log (n)

)
. By Markov’s inequality, the fact that V

2 ≤ V
2 |V/rn|3 and change of

variables,

Pr
[∣∣W ∣∣ ≥√log (n)

]
≤

E
[
h−1W 2k

p;sV
2
]

log (n)
≤

E
[
h−1W 2k

p;s |V |5
]

r3n · log (n)
= O

(√
log (n)

(nh)
3/2

)

and therefore, W = O⋆
p

(√
log (n)

)
.

Part (c) follows from maxi |Wp;s,iVi| ≤
(
(nh)

−1∑
i |Wp;s,iVi|r

)1/r
(nh)

1/r and Part (a). ■

We keep all notations defined in Section S2.1. We recycle some previous notation and let λ̃mc
p be redefined

by

λ̃mc
p := argmax

λ

∑
i

log
(
1 + λ⊤ (Wp,iVi)

)
.

Then we have

LRp (ϑ | h) = 2n
(
ℓmc
p (ϑ | h)− ℓmc

p

(
ϑ̂mc
p | h

))
= 2

{∑
i

log

(
1 +

(
λ̃mc
p

)⊤
(Wp,iVi)

)
−
∑
i

log

(
1 +

(
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))}
.
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The following result is an analogue of Lemma 4. Its proof essentially follows similar arguments.

Lemma 13. Suppose that the assumptions in the statement of Theorem 6 hold. (a)
∥∥∥λ̂mc

p

∥∥∥ = O⋆
p

(√
log (n) / (nh)

)
;

(b) ϑ̊mc
p = O⋆

p

(√
log (n) / (nh)

)
; (c)

∥∥∥λ̃mc
p

∥∥∥ = O⋆
p

(√
log (n) / (nh)

)
.

Proof of Lemma 13. It follows from Lemma 12(b,c) and Lemma 3(b) that ∥ΨZ̄∥ = O⋆
p

(√
log (n) / (nh)

)
,

max
i

∥∥Wp,iZ̄i

∥∥ = O⋆
p

(
(nh)

1/6
)

and
∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ = O⋆
p

(√
log (n) / (nh)

)
. Therefore, mineig

(
∆Z̄Z̄⊤,2

)
−

∥ΨZ̄∥max
i

∥∥Wp,iZ̄i

∥∥ −
∥∥ΨZ̄Z̄⊤,2 −∆Z̄Z̄⊤,2

∥∥ is bounded away from zero wp⋆. By this result and (S34),∥∥λmc
p

∥∥ = O⋆
p

(√
log (n) / (nh)

)
and Part (c) follows from similar arguments. Part (a) follows from

∥∥λmc
p

∥∥ =

O⋆
p

(√
log (n) / (nh)

)
and the fact that λ̂mc

p =
(
S⊤∆

1/2

UU⊤,2

)(
0,
(
λmc
p

)⊤)⊤.

By
∥∥λmc

p

∥∥ = O⋆
p

(√
log (n) / (nh)

)
, (S39), the inequality in (S40) and Lemma 13(a,b,c), ϑ̂mc

Y = ΨY −

Ψ⊤
Y Z̄,2

λmc
p + O⋆

p (log (n) / (nh)). By this result,
∥∥λmc

p

∥∥ = O⋆
p

(√
log (n) / (nh)

)
, Lemma 3(b) and Lemma

12(b), ϑ̂mc
Y = ψY,† + O⋆

p

(√
log (n) / (nh)

)
. Similarly, ϑ̂mc

D = ψD,† + O⋆
p

(√
log (n) / (nh)

)
. Part (b) follows

from these results and the equality

ϑ̂mc
Y

ϑ̂mc
D

− ψY,†

ψD,†
=

(
ϑ̂mc
Y

ψD,†
− ψY,†

ψD,†

)
+

ϑ̂mc
Y

ψD,†
·

(
ψD,†

ϑ̂mc
D

− 1

)
.

■

Expanding the right hand sides of (S48) yields

0 =
∑
i

Wp,iV̂
mc
i

{
1−

(
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)
+

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

−
((

λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))3

+

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))4

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

)


0 =
∑
i

(Wp,iHi)
⊤
λ̂mc
p

1−
(
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)
+

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

−

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))3

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

)
 .(S110)

By Lemma 12(c), Lemma 13(b) and V̂ mc
i = Vi + Hiϑ̊

mc
p , maxi

∥∥∥Wp,iV̂
mc
i

∥∥∥ = O⋆
p

(
(nh)

1/6
)

and by this re-

sult, Lemma 13(a) and the Cauchy-Schwarz inequality, maxi

∣∣∣∣(λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)∣∣∣∣ = O⋆
p

(√
log (n)/ (nh)

1/3
)
.

Therefore, maxi

∣∣∣∣(λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)∣∣∣∣ < 1/2 wp⋆. By V̂ mc
i = Vi+Hiϑ̊

mc
p , Lemma 12(a) and Lemma 13(b), we

have (nh)
−1∑

iW
4
p,i

∥∥∥V̂ mc
i

∥∥∥5 = O⋆
p (1) and (nh)

−1∑
iW

4
p,i

∥∥∥V̂ mc
i

∥∥∥3 = O⋆
p (1). By these results and Lemma
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13(a),

1

nh

∑
i

Wp,iV̂
mc
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))4

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

) = O⋆
p

((
log (n)

nh

)2
)

1

nh

∑
i

(
(Wp,iHi)

⊤
λ̂mc
p

)((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))3

1 +
(
λ̂mc
p

)⊤ (
Wp,iV̂ mc

i

) = O⋆
p

((
log (n)

nh

)2
)
.

By V̂ mc
i = Vi +Hiϑ̊

mc
p and Lemma 12(a,b),

1

nh

∑
i

(
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)
=

∑
i

Wp,iV
⊤
i λ̂

mc
p +

∑
i

Wp,i

(
λ̂mc
p

)⊤
Hiϑ̊

mc
p

1

nh

∑
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

=
∑
i

W 2
p,i

(
V ⊤
i λ̂

mc
p

)2
+
∑
i

W 2
p,i

((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)2

+2
∑
i

W 2
p,i

(
V ⊤
i λ̂

mc
p

)((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
1

nh

∑
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))3

=
∑
i

W 3
p,i

(
V ⊤
i λ̂

mc
p

)3
+ 3

∑
i

W 3
p,i

(
V ⊤
i λ̂

mc
p

)2((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)

+O⋆
p

((
log (n)

nh

)5/2
)
.

By plugging these results into the right hand side of (S110),

−∆V V ⊤,2λ̂
mc
p +∆H ϑ̊

mc
p = − 1

nh

∑
i

Wp,iVi +
1

nh

∑
i

W 2
p,iVi

((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
− 1

nh

∑
i

W 3
p,iVi

(
V ⊤
i λ̂

mc
p

)2
− 2

nh

∑
i

W 3
p,iVi

(
V ⊤
i λ̂

mc
p

)((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
+

1

nh

∑
i

W 3
p,iVi

(
V ⊤
i λ̂

mc
p

)3
+

1

nh

∑
i

W 2
p,iHiϑ̊

mc
p

(
V ⊤
i λ̂

mc
p

)
+

1

nh

∑
i

W 2
p,iHiϑ̊

mc
p

((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
− 1

nh

∑
i

W 3
p,iHiϑ̊

mc
p

(
V ⊤
i λ̂

mc
p

)2
+
(
ΨV V ⊤,2 −∆V V ⊤,2

)
λ̂mc
p − (ΨH −∆H) ϑ̊mc

p

+O⋆
p

((
log (n)

nh

)2
)

∆H λ̂
mc
p =

1

nh

∑
i

W 2
p,i

(
H⊤

i λ̂
mc
p

)(
V ⊤
i λ̂

mc
p

)
+

1

nh

∑
i

W 2
p,i

(
H⊤

i λ̂
mc
p

)((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)

− 1

nh

∑
i

W 3
p,i

(
H⊤

i λ̂
mc
p

)(
V ⊤
i λ̂

mc
p

)2
− (ΨH −∆H)

⊤
λ̂mc
p +O⋆

p

((
log (n)

nh

)2
)
.(S111)

A stochastic expansion is an approximation that is a polynomial of centered sample averages and has an

approximation error of desired order of magnitude. We invert (S111) by using (S47) and get higher-order
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approximations for
(
λ̂mc
p , ϑ̊mc

p

)
. Plugging these higher-order approximations back to the right hand side

of (S111), replacing all sample averages except (nh)
−1∑

iWp,iVi which is approximately centered since

∥∆V ∥ = O
(
hp+1

)
with the sums of their population means and their centered versions and dropping

terms that are O⋆
p

(
(log (n) /nh)

2
)
, we get a cubic stochastic expansion of

(
λ̂mc
p , ϑ̊mc

p

)
. The same alge-

braic calculations have been done in Chen and Cui (2007) so that we use them directly here. Let αklmn :=

∆V (k)V (l)V (m)V (n) , γk := ∆H(k) , γkl:m := ∆V (k)V (l)H(m),3, γk;l := ∆H(k)H(l),2, Aklm := ΨV (k)V (l)V (m),3 − αklm and

Ck:l := ΨV (k)H(l),2−γk:l. By Lemma 12(b), ΨV (k)V (l)V (m)V (n),4−αklmn, ΨV (k)V (l)H(m),3−γkl:m and ΨH(k)H(l),2−γk;l

are all O⋆
p

(√
log (n) / (nh)

)
. We can show that

(
λ̂mc
p , ϑ̊mc

p

)
admit a cubic stochastic expansions with

leading terms that are polynomials of
(
Ak, Akl, Aklm, Ck, Ck:l

)
with coefficients given by

(
αkl, αklm, αklmn

)
,(

γk, γk:l, γkl:m, γk;l
)

and Ω. Formally, their expressions are the same as those given in Chen and Cui (2007)

(see Equation (2.6) therein).

By fifth-order Taylor expansion, V̂ mc
i = Vi +Hiϑ̊

mc
p , Lemma 12(a) and Lemma 13(a,b) and the fact that

maxi

∣∣∣∣(λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)∣∣∣∣ = O⋆
p

(√
log (n)/ (nh)

1/3
)
, we have

2n · ℓmc
p

(
ϑ̂mc
p | h

)
= 2

∑
i

(
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

)
−
∑
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))2

+
2

3

∑
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))3

−1

2

∑
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))4

+O⋆
p

(
(log (n))

5/2

(nh)
3/2

)
.

By V̂ mc
i = Vi +Hiϑ̊

mc
p , Lemma 12(a) and Lemma 13(a,b),

∑
i

((
λ̂mc
p

)⊤ (
Wp,iV̂

mc
i

))4

=
∑
i

W 4
p,i

(
V ⊤
i λ̂

mc
p

)4
+O⋆

p

(
(log (n))

5/2

(nh)
3/2

)
.

Therefore,

2n · ℓmc
p

(
ϑ̂mc
p | h

)
= 2

∑
i

Wp,iV
⊤
i λ̂

mc
p + 2

∑
i

Wp,i

((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
−
∑
i

W 2
p,i

(
V ⊤
i λ̂

mc
p

)2
−
∑
i

W 2
p,i

((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)2

− 2
∑
i

W 2
p,i

(
V ⊤
i λ̂

mc
p

)((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
+

2

3

∑
i

W 3
p,i

(
V ⊤
i λ̂

mc
p

)3
+ 2

∑
i

W 3
p,i

(
V ⊤
i λ̂

mc
p

)2((
λ̂mc
p

)⊤
Hiϑ̊

mc
p

)
− 1

2

∑
i

W 4
p,i

(
V ⊤
i λ̂

mc
p

)4
+O⋆

p

(
(log (n))

5/2

(nh)
3/2

)
. (S112)

By the same steps and plugging stochastic expansions of
(
λ̂mc
p , ϑ̊mc

p

)
into the right hand side of (S112), we

have a stochastic expansion of 2n · ℓmc
p

(
ϑ̂mc
p | h

)
so that 2n · ℓmc

p

(
ϑ̂mc
p | h

)
= ℓ̂ + O⋆

p

(
log (n)

5/2
/ (nh)

3/2
)
,

where the leading term ℓ̂ is a quartic polynomial of centered sample averages
(
Ak, Akl, Aklm, Ck, Ck:l

)
. The
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expression of ℓ̂ is formally the same as those given in Chen and Cui (2007, Equation (2.8)).

Similarly, by expanding the right hand side of

0 =
∑
i

Wp,iVi

1 +
(
λ̃mc
p

)⊤
(Wp,iVi)

,

we get

0 =
1

nh

∑
i

Wp,iVi

1−
(
λ̃mc
p

)⊤
(Wp,iVi) +

((
λ̃mc
p

)⊤
(Wp,iVi)

)2

−
((

λ̃mc
p

)⊤
(Wp,iVi)

)3

+

((
λ̃mc
p

)⊤
(Wp,iVi)

)4

1 +
(
λ̃mc
p

)⊤
(Wp,iVi)

 .

Then by Lemma 12(a,c) and Lemma 13(c), the remainder on the right hand side of the above equation is

O⋆
p

(
(log (n) / (nh))

2
)
. By using the same approach, we get a cubic stochastic expansion of λ̃mc

p and a quartic

stochastic expansion of 2nℓmc
p (ϑ | h) so that 2n · ℓmc

p (ϑ | h) = ℓ̃ + O⋆
p

(
log (n)

5/2
/ (nh)

3/2
)
. The stochastic

expansions are polynomials of
(
Ak, Akl, Aklm

)
. The expression of ℓ̃ is formally the same as Chen and Cui

(2007, Equation (2.5)). Let LR := ℓ̃− ℓ̂ so that LRp (ϑ | h) = LR+O⋆
p

(
log (n)

5/2
/ (nh)

3/2
)
.

Lemma 14. Suppose that the assumptions in the statement of Theorem 6 hold. Then,

Pr [LR ≤ x] = Fχ2
1
(x)− C pre

p (n, h)xfχ2
1
(x) +O (υpren ) ,

where

C pre
p (n, h) := (nh)

(
α1
)2

+ (nh)
−1

{
1

2

(
αkkll − α1+a 1+a1+b 1+b

)
− 1

3

(
αklmαklm − α1+a 1+b 1+cα1+a 1+b 1+c

)}
υpren :=

log (n) ∥∆U∥√
nh

+
log (n)

5/2

(nh)
3/2

+ h ∥∆U∥+ n−1 + (nh)
2 ∥∆U∥4 + (nh) ∥∆U∥3 .

Proof of Lemma 14. A decomposition LR = (nh)
(
R̃2

1 + 2R̃1R̃2 + 2R̃1R̃3 + R̃2
2

)
can be derived. R̃k is

a homogeneous k-th order polynomial of
(
Ak, Akl, Aklm, Ck, Ck:l

)
so that R̃1 = O⋆

p

(√
log (n) / (nh)

)
, R̃2 =

O⋆
p (log (n) / (nh)) and R̃3 = O⋆

p

(
(log (n) / (nh))

3/2
)
. The expressions of

(
R̃1, R̃2, R̃3

)
are the same as those

given in Chen and Cui (2007). Algebraic calculations in Chen and Cui (2007) show that by setting R̃1 := A1,

R̃2 := −1

2
·A11A1 −A1 1+aA1+a +

1

3
· α111A1A1 +Ω · C1+aA1+a

+α11 1+aA1A1+a +
{
α1 1+a 1+b − Ω · γ1+a:1+b

}
A1+aA1+b, (S113)
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and R̃3 to be given by the formula in Chen and Cui (2007), we have LR = nh
(
R̃2

1 + 2R̃1R̃2 + 2R̃1R̃3 + R̃2
2

)
.

In (S113), by (S46) and (S47), γ1+a:1+bA1+aA1+b = C1+aA1+a = 0.

Let αk := ∆V (k) and Åk := Ak − αk. By replacing Ak with Åk + αk, we have R̃1 = R̃10 + R̃11, where

R̃10 := α1 and R̃11 := Å1. Similarly, we replace Ak with Åk +αk to decompose R̃2 = R̃22 + R̃21 + R̃20 so that

R̃2k is a homogeneous (2− k)−th order polynomial of α1, ..., αdz+2:

R̃21 := −1

2
·A11α1 −A1 1+aα1+a +

2

3
· α111Å1α1 + α11 1+a

(
α1Å1+a + α1+aÅ1

)
+α1 1+a 1+b

(
α1+aÅ1+b + α1+bÅ1+a

)
, (S114)

R̃22 is defined by the right hand side of (S113) with Ak replaced by Åk and R̃20 := R̃2 − R̃22 − R̃21 =

O
(
∥∆V ∥2

)
. Let R0 := R̃10+R̃20, R1 := R̃11+R̃21 and R2 := R̃22. We decompose R̃3 = R̃33+R̃32+R̃31+R̃30

in a similar manner and let R3 := R̃33. R3 is given by the formula of R̃3 with Ak replaced by Åk. Then, let

R := R1 + R2 + R3. By Lemma 12(b), R̃1 + R̃2 + R̃3 = R0 + R + O⋆
p (∥∆V ∥ log (n) / (nh)) and therefore,

LR = (nh) (R0 +R)
2
+O⋆

p (υ
pre
n ).

Denote Kp (t) := 1 (t > 0)Kp;+ (t) − 1 (t < 0)Kp;− (t). Let U0 :=
(
M,Z⊤)⊤, l1 (U0) :=

(
1, U⊤

0

)⊤,

l2 (U0) :=
(
1, U⊤

0 ,
(
U⊗2
0

)⊤)⊤
, l3 (U0) :=

(
1, U⊤

0 ,
(
U⊗2
0

)⊤
,
(
U⊗3
0

)⊤)⊤
and

L :=


Kp

(
X
h

)
l1 (U0)

Kp

(
X
h

)
l2 (U0)

K3
p

(
X
h

)
l3 (U0)

 .

Let dl denote the dimension of L. It is clear that
√
nh · R := hn (Υ ), where Υ := (nh)

−1/2∑
i (Li − E [L])

and hn is a cubic polynomial. E.g.,

√
nh · Å1 = e⊤dz+2,1S

⊤∆
−1/2

UU⊤,2

(
(nh)

−1/2
∑
i

(Wp,iUi − E [WpU ])

)

= −
∆⊤

G∆
−1
UU⊤,2

(
(nh)

−1/2∑
i (Wp,iUi − E [WpU ])

)
√

∆⊤
G∆

−1
UU⊤,2

∆G

.

It can be shown that other terms on the right hand side of (S114) can also be written as linear functions of

Υ . Similarly,
√
nh ·R2 and

√
nh ·R3 are homogenous quadratic and cubic polynomials of Υ .

Let κj (V ) denote the j-th cumulant of a random variable V . We follow arguments in the proof of Calonico

et al. (2022, Theorem S.1) and apply Skovgaard (1986, Theorem 3.4) with s = 4 to Sn := B−1/2Υ where

B := Var [L] /h. For any t ∈ Rdl with ∥t∥ = 1, by change of variables and calculation of the moments (see,
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e.g., DiCiccio et al., 1988, Page 12), κ3
(
t⊤Sn

)
= E

[(
t⊤Sn

)3]
= O

(
(nh)

−1/2
)
, κ4

(
t⊤Sn

)
= E

[(
t⊤Sn

)4]−
3
(
E
[(
t⊤Sn

)2])2
= O

(
(nh)

−1
)

and ρs,n (t) := max
{∣∣κ3 (t⊤Sn

)∣∣ /3!,√|κ4 (t⊤Sn)| /4!
}

= O
(
(nh)

−1/2
)
,

uniformly in t. Condition I and II of Skovgaard (1986, Theorem 3.4) are satisfied by taking an (t) ∝
√
nh

and ϵn = (nh)
−3/2. Let ΨV (t) := E

[
exp

(
it⊤V

)]
denote the characteristic function of a random vector V ,

where i :=
√
−1. Since Kp is supported on [−1, 1], by change of variables,

ΨL (t1, t2, t3) = 1− Pr [−h < X ≤ h]

+ h ·
∫ 1

−1

∫
exp

(
i
(
t⊤1 Kp (v) l1 (y) + t⊤2 K2

p (v) l2 (y) + t⊤3 K3
p (v) l3 (y)

))
fU0|X (y | hv) fX (hv) dydv.

Then, by triangle inequality and mean value expansion,

sup
∥(t1,t2,t3)∥>ε

|ΨL (t1, t2, t3)| ≤ 1− Pr [−h < X ≤ h]

+ h · φ

{
sup

∥(t1,t2,t3)∥>ε

∣∣∣∣∫ 1

0

∫
exp

(
i
(
t⊤1 Kp (v) l1 (y) + t⊤2 K2

p (v) l2 (y) + t⊤3 K3
p (v) l3 (y)

))
fU0|X

(
y | 0+

)
dydv

∣∣∣∣
sup

∥(t1,t2,t3)∥>ε

∣∣∣∣∫ 0

−1

∫
exp

(
i
(
t⊤1 Kp (v) l1 (y) + t⊤2 K2

p (v) l2 (y) + t⊤3 K3
p (v) l3 (y)

))
fU0|X

(
y | 0−

)
dydv

∣∣∣∣+O (h)

}
,

(S115)

where fU0|X (y | 0+) := limx↓0fU0|X (y | x) and fU0|X (y | 0−) := limx↑0fU0|X (y | x). Let U denote the

support of U0. Let E1 := Kp (V ) l1 (A), E2 := K2
p (V ) l2 (A), and E3 := K3

p (V ) l3 (A), where (V,A)

has the joint density (v, u) 7→ 1 (0 ≤ v ≤ 1) fU |X (u | 0+). Under Assumption 6, the functions (v, u) 7→(
1,Kp (v) l

⊤
1 (u) ,K2

p (v) l
⊤
2 (u) ,K3

p (v) l
⊤
3 (u)

)
are linearly independent on (0, 1)×U . By Bhattacharya (1977,

Lemma 1.4), ∀ε > 0, ∃cε > 0 such that

sup
∥(t1,t2,t3)∥>ε

∣∣∣∣∫ 1

0

∫
exp

(
i
(
t⊤1 Kp (v) l1 (y) + t⊤2 K2

p (v) l2 (y) + t⊤3 K3
p (v) l3 (y)

))
fU0|X

(
y | 0+

)
dydv

∣∣∣∣
= sup

∥(t1,t2,t3)∥>ε

∣∣E [exp (i (t⊤1 E1 + t⊤2 E2 + t⊤3 E3

))]∣∣ ≤ 1− cε.

A similar result holds for the term on the third line of (S115). Then by these results, Pr [−h < X ≤ h] =

2h (φ+O (h)) and (S115), ∀ε > 0, ∃cε > 0 such that sup∥t∥>ε |ΨL (t)| < 1− cεh, for all sufficiently small h.

It follows from this result and arguments in the proof of Calonico et al. (2022, Theorem S.1) that ∀δ > 0,

∃cδ > 0 such that sup∥t∥>δ
√
nh |ΨSn (t)| ≤ (1− cδh)

n when n is sufficiently large. It is also easy to see that

for ∀δ > 0, (1− cδh)
n ≤ ϵ

dl/2+2
n , when n is sufficiently large. Therefore, Condition III′′α of Skovgaard (1986,

Theorem 3.4 and Remark 3.5) is satisfied with α = 1. Verification of Condition IV of Skovgaard (1986,
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Theorem 3.4) follows from essentially the same calculations and arguments in the proof of Calonico et al.

(2022, Theorem S.1). Now all conditions for Skovgaard (1986, Theorem 3.4) are verified. It shows that Sn

admits a valid Edgeworth expansion, i.e., conditions (3.1), (3.2) and (3.3) of Skovgaard (1981) are satisfied

with Un = Sn, s = 4, βs,n = (nh)
−1 and the Edgeworth expansion holds uniformly over the class of all convex

sets in Rdl . Note that we can write
√
nh · R = hn

(
B1/2Sn

)
. Then we apply Skovgaard (1981) to show that

the Edgeworth expansion is preserved by smooth transformations. Condition (3.4) of Skovgaard (1981) is

satisfied with gn taken to be x 7→ hn
(
B1/2x

)
whose the gradient at zero ∇gn (0) is given by

∇gn (0) = B1/2

−
∆⊤

G∆
−1
UU⊤,2√

∆⊤
G∆

−1
UU⊤,2

∆G

, 0⊤dl−(dz+2)

⊤

+O (∥∆U∥)

by the chain rule. Then we apply Skovgaard (1981, Theorem 3.2) to fn (Sn) := B−1
n gn (Sn), where B2

n :=

∇gn (0)⊤ ∇gn (0). Then,

B2
n =

∆⊤
G∆

−1
UU⊤,2

(Var [WpU ] /h)∆−1
UU⊤,2

∆G

∆⊤
G∆

−1
UU⊤,2

∆G

+O (∥∆U∥) = 1 +O (∥∆U∥) .

Condition I of Skovgaard (1981, Assumption 3.1) is satisfied with p = 4. Condition II of Skovgaard (1981,

Assumption 3.1) is satisfied with λn = O
(
(nh)

−1/2
)

so that λp−1
n = o

(
(nh)

−1
)
. Now all conditions for

Skovgaard (1981, Theorem 3.2) are verified. It is left to compute the approximate cumulants.

Then we calculate the formal cumulants of fn (Sn) = B−1
n

√
nh · R. In the calculations, we repeatedly

use formulae for moments of products of sample averages (e.g., DiCiccio et al., 1988, Page 12) and Lemma

3(a,b). By definition, E [R1] = 0. We calculate E [R2], let the remainder term absorb the terms that involve

α1, ..., αdz+2 and get E [R2] = (nh)
−1
κ̄1+O (∥∆U∥ /n) where κ̄1 := −α111/6. By formulae for third moments

and Lemma 3(a), E [R3] = O
(
(nh)

−2
)
. Therefore, κ1

(√
nh ·R

)
= κ̃1,n +O

(
(nh)

−1/2 ∥∆U∥h+ (nh)
−3/2

)
with κ̃1,n := (nh)

−1/2
κ̄1 . For the second cumulant, by definition, κ2 (R) = E

[
R2
]
−(E [R])

2 and by formulae

for fifth and sixth moments and Lemma 3(a),

E
[
R2
]
= E

[
R2

1

]
+ 2 · E [R1R2] + 2 · E [R1R3] + E

[
R2

2

]
+O

(
(nh)

−3
)
.

By R1 = R̃11 + R̃21 and calculation,

E
[
R2

1

]
= E

[
R̃2

11

]
+ 2 · E

[
R̃21R̃11

]
+O

(
(nh)

−1 ∥∆U∥2
)

E [R1R2] + E [R1R3] = E
[
R̃11R2

]
+ E

[
R̃11R3

]
+O

(
(nh)

−2 ∥∆U∥
)
.
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Then by calculation, E
[
R̃2

11

]
= (nh)

−1
+O

(
∥∆U∥2 /n

)
and 2 ·E

[
R̃21R̃11

]
= (nh)

−1
κ̃21,n+O

(
∥∆U∥2 /n

)
,

where κ̃21,n := α111α1/3. Then, E
[
R2

1

]
= (nh)

−1
(1 + κ̃21,n) + O

(
(nh)

−1 ∥∆U∥2
)
. Calculation of 2 ·

E
[
R̃11R2

]
+ 2 · E

[
R̃11R3

]
+ E

[
R2

2

]
follows from replication of calculations in Chen and Cui (2007) and

we can directly use the results therein. By calculations in Chen and Cui (2007), we have

2 · E
[
R̃11R2

]
+ 2 · E

[
R̃11R3

]
+ E

[
R2

2

]
= (nh)

−2
κ̄2 +O

(
(nh)

−2 ∥∆U∥h+ (nh)
−3
)
,

where

κ̄2 :=
1

2
α1111 + α11 1+a 1+a − 1

3
α111α111 − α11 1+aα11 1+a − α1 1+a 1+bα1 1+a 1+b

=
1

2

(
αkkll − α1+a 1+a 1+b 1+b

)
− 1

3

(
αklmαklm − α1+a 1+b 1+cα1+a 1+b 1+c

)
and the O

(
(nh)

−2 ∥∆U∥h+ (nh)
−3
)

remainder collects terms that depend on α1, ..., αdz+2 and higher-order

terms from the fourth moment calculation. Therefore,

κ2

(√
nh ·R

)
= κ̃2,n +O

(
∥∆U∥2 + (nh)

−1 ∥∆U∥+ (nh)
−2
)
,

where κ̃2,n := 1 + κ̃21,n + κ̃22,n and κ̃22,n := (nh)
−1 (

κ̄2 − κ̄21
)
.

By definition, κ3 (R) = E
[
R3
]
−3 ·E [R] E

[
R2
]
+2 (E [R])

3 and by E [R] = E [R2]+O
(
(nh)

−2
)
, E [R2] =

O
(
(nh)

−1
)
, E
[
R2
]
= E

[
R2

1

]
+O

(
(nh)

−2
)

and E
[
R3
]
= E

[
R3

1

]
+3 ·E

[
R2R

2
1

]
+O

(
(nh)

−3
)
, which follows

from formulae for higher moments, we have

κ3 (R) = E
[
R3

1

]
− 3

(
E
[
R2R

2
1

]
− E [R2] E

[
R2

1

])
+O

(
(nh)

−3
)
.

It is easy to check that E
[
R3

1

]
= E

[
R̃3

11

]
+O

(
(nh)

−2 ∥∆U∥
)
, E
[
R2R

2
1

]
= E

[
R2R̃

2
11

]
+O

(
(nh)

−2 ∥∆U∥
)
.

By these results and E
[
R2

1

]
= E

[
R̃2

11

]
+O

(
(nh)

−1 ∥∆U∥
)
,

κ3 (R) = E
[
R̃3

11

]
− 3

(
E
[
R2R̃

2
11

]
− E [R2] E

[
R̃2

11

])
+O

(
(nh)

−3
+ (nh)

−2 ∥∆U∥
)
.

Calculation and expansion of E
[
R̃3

11

]
−3
(
E
[
R2R̃

2
11

]
− E [R2] E

[
R̃2

11

])
follow from replication of calculations

in Chen and Cui (2007). E.g., by calculation using formulae for moments (DiCiccio et al., 1988),

E
[
R̃3

11

]
= n−2

(
E

[(
h−1WpV

(1) − α1
)3])

= n−2E

[(
h−1WpV

(1)
)3]

+O
(
(nh)

−2 ∥∆U∥h
)
,
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and the O
(
(nh)

−2 ∥∆U∥h
)

remainder collects all terms in the expansion of the third moment which depend

on α1, ..., αdz+2. Similarly, we calculate E
[
R2R̃

2
11

]
− E [R2] E

[
R̃2

11

]
. We note that coefficients of terms of

order (nh)−2 in E
[
R̃3

11

]
−3
(
E
[
R2R̃

2
11

]
− E [R2] E

[
R̃2

11

])
are formally the same as those of the leading terms

in the calculation of the formal third cumulant in Chen and Cui (2007). Calculations in Chen and Cui (2007)

show that the sum of these coefficients are exactly zero and therefore, the leading term vanishes so that

κ3

(√
nh ·R

)
= O

(
∥∆U∥√
nh

+ (nh)
−3/2

)
. (S116)

By (S116), the fact that

κ4 (R) = E
[
R4
]
− 3

(
E
[
R2
])2 − 4 · E [R]κ3 (R) + 2 (E [R])

4
,

E [R] = O
(
(nh)

−1
)
, R = R̃11 + R̃21 +R2 +R3 and standard calculations,

κ4 (R) = E
[
R4
]
− 3

(
E
[
R2
])2

+O
(
(nh)

−3 ∥∆U∥+ (nh)
−4
)
=

{
E
[
R̃4

11

]
− 3

(
E
[
R̃2

11

])2}
+ 4

{
E
[
R2R̃

3
11

]
− 3 · E

[
R2R̃11

]
E
[
R̃2

11

]}
+ 6

{
E
[
R2

2R̃
2
11

]
− E

[
R2

2

]
E
[
R̃2

11

]}
+ 4

{
E
[
R2R̃

3
11

]
− 3 · E

[
R2R̃11

]
E
[
R̃2

11

]}
+O

(
(nh)

−3 ∥∆U∥+ (nh)
−4
)
. (S117)

And by standard calculations,

E
[
R̃4

11

]
− 3

(
E
[
R̃2

11

])2
= n−3

(
E

[(
h−1WpV

(1) − α1
)4]

− 3

(
E

[(
h−1WpV

(1) − α1
)2])2

)

= n−3

(
E

[(
h−1WpV

(1)
)4]

− 3

(
E

[(
h−1WpV

(1)
)2]))

+O
(
(nh)

−3 ∥∆U∥h
)
,

and the O
(
(nh)

−3 ∥∆U∥h
)

remainder collects all terms that depend on α1, ..., αdz+2. Similarly, we also

calculate E
[
R2R̃

3
11

]
−3·E

[
R2R̃11

]
E
[
R̃2

11

]
, E
[
R2

2R̃
2
11

]
−E

[
R2

2

]
E
[
R̃2

11

]
and E

[
R2R̃

3
11

]
−3·E

[
R2R̃11

]
E
[
R̃2

11

]
on the right hand side of the second equality in (S117), ignore small-order terms that depend on α1, ..., αdz+2

and take the sum of the leading terms. We do not need to rework on the calculations since they are formally

the same as those done in Chen and Cui (2007). Calculations in Chen and Cui (2007) show that the sum

of the leading terms on the right hand side of (S117) is exactly zero so that it follows from this result and

(S117) that κ4
(√

nh ·R
)
= O

(
(nh)

−1 ∥∆U∥+ (nh)
−2
)
. By previous calculations and Bn = 1 +O (∥∆U∥),

we get the approximate cumulants for fn (Sn): κ1 (fn (Sn)) = B−1
n κ̃1,n + O

(
(nh)

−1/2 ∥∆U∥h+ (nh)
−3/2

)
,

κ2 (fn (Sn)) = B−2
n κ̃2,n + O

(
∥∆U∥2 + (nh)

−1 ∥∆U∥+ (nh)
−2
)
, κ3 (fn (Sn)) = O

(
∥∆U∥ /

√
nh+ (nh)

−3/2
)
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and κ4 (fn (Sn)) = O
(
(nh)

−1 ∥∆U∥+ (nh)
−2
)
.

Let ϕ
(
· | µ, σ2

)
denote the PDF of N

(
µ, σ2

)
. By applying Skovgaard (1981, Theorem 3.2) to fn (Sn) =

B−1
n

√
nh ·R,

Pr
[
(nh) (R0 +R)

2 ≤ x
]
=

∫
|t+(√nh·R0)/Bn|≤√

x/Bn

ϕ
(
t | B−1

n κ̃1,n, B
−2
n κ̃2,n

)
dt+O

(
∥∆U∥√
nh

+ (nh)
−3/2

)
,

(S118)

uniformly in x > 0. By using the recurrence properties of non-central χ2 (Cohen, 1988) and mean value

expansion, we have (∂/∂λ)F (x | λ)|λ=λ̄ = −xfχ2
1
(x) +O

(
λ̄
)
. By this result, B2

n = 1+O (∥∆U∥), change of

variables and mean value expansion,

∫
|t+(√nh·R0)/Bn|≤√

x/Bn

ϕ
(
t | B−1

n κ̃1,n, B
−2
n κ̃2,n

)
dt =

∫
|t|≤

√
x/κ̃2,n

ϕ

(
t |

√
nh ·R0 + κ̃1,n√

κ̃2,n
, 1

)
dt

= F

 x

κ̃2,n
|

(√
nh ·R0 + κ̃1,n

)2
κ̃2,n

 = Fχ2
1
(x)−xfχ2

1
(x)

((√
nh · R̃10 + κ̃1,n

)2
+ κ̃21,n + κ̃22,n

)
+O (υpren ) .

(S119)

By (S118) and (S119),

Pr
[
(nh) (R0 +R)

2 ≤ x
]
= Fχ2

1
(x)−

{
(nh) R̃2

10 + 2
√
nh · R̃10κ̃1,n + κ̃21,n + (nh)

−1
κ̄2

}
xfχ2

1
(x) +O (υpren ) .

(S120)

It is easy to see that 2
√
nh · R̃10κ̃1,n + κ̃21,n = 0.

It is easily seen that the result (S118) with the weak inequality replaced by a strict inequality still holds

(see Skovgaard, 1981, Theorem 3.2). By LR = (nh) (R0 +R)
2
+O⋆

p (υ
pre
n ) and the fact (S107),

∣∣∣Pr [LR ≤ x]− Pr
[
(nh) (R0 +R)

2 ≤ x
]∣∣∣ ≤ Pr

[∣∣∣(nh) (R0 +R)
2 − x

∣∣∣ ≤ c1υ
pre
n

]
+ c2

(
log (n)

(nh)
3/2

)
= O (υpren ) ,

(S121)

where the equality follows from (S118) and boundedness of ϕ (· | κ̃1,n, κ̃2,n). The conclusion follows from

(S120) and (S121). ■

Proof of Theorem 6. By (S46) and (S47),

αkkll =
(
∆−1

UU⊤,2

)(kl) (
∆−1

UU⊤,2

)(mn)

∆U(k)U(l)U(m)U(n),4

=
(
∆−1

UU⊤,2

)(kl)
tr
(
∆−1

UU⊤,2
∆U(k)U(l)UU⊤,4

)
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α1+a 1+a 1+b 1+b =
(
∆−1

Z̄Z̄⊤,2

)(ab) (
∆−1

Z̄Z̄⊤,2

)(cd)
∆Z̄(a)Z̄(b)Z̄(c)Z̄(d),4

=
(
∆−1

Z̄Z̄⊤,2

)(ab)
tr
(
∆−1

Z̄Z̄⊤,2
∆Z̄(a)Z̄(b)Z̄Z̄⊤,4

)

and

αklmαklm = ∆U(k)U(l)U(m),3

(
∆−1

UU⊤,2

)(kk′) (
∆−1

UU⊤,2

)(ll′) (
∆−1

UU⊤,2

)(mm′)
∆

U(k′)U(l′)U(m′),3

=
(
∆−1

UU⊤,2

)(kl)
tr
(
∆−1

UU⊤,2
∆U(k)UU⊤,3∆

−1
UU⊤,2

∆U(l)UU⊤,3

)
α1+a 1+b 1+cα1+a 1+b 1+c = ∆Z̄(a)Z̄(b)Z̄(c),3

(
∆−1

Z̄Z̄⊤,2

)(aa′) (
∆−1

Z̄Z̄⊤,2

)(bb′) (
∆−1

Z̄Z̄⊤,2

)(cc′)
∆

Z̄(a′)Z̄(b′)Z̄(c′),3(
∆−1

Z̄Z̄⊤,2

)(ab)
tr
(
∆−1

Z̄Z̄⊤,2
∆Z̄(a)Z̄Z̄⊤,3∆

−1
Z̄Z̄⊤,2

∆Z̄(b)Z̄Z̄⊤,3

)
.

It is easy to see that in Lemma 3(a), if gV is Lipschitz continuous, the remainder term is O (h).

By this result, ∆U(k)U(l)UU⊤,4 = ω0,4
p ψU(k)U(l)UU⊤,± + O (h), ∆U(k)UU⊤,3 = ω0,3

p ψU(k)UU⊤,† + O (h) and

∆−1
UU⊤,2

=
(
ω0,2
p ψUU⊤,±

)−1
+ O (h). Similarly, ∆Z̄(a)Z̄(b)Z̄Z̄⊤,4 = ω0,4

p ψZ̄(a)Z̄(b)Z̄Z̄⊤,± + O (h), ∆Z̄(a)Z̄Z̄⊤,3 =

ω0,3
p ψZ̄(a)Z̄Z̄⊤,† +O (h) and ∆−1

Z̄Z̄⊤,2
=
(
ω0,2
p ψZ̄Z̄⊤,±

)−1
+O (h). By these results, we have

1

2
αkkll − 1

3
αklmαklm = V †

p +O (h)

1

2
α1+a 1+a 1+b 1+b − 1

3
α1+a 1+b 1+cα1+a 1+b 1+c = V ‡

p +O (h) . (S122)

By γ̄M = γM +O (h) which follows from Lemma 3(a) with Lipschitz continuity, (S52) and (S54),

(
α1
)2

=

(
∆G∆

−1
UU⊤,2

∆U

)2
∆⊤

G∆
−1
UU⊤,2

∆G

=

(
∆M −∆MZ̄⊤,2∆

−1
Z̄Z̄⊤,2

∆Z̄

)2
∆M2,2 −∆MZ̄⊤,2∆

−1
Z̄Z̄⊤,2

∆MZ̄,2

=
∆2

ϵ̊

∆ϵ̊2,2
+O

(
h2p+3

)
.

It is clear that in Lemma 3(b), the remainder term is O
(
hp+1+h

)
if m(p+1)

V is Hölder continuous with exponent

h. Then, by this result, ∆ϵ̊ = ψD,†Bmc
p hp+1 +O

(
hp+1+h

)
and ∆ϵ̊2,2 = ψ2

D,†Vp +O (h). Then, by this result

and Lemma 3(a,b),

(nh)
(
α1
)2

= (nh) ·
(
Bmc

p hp+1
)2

Vp
+O

(
nh2p+3+h

)
.

The first conclusion follows from this result, (S122) and Lemma 14.

It follows from the same arguments used to show Lemma 3(b) that E
[
h−1Wp+1;sV

]
= ψV,s +O

(
hp+1+h

)
if m(p+1)

V is Hölder continuous with exponent h. Then, the second conclusion follows from Lemma 14 with p

replaced by p+ 1 and similar arguments. In this case, we have
∥∥E [h−1Wp+1U

]∥∥ = O
(
hp+1+h

)
and the bias

part is now O
(
nh2p+3+2h

)
. ■
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S7 Proof of Theorem 7

Define

Ũi (θ0, θ1) :=


Yi − θ0Di

1

Zi − θ1Di

 , G̃0,i :=

 Di

0dz+1

 and G̃1,i :=

 02×dz

Di · Idz

 .

Then, we have (∂/∂θ0) Ũi (θ0, θ1) = −G̃0,i and
(
∂/∂θ⊤1

)
Ũi (θ0, θ1) = −G̃1,i. Also let Ũi := Ũi (ϑ, δ · ln).

We recycle some previous notations. (∆A,k,ΨA,k,∆k,Ψk,∆A,ΨA) are defined by the same formulae with p

replaced by p+ 1. Consider the singular value decomposition

S̃⊤∆
−1/2

ŨŨ⊤,2

(
−∆G̃0

)
T̃ =

 Λ̃

0dz+1



of ∆−1/2

ŨŨ⊤,2

(
−∆G̃0

)
, where S̃⊤S̃ = Idz+2, T̃ = 1 and Λ̃ :=

√
∆⊤

G̃0
∆

−1/2

ŨŨ⊤,2
∆G̃0

. Then we have

S̃⊤∆
−1/2

ŨŨ⊤,2

(
−∆G̃0

)√
∆⊤

G̃0
∆

−1/2

ŨŨ⊤,2
∆G̃0

= edz+2,1. (S123)

Let Ω̃ := Λ̃−1, Ṽi (θ0, θ1) := S̃⊤∆
−1/2

ŨŨ⊤,2
Ũi (θ0, θ1), Ṽi := Ṽi (ϑ, δ · ln), H̃0,i := S̃⊤∆

−1/2

ŨŨ⊤,2

(
−G̃0,i

)
and H̃1,i :=

S̃⊤∆
−1/2

ŨŨ⊤,2

(
−G̃1,i

)
. Then we have

ℓmc
p+1 (θ | h) = sup

λ

1

n

∑
i

log
(
1 + λ⊤

(
Wp+1,iṼi (θ, 0dz

)
))

.

Let λ̂mc
p+1 be defined by

λ̂mc
p+1 := argmax

λ

∑
i

log
(
1 + λ⊤

(
Wp+1,iṼi

(
ϑ̂mc
p+1, 0dz

)))
.

Let λ̃mc
p+1 be redefined by

λ̃mc
p+1 := argmax

λ

∑
i

log
(
1 + λ⊤

(
Wp+1,iṼi (ϑ, 0dz )

))
.

Then, the likelihood ratio is given by

LRp+1 (ϑ | h) = 2

{∑
i

log

(
1 +

(
λ̃mc
p+1

)⊤ (
Wp+1,iṼi (ϑ, 0dz

)
))

−
∑
i

log

(
1 +

(
λ̂mc
p+1

)⊤ (
Wp+1,iṼi

(
ϑ̂mc
p+1, 0dz

)))}
.
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Let
(
Ãk, Ãkl, α̃k, α̃kl, α̃klm, ˚̃Ak

)
be defined by the same formulae as

(
Ak, Akl, αk, αkl, αklm, Åk

)
with V re-

placed by Ṽ . The ranges of the following indices are fixed: a, b, c = 1, 2, ..., dz. Let γ̃k,a := ∆
H̃

(ka)
1

and γ̃k:l,a :=

∆
Ṽ (k)H̃

(la)
1 ,2

. Let C̃k,a := Ψ
H̃

(ka)
1

−∆
H̃

(ka)
1

and C̃k:l,a := Ψ
Ṽ (k)H̃

(la)
1 ,2

−∆
Ṽ (k)H̃

(la)
1 ,2

.
(
Ãk, Ãkl, ˚̃Ak, C̃k,a, C̃k:l,a

)
are

all O⋆
p

(√
log (n) · ln

)
. Let V0,i := Ṽi (ϑ, 0dz

), Ak
0 := Ψ

V
(k)
0

and Akl
0 := Ψ

V
(k)
0 V

(l)
0 ,2

− α̃kl. It is easy to see that

Ak
0 = Ãk + ln

(
C̃k,a + γ̃k,a

)
δ(a)

Akl
0 = Ãkl + ln

(
C̃k:l,a + γ̃k:l,a

)
δ(a) [k, l] +O⋆

p

(
l2n
)
. (S124)

Denote N̄i :=

(
1 Ni

)⊤

. Let

γ̄N :=

(
∆NN⊤,2 −

∆N,2∆N⊤,2

∆2

)−1(
∆MN,2 −

∆M,2∆N,2

∆2

)
σ̄2
N := ∆M2,2 −∆MN̄⊤,2∆

−1
N̄N̄⊤,2

∆MN̄,2

and V̄N := σ̄2
N/∆

2
D. By writing ∆ŨŨ⊤,2 and ∆N̄N̄⊤,2 as block matrices and inverting, (S45) and (S54) hold

with
(
G,U, Z̄

)
replaced by

(
G̃0, Ũ , N̄

)
and (S37) holds with Z replaced by N . By these results,

M −∆MN̄⊤,2∆
−1
N̄N̄⊤,2

N̄ =

(
M − ∆M,2

∆2

)
− γ̄⊤N

(
N − ∆N,2

∆2

)
. (S125)

By (S45) and (S37), ∆⊤
G̃0

∆−1

ŨŨ⊤,2
∆G̃1

= −γ̄⊤N/V̄N . By this result, (S54) and (S123),

γ̃1,aδ(a) =
∆⊤

G̃0
∆−1

ŨŨ⊤,2
∆G̃1

δ√
∆⊤

G̃0
∆−1

ŨŨ⊤,2
∆G̃0

= − γ̄⊤Nδ√
V̄N

. (S126)

Denote Q̃ := ∆−1

ŨŨ⊤,2
−∆−1

ŨŨ⊤,2
∆G̃0

(
∆⊤

G̃0
∆−1

ŨŨ⊤,2
∆G̃0

)−1

∆⊤
G̃0

∆−1

ŨŨ⊤,2
. Then (S46) holds with

(
Q, Z̄

)
replaced

by
(
Q̃, N̄

)
. (S47) holds with (V,H,U,Ω) replaced by

(
Ṽ , H̃0, Ũ , Ω̃

)
.

It is easy to check that the conclusion of Lemma 13 still holds for
(
λ̂mc
p+1, ϑ̂

mc
p+1, λ̃

mc
p+1

)
. (S111) and (S112)

hold for
(
λ̂mc
p+1, ϑ̂

mc
p+1

)
with (Vi, Hi) replaced by

(
V0,i, H̃0,i

)
. Let

(
R̃0

1, R̃
0
2

)
be defined by the formulae of(

R̃1, R̃2

)
in the proof of Lemma 14 with Vi replaced by V0,i: R̃0

1 = A1
0 and

R̃0
2 := −1

2
·A11

0 A
1
0 −A1 1+a

0 A1+a
0 +

1

3
· α̃111A1

0A
1
0 + α̃11 1+aA1

0A
1+a
0 + α̃1 1+a 1+bA1+a

0 A1+b
0 .

By arguments as in the proof of Lemma 14, LRp+1 (ϑ | h) = (nh)
(
R̃0

1 + R̃0
2

)2
+ O⋆

p

(
log (n)

2
l2n

)
. By using

these results and replacing Ãk with ˚̃Ak + α̃k, we decompose R̃0
1 = R̃0

11 + R̃0
10, where R̃0

11 := ˚̃A1 + δ(a)lnC̃
1,a
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and R̃0
10 := α̃1+ γ̃1,aδ(a)ln. Similarly, by using (S124), we have R̃0

2 = R̃0
20+ R̃

0
21+ R̃

0
22+O

⋆
p

(
log (n) l3n

)
, where

R̃0
20 = −γ̃1:1,aγ̃1,bδ(a)δ(b)l2n −

(
γ̃1:1+a,a + γ̃1+a:1,a

)
γ̃1+a,bδ(a)δ(b)l2n +

1

3
· α̃111γ̃1,aγ̃1,bδ(a)δ(b)l2n

+α̃11 1+aγ̃1,aγ̃1+a,bδ(a)δ(b)l2n + α̃1 1+a 1+bγ̃1+a,aγ̃1+b,bδ(a)δ(b)l2n +O
(
l3n
)
,

R̃0
21 = −1

2
· Ã11γ̃1,aδ(a)ln − γ̃1:1,a ˚̃A1δ(a)ln − Ã1 1+aγ̃1+a,aδ(a)ln

−
(
γ̃1:1+a,a + γ̃1+a:1,a

) ˚̃A1+aδ(a)ln +
2

3
· α̃111 ˚̃A1γ̃1,aδ(a)ln + α̃11 1+a ˚̃A1γ̃1+a,aδ(a)ln

+α̃11 1+aγ̃1,a ˚̃A1+aδ(a)ln + 2 · α̃1 1+a 1+b ˚̃A1+aγ̃1+b,aδ(a)ln +O⋆
p

(
log (n) l3n

)
and

R̃0
22 := −1

2
· Ã11 ˚̃A1 − Ã1 1+a ˚̃A1+a +

1

3
· α̃111 ˚̃A1 ˚̃A1 + α̃11 1+a ˚̃A1 ˚̃A1+a + α̃1 1+a 1+b ˚̃A1+a ˚̃A1+b.

Let R0
0 := R̃0

10 + R̃0
20, R0

1 := R̃0
11 + R̃0

21, R0
2 := R̃0

22 and R0 := R0
1 + R0

2 so that we have LRp+1 (ϑ | h) =

(nh)
(
R0

0 +R0
)2

+O⋆
p (lnh). Denote κ̄ab0 := γ̃1,aγ̃1,b. Then, by (S126), we have

κ̄ab0 δ
(a)δ(b)l2n =

(
γ̄⊤Nδ

)2
l2n

V̄N

. (S127)

By tedious algebra and Lemma 3(b),

(
R0

0

)2
= α̃1γ̃1,aδ(a)ln + κ̄ab0 δ

(a)δ(b)l2n + κ̄abc1 δ(a)δ(b)δ(c)l3n + o
(
l3n
)

where

κ̄abc1 := −2

3
· α̃111γ̃1,aγ̃1,bγ̃1,c + 2 · α̃11 1+aγ̃1,aγ̃1+a,bγ̃1,c + 2 · α̃1 1+a 1+bγ̃1+a,aγ̃1+b,bγ̃1,c

−2 · γ̃1:1,aγ̃1,bγ̃1,c − 2 ·
(
γ̃1:1+a,a + γ̃1+a:1,a

)
γ̃1+a,bγ̃1,c.

Let κ̄a2 := α̃111γ̃1,a/3 and κ̃2,n := 1 + κ̄a2δ
(a)ln. By calculation using arguments in the proof of Lemma

14, we have κ1
(√

nh ·R0
)
= κ̃1,n + o (ln), κ2

(√
nh ·R0

)
= κ̃2,n + o (ln) and κ3

(√
nh ·R0

)
= o (ln), where

κ̃1,n := − (nh)
−1/2

α̃111/6 . Then, 2
√
nh · R0

0κ̃1,n = −κ̄a2δ(a)ln + O
(
l2n
)
. By arguments used to show (S118)

and (S119) (i.e., Skovgaard, 1981 with s = p = q = 3, βs,n = ln and λn = O (ln)),

Pr
[
(nh)

(
R0

0 +R0
)2 ≤ x

]
= F

 x

κ̃2,n
|

(√
nh ·R0

0 + κ̃1,n

)2
κ̃2,n

+ o (ln) . (S128)
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Then by Taylor expansion,

F

 x

κ̃2,n
|

(√
nh ·R0

0 + κ̃1,n

)2
κ̃2,n

 = F

(
x

κ̃2,n
| (nh) κ̄ab0 δ(a)δ(b)l2n

)
+
{
(nh) κ̄abc1 δ(a)δ(b)δ(c)l2n

+(nh) α̃1γ̃1,aδ(a) − (nh) κ̄ab0 δ
(a)δ(b)l2n · κ̄a2δ(a) − κ̄a2δ

(a)
}
F (1)

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)
ln + o (ln) . (S129)

Let f (· | ι) denote the χ2
1 (ι) PDF. By using the recurrence properties of non-central χ2 (Cohen, 1988),

−xf (x | ι) = 2ι · F (2) (x | ι) + (ι+ 1)F (1) (x | ι). By these results, (S127) and Taylor expansion,

F

(
x

κ̃2,n
| (nh) κ̄ab0 δ(a)δ(b)l2n

)
= F

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)
+ xf

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)( 1

κ̃2,n
− 1

)
+O

(
l2n
)

= F
(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)
+2
(
(nh) κ̄ab0 δ

(a)δ(b)l2n

)
F (2)

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)(
κ̄a2δ

(a)ln

)
+
(
(nh) κ̄ab0 δ

(a)δ(b)l2n + 1
)
F (1)

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)(
κ̄a2δ

(a)ln

)
+ o (ln) .(S130)

It then follows from these results, (S129) and (S130) that

Pr
[
(nh)

(
R0

0 +R0
)2 ≤ x

]
= F

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)
+
(
(nh) κ̄abc1 δ(a)δ(b)δ(c)l2n + (nh) α̃1γ̃1,aδ(a)

)
F (1)

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)
ln

+2
(
(nh) κ̄ab0 δ

(a)δ(b)l2n

)
F (2)

(
x | (nh) κ̄ab0 δ(a)δ(b)l2n

)(
κ̄a2δ

(a)ln

)
+ o (ln) .(S131)

Let ϵN :=M −N⊤γN , ϵ̊N := ϵN − µϵN , N̊ := N − µN and

P1 (δ) := H

−2

3
·
ω0,3
p+1µϵ̊3N ,†φµ

3
D,†
(
γ⊤Nδ

)3(
ω0,2
p+1Var|0± [ϵN ]

)3 + 2 ·
ω0,3
p+1µ

3
D,†

(
µϵ̊2N N̊⊤,†

) (
Var|0± [N ]

)−1
δ
(
γ⊤Nδ

)2(
ω0,2
p+1

)3 (
Var|0± [ϵN ]

)2
+2 ·

ω0,3
p+1φ

1/2µ3
D,†

(
δ⊤
(
Var|0± [N ]

)−1
(
µϵ̊N N̊N̊⊤

) (
Var|0± [N ]

)−1
δ
) (
γ⊤Nδ

)
(
ω0,2
p+1

)5/2√
Var|0± [ϵN ]

+2

(
φµ2

D,†Cov|0± [D, ϵN ]
(
γ⊤Nδ

)3
ω0,2
p+1

(
Var|0± [ϵN ]

)2
)

− 2

(
(µD,†)

2
φCov|0± [D, ϵN ] δ⊤

(
Var|0± [N ]

)−1
δ
(
γ⊤Nδ

)
Var|0± [ϵN ]ω0,2

p

)

−2 ·
(µD,†)

2
(
Cov|0± [D,N ]

(
Var|0± [N ]

)−1
δ
) (
γ⊤Nδ

)2
ω0,2
p+1Var|0± [ϵN ]


P2 (δ) := H · 2

3
·
ω0,3
p+1µϵ̊3N ,†φ

(
γ⊤Nδ

)3
µ3
D,†(

ω0,2
p+1Var|0± [ϵN ]

)3 .
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By tedious algebra and Lemma 3(a),

(nh) κ̄abc1 δ(a)δ(b)δ(c)l2n = P1 (δ) + o (1)

2 (nh) κ̄ab0 δ
(a)δ(b)κ̄a2δ

(a)l2n =
2

3
(nh) α̃111γ̃1,aγ̃1,bγ̃1,cδ(a)δ(b)δ(c)l2n

= P2 (δ) + o (1) .

By Lemma 3(a,b), (S54), (S126) and (S123), we have (nh) α̃1γ̃1,aδ(a) = O
(
hh
)
. The conclusion follows from

these results, (S127), (S131), the fact that LRp+1 (ϑ | h) = (nh)
(
R0

0 +R0
)2

+O⋆
p (lnh) and (S107).

S8 Proof of Theorem 8

Theorem 8 can be proven in a similar way as Theorem 1. Denote

Ẅp;+,i := e⊤p+1,2Π
−1
p,+rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0)

Ẅp;−,i := e⊤p+1,2Π
−1
p,−rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi < 0)

Ẅp,i := Ẅp;+,i − Ẅp;−,i.

Let ϖp,+ :=
∫ 1

0
Kp;+ (t) K̇p;+ (t) dt = ϖp and ϖp,− :=

∫ 0

−1
Kp;− (t) K̇p;− (t) dt = −ϖp.

Lemma 15. Let V denote a random variable and {V1, ..., Vn} are i.i.d. copies of V . Assume that nh3 → ∞.

Suppose that K is a symmetric continuous PDF supported on [−1, 1]. Let B ⊆ [x, x] \ {0} denote an open

neighborhood of 0. The following results hold for all (s, k) ∈ {−,+} × N: (a) if gV is uniformly continuous

on B,

E

[
1

h
Ẅ k

p;sV

]
=
µV,sω̇

0,k
p

φk−1
+ o (1) and E

[
1

h
W̃p;sẄp;sV

]
=
µV,sϖp,s

φ
+ o (1) ;

(b) if gV is (p+ 1)-times continuously differentiable with uniformly continuous g(p+1)
V on B,

1

nh2

∑
i

Ẇp;s,igV (Xi) = µ
(1)
V,s +

µ
(p+1)
V,s

(p+ 1)!
ω̇p+1,1
p;s hp + op (h

p) ;

(c) if gV 2 is bounded on B,

1

nh

∑
i

Ŵp;s,iẆp;s,iVi − E

[
1

h
W̃p;sẄp;sV

]
= Op

(
(nh)

−1/2
)
.
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Proof of Lemma 15. We take s = + without loss of generality. For Part (a), we have

E

[
1

h
Ẅ k

p;+V

]
= E

[
1

h
Ẅ k

p;+gV (X)

]
=

∫ x

0

1

h

(
e⊤p+1,2Π

−1
p,+rp

(x
h

))k
Kk
(x
h

)
gV (x) fX (x) dx

=

∫ x
h

0

(
e⊤p+1,2Π

−1
p,+rp (y)

)k
Kk (y) gV (hy) fX (hy) dy

=
µV,+ω̇

0,k
p

φk−1
+ o (1) .

where the first equality follows from LIE, the third equality follows from change of variables, and the fourth

equality follows from (S5), continuity of gV and fX and applying the equality (S6) to
(
e⊤p+1,2Π

−1
p,+rp (y)

)k −(
e⊤p+1,2

(
φ−1 ·V−1

p;+

)
rp (y)

)k
. Similarly, we have

E

[
1

h
W̃p;+Ẅp;+V

]
= E

[
1

h
W̃p;+Ẅp;+gV (X)

]
=

∫ x

0

1

h

(
e⊤p+1,1Π

−1
p,+rp

(x
h

)
K
(x
h

)
e⊤p+1,2Π

−1
p,+rp

(x
h

)
K
(x
h

))
gV (x) fX (x) dx

=

∫ x
h

0

(
e⊤p+1,1Π

−1
p,+rp (y)K (y) e⊤p+1,2Π

−1
p,+rp (y)K (y)

)
gV (hy) fX (hy) dy

=
µV,+ϖp,+

φ
+ o (1) .

For Part (b), by Taylor’s theorem, for Xi > 0,

gV (Xi) = µV,+ + µ
(1)
V,+Xi +

(
µ
(2)
V,+

2!

)
X2

i + · · ·+

(
µ
(p)
V,+

p!

)
Xp

i +
g
(p+1)
V

(
X̃i

)
(p+ 1)!

Xp+1
i ,

for some X̃i between 0 and Xi. Denote µ+ :=
(
µV,+, µ

(1)
V,+, µ

(2)
V,+/2, ..., µ

(p)
V,+/p!

)⊤
. Then, we write

1

nh2

∑
i

Ẇp;+,igV (Xi) =
1

nh2

∑
i

Ẇp;+,i

(
r⊤p (Xi)µ+

)
+

1

nh2

∑
i

Ẇp;+,i

g
(p+1)
V

(
X̃i

)
(p+ 1)!

Xp+1
i . (S132)

Clearly, by the definition of Ẇp;+,i,

1

nh2

∑
i

Ẇp;+,i

(
r⊤p (Xi)µ+

)
=

1

nh2

∑
i

e⊤p+1,2Π̂
−1
p,+rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0) r⊤p

(
Xi

h

)
Hµ+

=
e⊤p+1,2Hµ+

h

= µ
(1)
V,+. (S133)
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Write

1

nh2

∑
i

Ẇp;+,i

g
(p+1)
V

(
X̃i

)
(p+ 1)!

Xp+1
i =

1

nh2

∑
i

Ẇp;+,i

(
g
(p+1)
V

(
X̃i

)
− µ

(p+1)
V,+

)
(p+ 1)!

Xp+1
i

+
1

nh2

∑
i

Ẇp;+,i

µ
(p+1)
V,+

(p+ 1)!
Xp+1

i . (S134)

By (S10) and (S5),

1

nh

∑
i

∣∣∣∣∣Ẇp;+,i

(
Xi

h

)p+1
∣∣∣∣∣ ≤

∥∥∥Π̂−1
p,+

∥∥∥( 1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥
∣∣∣∣∣
(
Xi

h

)p+1
∣∣∣∣∣K

(
Xi

h

)
1 (Xi > 0)

)
= Op (1) . (S135)

By this result, |K (Xi/h)| > 1 (|Xi| ≤ h) and continuity of g(p+1)
V , we have

∣∣∣∣∣∣ 1

nh2

∑
i

Ẇp;+,i

(
g
(p+1)
V

(
X̃i

)
− µ

(p+1)
V,+

)
(p+ 1)!

Xp+1
i

∣∣∣∣∣∣
≤

(
1

nh

∑
i

∣∣∣∣∣Ẇp;+,i
(Xi/h)

p+1

(p+ 1)!

∣∣∣∣∣
)

·
(

sup
0<x<h

∣∣∣g(p+1)
V (x)− µ

(p+1)
V,+

∣∣∣)hp = op (h
p) .

It now follows from this result, (S132), (S133) and (S134) that

1

nh2

∑
i

Ẇp;+,igV (Xi) = µ
(1)
V,+ +

1

nh2

∑
i

Ẇp;+,i

µ
(p+1)
V,+

(p+ 1)!
Xp+1

i + op (h
p) . (S136)

By triangle inequality, (S5) and (S10),

∣∣∣∣∣ 1nh∑
i

Ẇp;+,i

(
Xi

h

)p+1

− 1

nh

∑
i

Ẅp;+,i

(
Xi

h

)p+1
∣∣∣∣∣ ≤ 1

nh

∑
i

∣∣∣∣∣(Ẇp;+,i − Ẅp;+,i

)(Xi

h

)p+1
∣∣∣∣∣

≤
∥∥∥Π̂−1

p,+ −Π−1
p,+

∥∥∥{ 1

nh

∑
i

∥∥∥∥rp(Xi

h

)∥∥∥∥ ∣∣∣∣K (Xi

h

)∣∣∣∣
∣∣∣∣∣
(
Xi

h

)p+1
∣∣∣∣∣1 (Xi > 0)

}

= Op

(
(nh)

−1/2
)
.

By (S5), Chebyshev’s inequality, change of variables and continuity of fX ,

1

nh

∑
i

Ẅp;+,i

(
Xi

h

)p+1

− E

[
1

h
Ẅp;+

(
Xi

h

)p+1
]
= Op

(
(nh)

−1/2
)
.
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By (S5), change of variables and continuity of fX ,

E

[
1

h
Ẅp;+

(
Xi

h

)p+1
]

=

∫ x

0

1

h

(
e⊤p+2,1Π

−1
p,+rp

(x
h

))(x
h

)p+1

K
(x
h

)
fX (x) dx

= ω̇p+1,1
p;+ + o (1) .

It now follows from these results that

1

nh2

∑
i

Ẇp;+,i

µ
(p+1)
V,+

(p+ 1)!
Xp+1

i =

(
1

nh

∑
i

Ẇp;+,i

(
Xi

h

)p+1
)

µ
(p+1)
V,+

(p+ 1)!
hp

=
µ
(p+1)
V,+

(p+ 1)!
ω̇p+1,1
p;+ hp + op (h

p) .

Part (b) follows from this result and (S136).

For Part (c), write

1

nh

∑
i

Ŵp;+,iẆp;+,iVi − E

[
1

h
W̃p;+Ẅp;+V

]
=

1

nh

∑
i

(
Ŵp;+,iẆp;+,i − W̃p;+,iẄp;+

)
Vi

+

{
1

nh

∑
i

W̃p;+,iẄp;+,iVi − E

[
1

h
W̃p;+Ẅp;+V

]}

Then, by triangle inequality, LIE, change of variables, boundedness of g|V |, Markov’s inequality, and using

(S5), we have

∣∣∣∣∣ 1nh∑
i

(
Ŵp;+,iẆp;+,i − W̃p;+,iẄp;+

)
Vi

∣∣∣∣∣ ≤ 1

nh

∑
i

∣∣∣Ŵp;+,iẆp;+,i − W̃p;+,iẄp;+,i

∣∣∣ |Vi| = Op

(
(nh)

−1/2
)
.

It follows from (S5), LIE, change of variables, Chebyshev’s inequality and boundedness of gV 2 that

1

nh

∑
i

W̃p;+,iẄp;+,iVi − E

[
1

h
W̃p;+Ẅp;+V

]
= Op

(
(nh)

−1/2
)
.

Part (c) follows from these results. ■

Denote Ψ̇A := (nh)
−1∑

i Ŵp,iẆp,iAi and ∆̈A := E
[
h−1W̃pẄpA

]
.

Proof of Theorem 8. Using

web
i =

1

n
· 1

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

)
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and

1

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

) = 1−
(
λebp
)⊤ (

Ŵp,iZ̄i

)
+

((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) ,
we have

π̂eb
p =

1

nh2

∑
i

Ẇp,iYi

1 +
(
λebp
)⊤ (

Ŵp,iZ̄i

)
=

1

nh2

∑
i

Ẇp,iYi

1−
(
λebp
)⊤ (

Ŵp,iZ̄i

)
+

((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

)


=
1

nh2

∑
i

Ẇp,iYi −
(
λebp
)⊤ 1

nh2

∑
i

Ŵp,iẆp,iYiZ̄i +
1

nh2

∑
i

(
Ẇp,iYi

)((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) .(S137)

By Lemma 15(c), Ψ̇Y Z̄ − ∆̈Y Z̄ = Op

(
(nh)

−1/2
)
. By arguments similar to those used in the proof of (S21),

1

nh2

∑
i

(
Ẇp,iYi

)((
λebp
)⊤ (

Ŵp,iZ̄i

))2
1 +

(
λebp
)⊤ (

Ŵp,iZ̄i

) = Op

((
nh2

)−1
)
.

By these results, we have

π̂eb
p =

1

nh2

∑
i

Ẇp,iYi −
(
λebp
)⊤

∆̈Y Z̄

h
+Op

((
nh2

)−1
)
.

Using (S24) and Lemma 2, we have

∆̈⊤
Y Z̄λ

eb
p =

[
∆̈Y ∆̈⊤

Y Z

]
∆̃−1

Z̄Z̄⊤,2

 0

Ψ̂Z

+Op

(
(nh)

−1
)

= γ̃⊤tedΨ̂Z +Op

(
(nh)

−1
)
, (S138)

where

γ̃ted :=

(
∆̃ZZ⊤,2 −

∆̃Z,2∆̃Z⊤,2

∆̃2

)−1(
∆̈Y Z − ∆̃Z,2∆̈Y

∆̃2

)
.

By Lemmas 1(a) and 15(a), ∆̃ZZ⊤,2 =
(
ω0,2
p /φ

)
µZZ⊤,± + o (1), ∆̃Z,2 = 2

(
ω0,2
p /φ

)
µZ + o (1), ∆̃2 =

2
(
ω0,2
p /φ

)
+ o (1), ∆̈Y Z = (ϖp/φ)µY Z,† + o (1) and ∆̈Y = (ϖp/φ)µY,† + o (1). Therefore, it follows

from these results, (S4) and the fact that for s ∈ {−,+}, µZZ⊤,s − µZµZ⊤ is positive definite that γ̃ted =
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(
ϖp/ω

0,2
p

)
γted + o (1). Therefore, by this result, Ψ̂Z = Op

(
(nh)

−1/2
)

and (S138), we have

π̂eb
p =

1

nh2

∑
i

Ẇp,iYi −
(
ϖp

ω0,2
p

)
γ⊤tedΨ̂Z

h
+ op

((
nh3

)−1/2
)
.

By lemma 15(b),

1

nh2

∑
i

Ẇp,iYi =
1

nh2

∑
i

Ẇp,igY (Xi) +
1

nh2

∑
i

Ẇp,i (Yi − gY (Xi))

=
(
µ
(1)
Y,+ − µ

(1)
Y,−

)
+

(
µ
(p+1)
Y,+ ω̇p+1,1

p;+ − µ
(p+1)
Y,− ω̇p+1,1

p;−

)
(p+ 1)!

hp

+
1

nh2

∑
i

Ẇp,i (Yi − gY (Xi)) + o (hp) .

Combining the above result and (S19), we have

π̂eb
p − πsrd =

(
µ
(p+1)
Y,+ ω̇p+1,1

p;+ − µ
(p+1)
Y,− ω̇p+1,1

p;−

)
(p+ 1)!

hp +
1

nh2

∑
i

Ẇp,i (Yi − gY (Xi))

−
(
ϖp

ω0,2
p

)
γ⊤ted


(
µ
(p+1)
Z,+ ωp+1,1

p;+ − µ
(p+1)
Z,− ωp+1,1

p;−

)
(p+ 1)!

hp +
1

nh2

∑
i

Ŵp,i (Zi − gZ (Xi))


+op

((
nh3

)−1/2
)

=


(
µ
(p+1)
Y,+ ω̇p+1,1

p;+ − µ
(p+1)
Y,− ω̇p+1,1

p;−

)
(p+ 1)!

−
(
ϖp

ω0,2
p

)
γ⊤ted

(
µ
(p+1)
Z,+ ωp+1,1

p;+ − µ
(p+1)
Z,− ωp+1,1

p;−

)
(p+ 1)!

hp

+
1

nh2

∑
i

Ẇp,i (Yi − gY (Xi))−
(
ϖp

ω0,2
p

)
1

nh2

∑
i

Ŵp,iγ
⊤
ted (Zi − gZ (Xi)) + op

((
nh3

)−1/2
)
.

Therefore, we have

√
nh3

(
π̂eb
p − π − Bted

p hp
)

=
1√
nh

∑
i

(
Ẇp,i (Yi − gY (Xi))−

(
ϖp

ω0,2
p

)
Ŵp,iγ

⊤
ted (Zi − gZ (Xi))

)
+ op(1). (S139)

Following the same arguements for showing (S26), we obtain

1√
nh

∑
i

(
Ẇp,i (Yi − gY (Xi))−

ϖp

ω0,2
p

Ŵp,iγ
⊤
ted (Zi − gZ (Xi))

)
=

1√
nh

∑
i

(
Ẅp,i (Yi − gY (Xi))−

ϖp

ω0,2
p

W̃p,iγ
⊤
ted (Zi − gZ (Xi))

)
+ op

(
(nh)

−1/2
)
. (S140)
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By Lemma 1(a) and the definition of γ⊤ted,

Var

[
1√
nh

∑
i

(
Ẅp,i (Yi − gY (Xi))−

ϖp

ω0,2
p

W̃p,iγ
⊤
ted (Zi − gZ (Xi))

)]

= E

[
1

h
Ẅ 2

p (Yi − gY (Xi))
2

]
+

(
ϖp

ω0,2
p

)2

E

[
1

h
W̃ 2

p

(
γ⊤ted (Zi − gZ (Xi))

)2]
−2ϖp

ω0,2
p

E

[
1

h
ẄpW̃p (Yi − gY (Xi)) γ

⊤
ted (Zi − gZ (Xi))

]

=
ω̇0,2
p Var|0± [Y ]−

(
ϖ2

p

ω0,2
p

)
γ⊤tedVar|0± [Z] γted

φ
+ o (1) . (S141)

Let ς ∈ (0, 1). We have

∑
i

E

[∣∣∣∣ 1√
nh

(
Ẅp,i (Yi − gY (Xi))−

(
ϖp

ω0,2
p

)
W̃p,iγ

⊤
ted (Zi − gZ (Xi))

)∣∣∣∣2+ς
]

=
1

(nh)
2+ς
2

∑
i

E

[∣∣∣∣Ẅp,i (Yi − gY (Xi))−
(
ϖp

ω0,2
p

)
W̃p,iγ

⊤
ted (Zi − gZ (Xi))

∣∣∣∣2+ς
]

≲
E

[
h−1

∣∣∣Ẅp,i (Yi − gY (Xi))
∣∣∣2+ς

]
+ E

[
h−1

∣∣∣( ϖp

ω0,2
p

)
W̃p,iγ

⊤
ted (Zi − gZ (Xi))

∣∣∣2+ς
]

(nh)
ς
2

≲
E

[
h−1

∣∣∣Ẅp,i

∣∣∣2+ς (
|Y |2+ς

+ |gY (X)|2+ς
)]

(nh)
ς
2

+

E

[
h−1

∣∣∣W̃p

∣∣∣2+ς (∣∣γ⊤tedZ∣∣2+ς
+
∣∣γ⊤tedgZ (X)

∣∣2+ς
)]

(nh)
ς
2

,

where the inequalities follow from Loève’s cr inequality. By (S5), change of variables and Markov’s inequality,

the numerators of the last two terms are O (1). Therefore, we have verified Lyapunov’s condition

∑
i

E

[∣∣∣∣ 1√
nh

(
Ẅp,i (Yi − gY (Xi))−

(
ϖp

ω0,2
p

)
W̃p,iγ

⊤
ted (Zi − gZ (Xi))

)∣∣∣∣2+ς
]
→ 0.

By Lyapunov’s central limit theorem,

1√
nh

∑
i

(
Ẅp,i (Yi − gY (Xi))−

(
ϖp

ω0,2
p

)
W̃p,iγ

⊤
ted (Zi − gZ (Xi))

)
√
Var

[
1√
nh

∑
i

(
Ẅp,i (Yi − gY (Xi))−

(
ϖp

ω0,2
p

)
W̃p,iγ⊤ted (Zi − gZ (Xi))

)] →d N(0, 1) .

The conclusion follows from this result, (S139), (S140), (S141) and Slutsky’s lemma. ■
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S9 Generalized balancing and regression adjustment

Clearly, we have D−2 (w1, ..., wn ∥ 1/n, ..., 1/n) = (2n)
−1∑

i

{
(n · wi)

2 − 1
}

. Consider the problem

min
w1,...,wn

1

2n

∑
i

{
(n · wi)

2 − 1
}

subject to
∑
i

wi Ŵp,iZ̄i = 0,
∑
i

wi = 1. (S142)

Define the Lagrangian function

L (w1, ..., wn, λ, µ) :=
1

2n

∑
i

{
(n · wi)

2 − 1
}
− λ⊤

(∑
i

wi Ŵp,iZ̄i

)
− µ

(∑
i

wi − 1

)
.

Then by the first-order conditions

n · wi − λ⊤
(
Ŵp,iZ̄i

)
− µ = 0∑

i

wi Ŵp,iZ̄i = 0∑
i

wi − 1 = 0

and partialing out µ, we find the dual characterization of the solution
(
wgb

−2,1, ..., w
gb
−2,n

)
to (S142):

wgb
−2,i =

1

n

(
1 + λ⊤gb

(
Ŵp,iZ̄i − h · Ψ̂Z̄

))
,

where

λgbp := −
(
Ψ̂Z̄Z̄⊤,2 − h · Ψ̂Z̄Ψ̂

⊤
Z̄

)−1

Ψ̂Z̄ .

Then by writing Ψ̂ZZ⊤,2 − h · Ψ̂ZΨ̂
⊤
Z as a block matrix and inverting,

1

h

∑
i

wgb
−2,iŴp,iYi = Ψ̂Y +

(
Ψ̂Y Z̄,2 − h · Ψ̂Y Ψ̂Z̄

)⊤
λgbp

= Ψ̂Y −
(
Ψ̂Y Z̄,2 − h · Ψ̂Y Ψ̂Z̄

)⊤ (
Ψ̂Z̄Z̄⊤,2 − h · Ψ̂Z̄Ψ̂

⊤
Z̄

)−1

Ψ̂Z̄

= Ψ̂Y −
(
γ̂gbY

)⊤
Ψ̂Z ,

where

γ̂gbY :=

(
Ψ̂ZZ⊤,2 −

Ψ̂Z,2Ψ̂Z⊤,2

Ψ̂2

− h · Ψ̂ZΨ̂
⊤
Z

)−1(
Ψ̂Y Z,2 −

Ψ̂Y,2Ψ̂Z,2

Ψ̂2

− h · Ψ̂Y Ψ̂Z

)
.
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Therefore,
1

h

∑
i

wgb
−2,iŴp,iYi =

1

nh

∑
i

Ŵp,i

(
Yi − Z⊤

i γ̂
gb
Y

)
.

By Lemma 1(a,b), γ̂gbY →p γY .

S10 Covariate-adjusted inference on the treatment effect derivative

This section describes how to conduct inference using the EB TED estimator π̂eb
p proposed in Section 6 of

the main text. To calculate the standard error of π̂eb
p , we introduce the following notations:

ÛY,i := 1 (Xi > 0)
(
Yi − r⊤p (Xi) β̂Y,p,+

)
+ 1 (Xi < 0)

(
Yi − r⊤p (Xi) β̂Y,p,−

)
(S143)

Û⊤
Z,i := 1 (Xi > 0)

(
Z⊤
i − r⊤p (Xi) β̂Z,p,+

)
+ 1 (Xi < 0)

(
Zi − r⊤p (Xi) β̂Z,p,−

)
, (S144)

where

β̂Y,p,+ := argmin
b∈Rp+1

∑
i

1 (Xi > 0)K

(
Xi

h

){
Yi − r⊤p

(
Xi

h

)
Hb

}
is solved as

β̂Y,p,+ = H−1

{
1

nh

∑
i

Π̂−1
p,+rp

(
Xi

h

)
K

(
Xi

h

)
1 (Xi > 0)Yi

}
. (S145)

Analogously, β̂Y,p,− is given by replacing 1 (Xi > 0) in (S145) with 1 (Xi < 0), β̂Z,p,+ given by replacing

Yi with Z⊤
i , and β̂Z,p,− given by replacing both. Recalling the notations Ψ̂k := (nh)

−1∑
i Ŵ

k
p,i, Ψ̂A,k :=

(nh)
−1∑

i Ŵ
k
p,iAi and Ψ̇A := (nh)

−1∑
i Ŵp,iẆp,iAi defined in Sections S1 and S8, we construct the following

estimator γ̂ted for ϖpγted/ω
0,2
p :

γ̂ted =

(
Ψ̂ZZ⊤,2 −

Ψ̂Z,2ΨZ⊤,2

Ψ̂2

)−1(
Ψ̇Y Z − Ψ̂Z,2Ψ̇Y

Ψ̂2

)
.

Assume that the bandwidth satisfies nh2p+3 = o (1) and nh3 → ∞ , we have

π̂eb
p − πsrd√

(nh3)
−1 V̂ ted

→d N(0, 1) ,
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where

V̂ ted
+ :=

1

nh

n∑
i=1

{
Ẇ 2

p;+,i · Û2
Y,i + Ŵ 2

p;+,i · γ̂⊤ted
(
ÛZ,iÛ

⊤
Z,i

)
γ̂ted − 2 · Ẇp;+,iŴp;+,i · ÛY,i

(
Û⊤
Z,iγ̂ted

)}
,

V̂ ted
− :=

1

nh

n∑
i=1

{
Ẇ 2

p;−,i · Û2
Y,i + Ŵ 2

p;−,i · γ̂⊤ted
(
ÛZ,iÛ

⊤
Z,i

)
γ̂ted − 2 · Ẇp;−,iŴp;−,i · ÛY,i

(
Û⊤
Z,iγ̂ted

)}
,

V̂ ted := V̂ ted
+ + V̂ ted

− .
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